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Preface 


Students of engineering usually receive only fragmentary instruction in the 
important principles of classical mechanics, stemming from the works of 
Huygens, Leibniz, Bernoulli, and Lagrange, which assign a central role to 
the concepts of work, potential energy, and kinetic energy. These laws, 
designated as “energy principles of mechanics,” are sufficiently general to 
allow Newton’s second law to be deduced from them. An integrated and 
modern treatment of energy principles of mechanics, with applications to 
dynamics of rigid bodies, analyses of elastic frames, general elasticity 
theory, the theories of plates and shells, the theory of buckling, and the 
theory of vibrations, is undertaken in this work. 

The book has been planned for a two-semester course in advanced 
mechanics for graduate students. In addition, it may be used for inde¬ 
pendent study and for reference purposes. A sound course in advanced 
calculus, the rudiments of Gibb’s vector theory, some knowledge of 
advanced strength of materials, and the fundamentals of elasticity theory 
are prerequisites. The student who has mastered these subjects will not 
find the mathematics too difficult. There are many abstractions, however, 
that must be digested slowly. The instructor should use many simple 
illustrations. Chapter 1, which serves as the groundwork for what follows, 
need not be comprehended fully at the first reading; the student should 
refer back to that chapter frequently. 

The core of the theory is Jean Bernoulli’s principle of virtual work. 
This law leads immediately to the more special principle of stationary 
potential energy. By means of the Legendre transformation the principle 
of virtual work yields the principle of complementary energy, which is a 
generalization of Castigliano’s theorem. Hamilton’s principle is derived 
from the principle of virtual work with the aid of the concept of virtual 
work of inertial forces. Hamilton’s principle yields Lagrange’s equations 
of motion directly. The theory of dynamics of rigid bodies and the theory 
of vibrations of systems with many degrees of freedom are developed with 
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the aid of the equations of Lagrange and Hamilton. Applications of the 
theory of real quadratic forms arise in the criterion for minimum potential 
energy, in the existence proofs for principal axes of stress, strain, and 
inertia, and in the theory of normal coordinates of vibrating systems. 
Accordingly, an appendix is devoted to this algebraic topic. Useful 
approximation methods based on variational principles of mechanics 
were devised by Rayleigh, Ritz, Galerkin, and others, but, in some 
environments, they have stigmatized energy principles with a reputation 
for inexactitude. Actually, the vectorial principles and the energy prin¬ 
ciples of mechanics are equally precise. Variational methods of approxi¬ 
mation have been treated comprehensively in several treatises; these 
methods are discussed only briefly in this book. 

Energy Methods in Applied Mechanics was developed from class notes 
used in a graduate course at the University of Illinois for about ten years. I 
have sustained an interest in energy principles of mechanics for more than 
twenty years through my research efforts, teaching activities, and employ¬ 
ment as a structural research engineer. I am pleased to acknowledge as a 
notable source of information the inspiring lectures on variational 
principles of mechanics by C. Lanczos at Purdue University during 1940 
and 1941. 

H. L. Langhaar 

Urbana, Illinois 

May 1962 
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Notations 


The following incomplete list of notations summarizes the main uses of 
certain symbols. In discussions of special topics other meanings may be 
ascribed to the symbols. 

A dot over a letter denotes the time derivative. Primes are used occa¬ 
sionally to denote derivatives with respect to other variables. Bold face 
type denotes a vector or a configuration. 

X a variable point in configuration space 
Xq, Xi, • • • fixed points in configuration space 

s distance in configuration space; Also, distance 
along the axis of a beam or strut 
X, y, z rectangular coordinates or orthogonal curvilinear 
coordinates 

a?i, iTg, generalized coordinates of a mechanical system, 

r position vector 
F force vector 

T kinetic energy of a mechanical system; also torque 
U total internal energy or potential energy of internal 
forces (strain energy) of a mechanical system 
respective virtual work of external forces, internal 
forces, or all forces, corresponding to any virtual 
displacement of a mechanical system; prime 
indicates that the quantities depend on the path in 
configuration space, W = WJ -f fK/ 

Wi, W least upper bounds of WJ, W\ respectively, for 
all paths in configuration space that connect given 
terminal points, IK = + Wi\ also, in discussions 

of real motions rather than virtual displacements 
Wi, W denote the actual work of external 
forces, internal forces, or all forces, respectively 
(5(K, first and second variations of W [Eq. (1-5)] 
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Qi^ Q 29 ‘’ 9 Qn components of generalized force [Eqs. (1-6) and 
( 1 - 8 )] 

Fi, F 2 ,-'',Fn components of generalized external force [Eqs. (1-7) 
and (1-9)] 

■ ’ * > components of nonconservative generalized force 
[Eq. (7-11)] 

Ct potential energy of external forces that act on a 
mechanical system 

V total potential energy of a mechanical system, V = 

-h where U is the potential energy of internal 
forces 

N tension in a bar, beam, or strut 
£ Young’s modulus 

V Poisson’s ratio; also, any positive integer 
G shear modulus 

L length of a bar, beam, or strut; also, L = T — V, 
the Lagrangian function 
/ length of a bar, beam, or strut 
A cross-sectional area of a bar, beam, or strut; also, ^4 
denotes action 

e extension of a bar; also volumetric strain [Eq. 
(4-10)] 

e' initial or residual value of extension 
F magnitude of a force 

F magnitude of a force; an integrand; Airy stress 
function 

hi, K,' •' arbitrary increments of the generalized coordinates 
X Lagrange multiplier; shear rigidity of a beam [Eq. 
(2-13)] Lame constant for a Hookean material [Eq. 
(4-47)] 

a tensile stress 

€ tensile strain of a bar or a fiber; also an arbitrary 
infinitesimal 
M bending moment 

/ moment of inertia of the cross section of a beam 
T shearing stress 

5 shearing force on the cross section of a beam 

K shape factor in formula for strain energy of shear 
[Eq. (2-10)] 

P slope of a beam due to shear deformation 

6 temperature; an angle or an angular coordinate 
GJ torsional stiffness 
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p mass density 
a radius of a circle; a length 

z ordinate in a cross section of a curved beam, shell, or 
plate 

q displacement vector of a deformable body 
w, V, K’ components of the displacement vector of a deform¬ 
able body in the x, y, z directions 
w, V, w values of u, v, w at the middle surface or centroidal 
axis of a shell, plate, or curved beam 
Z Winkler constant in the theory of curved beams 
[Eq. (2-22)] 

</> angular displacement of a bar [Eq. (2-31)]; an 
Euler angle; a function symbol; in theory of strain 
<^ = € + in theory of shells of revolution <j> is 
angle between normal to the middle surface and the 
axis of symmetry 

K stiffness factor of a beam (K = ZEIjL); also Gaus¬ 
sian curvature. 

€rj(x) variation of a function. 

r specified class of functions or configurations 
e„ y^y strain components [Eqs. (4-3) and (4-28)] 

/, m, n direction cosines 

A, 4’ 4 invariants of the strain tensor [Eq. (4-7)] 

(Tg,, cTy, Tgaj, r^y stress components 

p = (p^, stress vector on an oblique plane 

normal component of vector p 
A» 4 invariants of stress tensor [Eq. (4-21)] 

Fy, F„ components of body force per unit mass 
a, y Lame coefficients [Eqs. (4-26) and (4-27)] 

Uq internal energy density or strain energy density 
^ 2 , • • •, eg; alternative notations for components of strain and 
0 * 2 , • • • , 0*6 stress [Eq. (4-36)]; also, eg. ^3 nnd 

denote principal strains and stresses, respectively 
Tq complementary energy density (Sec. 4-6) 
k coefficient of thermal expansion 
T complementary energy [Eq. (4-58)] 
m bending moment caused by a unit load 
n tension caused by a unit load 
t time; an arbitrary parameter; web thickness; 
torque caused by a unit load 

@ 0 , 01 temperature terms in theory of plates and shells 
[Eq. (5-8)] 
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ey, e^y values of €y, y^y on the middle surface of a plate or 
shell 

strain energy due to stretching of the middle surface 
of a plate or shell 

Ujj strain energy due to bending of a plate or shell 
Uo strain energy due to heating of a plate or shell 
h thickness of a plate or shell; depth of web of a beam 
p a load parameter; lateral load per unit area of a 
plate or shell 

critical value of load parameter 
D flexural rigidity of a plate or shell [Eq. (5-10)] 

Ny, Ny^ intensities of normal and shearing tractive forces in a 
plate or shell [Eqs. (5-11) and (5-59)] 

Qxi Qy intensities of transverse shearing forces in a plate or 
shell [Eqs. (5-22) and (5-59)] 

Mg, My, M^y, Myy. inteHsities of bending moments and twisting mo¬ 
ments in a plate or shell [Eqs. (5-22) and (5-59)] 

A, B Lame coefficients for the middle surface of a shell or 
plate [Eqs. (5-48) and (5-49)] 
n unit normal vector of a surface 
e,/, g coefficients of the second fundamental form of a 
surface [Eq. (5-51)] 

ri, ^2 principal radii of curvature of a surface [Eq. (5-53)] 
P = (Pjg, Py^ intensity of external force acting on a shell (Sec. 5-7) 
R = (/?a,, Ry, Rg) intensity of external couple acting on a shell (Sec. 
5-7) 

^xu incremental curvatures and twist due to bending of a 
shell [Eqs. (5-69) and (5-71)] 
r radius of cross section of a surface of revolution; 
radial coordinate for polar coordinates; rank of a 
matrix 

H Hamiltonian function 
''' '>Pn components of generalized momentum 

r}, S body-centered rectangular coordinates (Sec. 7-8) 

0, <j>, y) Euler angles (Sec. 7-8) 
to angular velocity vector 
fOi, CU23 components of to on {(, rj, 0 axe's 
A, B, C principal monients of inertia of a rigid body 



1 General concepts and 
principles of mechanics 

If any system of bodies or particles, whatsoever, each being acted upon 
by arbitrary forces, is in equilibrium, and if one gives to this system a 
small arbitrary movement, by virtue of which each particle traverses an 
infinitely small space, which will determine its virtual velocity, then the 
sum of the forces, each multiplied by the distance through which the 
corresponding particle moves in the direction of the same force, will 
always equal zero, where we regard as positive the small distances 
traveled in the directions of the forces, and as negative the distances 
traveled in the opposite directions. 

J. L. LAGRANGE 


Classical mechanics developed along two different lines. One path, 
known as “vectorial mechanics,” issues directly from Newton’s laws. It 
exploits the idea that any mechanical system is composed of particles that 
move in accordance with the vector equation F = m 2 L. The other path 
originates in a law of statics that was known formerly as the “principle of 
virtual velocities.” It is now called the “principle of virtual work” or 
“virtual displacements.” In a rudimentary form this law was known 
(31)* to Leonardo da Vinci (1452-1519), and its origin may be traced to 
the ancients. Galileo (1564-1642) recognized the principle of virtual work 
as a general law that could be applied to simple machines (21). 

Jean Bernoulli (1667-1748) first gave the principle of virtual work a 
general formulation that applies to nearly all mechanical systems. Also, in 
the eighteenth C:entury the mathematical tools for applying the principle of 
virtual work were developed extensively. The main contributor to this 
* Numbers in parentheses designate references at the end of the book. 
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theory was the French mathematician J. L. Lagrange (1736-1813), whose 
treatise Micanique analytique (46) is a classic on energy principles of 
mechanics. Through the works of D’Alembert, Lagrange, and Hamilton 
(21), the principle of virtual work was extended to kinetics, where it has 
proved to be very fruitful. 

The principle of virtual work is only one of several laws of classical 
physics that relate to the concept of work. The equivalence of heat and 
work, discovered by Mayer and Joule in the first half of the nineteenth 
century, is the foundation of thermodynamics. An equally general law, 
the principle of kinetic energy or “vis viva,” propounded by G. W. Leibniz 
(1646-1716), formed the basis of the theory of hydraulics in the eighteenth 
century. 

The present chapter is devoted to general energy principles of mechanics 
and some allied concepts. 

1-1. MECHANICAL SYSTEMS. Some kinematical concepts that apply 
to all mechanical systems are discussed in this article. A mechanical 
system is defined as anything that is composed of matter. The first step in 
an analysis of a mechanical system should be a precise and definitive 
description of the system under consideration. Since the modern theories 
of the constitution of matter will not be considered, the particles that 
compose a mechanical system are regarded as mathematical abstractions; 
they are more properly called “material points.” The simultaneous 
positions of all the material points of a mechanical system are called the 
“configuration” of the system. For example, the displacement vector 
field of a deformable body defines a configuration of the body. To define 
the configuration of a mechanical system, we require a coordinate system 
that is attached to some rigid system, known as a “reference frame.” In 
the theory of kinematics the reference frame is arbitrary. 

A general problem of statics is to determine the equilibrium configura¬ 
tions of mechanical systems under prescribed types of loadings and to 
ascertain which among them are stable. An important general problem of 
dynamics is to express the configuration of a given mechanical systenr as a 
function of time. 

A mechanical system is said to experience a displacement if any of its 
material points are displaced. In other words, any change of the configura¬ 
tion of a mechanical system is a displacement. 

Usually the material points of a mechanical system cannot be displaced 
independently. Geometrical restrictions on the displacements of the 
material points of a system are called “constraints.” For example, the 
constraints in a rigid body are such that any two particles of the body 
remain at a constant distance from each other. The constraints in an 
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incompressible fluid are such that the volume of any part of the fluid 
remains constant. The constraints of an ideal cantilever beam are such 
that the displacement vector vanishes at the clamped end. 

Geometric Terminology. Geometric terminology is used in mechanics as 
an aid to the imagination and as a convenient and concise mode of expres¬ 
sion of ideas. There are remarkable analogies between the familiar 
concepts of space relations and certain general ideas in kinematics. The 
theory of point sets is the logical basis for such analogies. 

A set is defined as any collection of things. The individual things that 
constitute a set are called the elements of the set. The most important 
sets, from a theoretical standpoint, contain an infinite number of elements. 
Mechanics deals particularly with the set of all configurations that a 
mechanical system can assume. This set is called the configuration space of 
the system. Any configuration is called a point in configuration space. 
If the set of all configurations is such that any configuration can be reached 
from any other configuration, the configuration space is said to be con¬ 
nected. The set of all conceivable configurations of two rings is an example 
of a disconnected configuration space, since configurations in which the 
rings are linked are inaccessible from those in which they are not linked. A 
more significant example is a unidirectional mechanism such as a ratchet. 
A device of this type may possess two configurations (say A and B) such 
that the passage from ^ to ^ is possible but the passage from ^ to /I is impos¬ 
sible. Disconnected configuration spaces are not considered in this book. 

A variable point in the configuration space of a mechanical system is 
denoted by the symbol X. Numerical subscripts are appended to X to 
denote fixed points. The notation Xi — Xo designates the displacement 
from Xq to Xi. If the system is a single particle, Xq and Xj may be regarded 
as vectors from a fixed origin O to the particle (Fig. 1-1). Then Xj — Xo 
denotes the difference of the vectors. In an abstract sense this picture 
remains applicable even though the system is not a particle.* H. Hertz (33) 
conceived this idea when he wrote: 

A vector quantity with regard to a system is any quantity which bears a 
relation to the system and which has the same kind of mathematical manifold 
as a conceivable displacement of the system. A displacement of a system is itself 
a vector quantity with regard to the system. A vector quantity with regard to 
a single material point is a vector in the ordinary sense of the word. 

Distance in Configuration Space. A displacement of a particle is a 
vector quantity, but, in the present context, the term displacement denotes 

* J. L. Synge has employed analogous vector representations of various physical 
states to develop a general approximation procedure for solving problems of applied 
mathematics (80). 
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the magnitude of the displacement vector. The displacements of the 
particles of a mechanical system constitute a set of non-negative real 

numbers that is bounded above.* 
Accordingly, the following definition is 
admissible: 

The magnitude s of a displacement 
of a mechanical system is the least 
upper bound of the displacements of 
the material points of the system. 

In other words, s is the smallest number 
that is not exceeded by the displace¬ 
ment of some material point of the 
system. Consequently, s is the maxi¬ 
mum of the displacements of the 
individual particles of the system, pro¬ 
vided that this maximum exists. The 
distance s between two points Xo and 
Xi in configuration space is understood 
to be the magnitude of the displacement 
that the system receives when it is trans¬ 
ferred from Xq to Xj. It is denoted by j = |Xi — Xo|. 

Distance in configuration space has the following properties in common 
with distance in Euclidean space: 

(a) |Xo - Xol = 0. 

(b) If Xi Xo, |Xi - Xol = |Xo -- Xil > 0. 

(c) If Xq, Xi, Xg are any three points, [Xq — XJ -f jXj — X 2 I > 
|Xo - XoJ. 

Condition (c) is known as the “triangle law,” since it is analogous to the 
Euclidean theorem that the sum of two sides of a triangle is no less than 
the third side. 

A “neighborhood” of a point Xq in configuration space is defined as the 

* A number c is said to be an upper bound of a set S of real numbers if there is no 
number in S which is greater than c. If a number c with this property exists, set S is said 
to be bounded above. If c is an upper bound of S, so is any number greater than c. It 
is shown in real variable theory (36) that the set of all upper bounds of a set S always 
contains a minimum number b, called the “least upper bound” of S. The number h is 
the maximum number in *S if ^ belongs to S. However, not every set of real numbers 
that is bounded above contains a maximum. For example, let S be the set of all real 
numbers less than 3. Then, if x is any given number in 5', there are infinitely many 
numbers in S that are greater than x\ hence S contains no maximum. In this case the 
least upper bound of S is 3, but 3 is not a number belonging to S. 

Similarly, if a set S of real numbers is bounded below, it possesses a “greatest lower 
bound” which coincides with the minimum number in S, whenever a minimum exists. 
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set of points Xthat satisfies the inequality |X — XqI < p, where p is any 
given positive number. A deleted neighborhood of point Xq is defined as 
the set of points X that satisfies the inequality 0 < |X — XqI < p. 

Paths in Configuration Space. The configuration X of a mechanical 
system is said to be a function of a real variable t in the interval a < t 
if, to each value of t in this interval, there corresponds a single configura¬ 
tion X. This relationship is indicated by the conventional function nota¬ 
tion, X = X(/), a < t < b. For example, t may denote time. Then the 
relation X = X(/) represents the motion of the system. The function X(0 
is then continuous, since the system does not leap a finite distance in zero 
time. With the preceding definition of distance in configuration space, 
continuity of the function X(/‘) is defined as in real variable theory; that is, 
the function X(0 is continuous at the point Xq = X(4 ) if to each positive 
number € there corresponds a positive number d such that |X — Xo| < € 
for all t in the interval \t — /qI < d. The function is said to be continuous 
at the end point r = <2 (or / = 6) if |X — XqI < e for all t in the interval 
0 < t — a < d (or 0 < b — t < 3). 

If the coordinates of a particle in Euclidean space are continuous 
functions of a real variable /, the locus of the particle is a continuous curve. 
Analogously, a function X = X(/) that is defined and that is continuous at 
all points of the interval a ^ t ^ bis said to represent a continuous curve 
in configuration space. The points X(a) and X(b) are called the “end 
points” of the curve. The curve is said to have no double points (in other 
words, the curve does not cross itself) if any pair of distinct values of t in 
the interval a < t < b (say and correspond to distinct points 
and Xg. In real variable theory a continuous curve of this type is called a 
“Jordan curve.” A Jordan curve in configuration space is called a “path.” 
If X(^ar) = X(A), the path is said to be “closed.” 

Nonholonomic Systems. A system may be constrained to follow certain 
paths in configuration space, even though the space is connected. In other 
words, although the system can pass from any point to any other point in 
its configuration space, it may be constrained to follow routes that coincide 
with a certain dense network of paths. These paths may be regarded 
as tracks that guide the system. If such constraints exist, the system is 
said to be “nonholonomic.’’ Since nonholonomic constraints exclude 
certain paths, a path that the system can follow is said to be “admiss¬ 
ible.” 

The word “holonomic” was introduced by H. Hertz, (33), who stated: 

“A material system, between whose possible positions all conceivable con¬ 
tinuous motions are also possible motions, is called a holonomic system.” 
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A mathematical example of a nonholonomic system is provided by a 
single particle that is located by rectangular coordinates (x, y, z). Suppose 
there is a mechanism that constrains the particle so that any infinitesimal 
displacement {dx, dy, dz) conforms to the relationship 

dx — z dy = 0 (a) 

If there were an integrating factor for this differential relation, it would 
lead to a finite equation among the coordinates, which would imply that 
the particle were constrained to lie on a definite surface. However, this 
interpretation is incorrect, since Eq. (a) does not possess an integrating 
factor. Any point in space is accessible to the particle, even though Eq. (a) 
is satisfied. In other words, if (xq, y^^ Zq) and y^^, z^) are any two points, 
the particle can travel from (a^o, Vq, ^o) (^i» ^i) paths that satisfy 

Eq. (a).* Since the particle is not free to follow every path between these 
points, the constraint represented by Eq. (a) is nonholonomic (also said 
to be nonintegrable). A similar two-dimensional example does not exist, 
since a linear differential expression in two variables always possesses an 
integrating factor. Nonholonomic constraints are usually defined by 
nonintegrable differential relations, such as Eq. (a). Perhaps the simplest 
practical example of a nonholonomic system is a sphere that rolls on a 
plane. There are two nonintegrable differential equations which specify 
that any infinitesimal displacement is effected without slipping (see Prob. 
30, Chap. 7). 

Rolling motion might provide the only real mechanical illustration of 
nonholonomic constraints. Furthermore, a rolling body such as a railroad 
car wheel, whose configuration is determined completely by the angle 
through which the body has turned, is holonomic. Consequently, little 
attention is given to nonholonomic systems in this book, although general 
laws are phrased to apply to nonholonomic cases unless the contrary is 
stated. Treatises on theoretical mechanics (48, 90) present special methods 
for analyzing nonholonomic systems. 

1 -2. GENERALIZED COORDINATES. If a mechanical system con¬ 
sists of a finite number of material points or rigid bodies, its configuration 

* If ccq = and = 2/i, the particle may follow the path x = Xq, y = y^. If j/o ^ y^ 
let it follow the line a; = a^o, 2/ = 2/o from (xq, y^. Zq) to (xq, y^, z'), where z' = (iCi — Xq)I 
(Vi — 2/o); then let it follow a straight line from (xq, i/o, z') to {xi, yj, z'). Finally, let it 
follow the path a: = a;i, 2 / = 2/i from (a^i, 2 ^i,z') to (a^i, 2 / 1 , Zi). In the special case for 
which Vi — 2/0 the preceding method may be used to transfer the particle from {xq, y o> ^ 0 ) 
to (aJa, 2/2,22), where (aig, 2/2, Za) is any point such thatt/a 7^ 2 /o- Then, by the same method, 
the particle may be transferred from (aig, 2 / 2 , ^' 2 ) to (aii, 2 / 1 , Zi). Thus, in all cases the 
particle may be transferred from {xq, y^, Zq) to (xi, 2 / 1 , z^) by paths that satisfy the equation 
dx ^ zdy = 0 and indeed by paths consisting of straight-line segments. 
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can be specified by a finite number of real variables, called “generalized 
coordinates” (or simply “coordinates”). For example, the angle d through 
which the flywheel of an engine rotates is a coordinate for the engine; 
it determines the positions of the crankshaft and the pistons if the members 
are rigid. A free rigid body requires six coordinates; for example, three 
cartesian coordinates of the center of mass and three angles (Euler angles, 
Sec. 7-8) that determine the orientation of the body. A flexible beam does 
not possess a finite set of coordinates, but it may possess an enumerably 
infinite set; for example, the coefficients < 21 ,^ 2 ^* * ‘ of a Fourier series 
y sin nTTx/L that represents the deflection of the beam, since these 

coefficients determine the configuration of the beam. Similarly, by means 
of a double series, an enumerable set of coordinates may be employed for 
a flexible plate. If the series is approximated by a finite number of terms, 
the beam or plate is effectively approximated by a system with a finite 
number of generalized coordinates. Such approximations are used ex¬ 
tensively in applied mechanics. 

The generalized coordinates of an arbitrary mechanical system with 
a finite number of movable parts are denoted by (a?i, ^ x^). As a 

condition of regularity of the coordinates, we require that a one-to-one 
continuous correspondence exist between the number //-tuples (a;i, , 

x^) and the points in configuration space, at least in the region R under 
consideration. This condition precludes an equation of constraint of the 
tyP® /(^i’ ^ 2 ^ ■ ‘ ‘» ^n) = since such an equation would exclude some 
points of region R from the range of possible configurations. 

As a second condition of regularity of the coordinates, we require that 
if any coordinate x^ receives an increment the corresponding displace¬ 
ment Aj in configuration space shall be an infinitesimal of the same order 
of magnitude; that is, the limit of A^/Aa;^. .as Aa;^- approaches zero shall 
exist, and it shall be different from zero. 

The need for regular coordinates is illustrated by a simple example. 
Suppose that a frictionless bead is constrained to a fixed smooth curve 
(e.g. a rigid wire) that is defined parametrically by differentiable functions 
X = a:(r), y = y(t), z = z{t), where (x, y, z) are rectangular coordinates 
with the s-axis directed upward. The parameter ^ is a generalized coordin¬ 
ate for the bead. For / to be a regular coordinate, there must be a one-to- 
one continuous correspondence between values of t and points on the 
curve. Furthermore, the derivative of arc length s with respect to t must 
exist, and it must not vanish in the interval under consideration. It is 
shown in Sec. 1-9 that the equilibrium points of the bead are those points 
for which dzjdt = 0, provided that t is a regular coordinate. This may be 
written in the form {dzlds)(dsldt) = 0. Since dsjdt 0, this yields 
dzjds = 0. Thus it is seen that a sufficient condition for equilibrium is that 
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the bead lie at a point at which the tangent to the curve is horizontal. If t 
were not required to be a regular coordinate, we could set t = provided 
that there is a single value of z for each point on the curve, and vice versa. 
However, if / = the equilibrium points are no longer determined by 
dz/dt = 0, since dzjdt is now identically equal to 1. The trouble is that 
dsjdt becomes infinite at the equilibrium points; that is, the coordinate 
t = zis irregular at the points where equilibrium occurs. 

Degrees of Freedom. For a mechanical system with n regular coordin¬ 
ates (a?!, i the number of degrees of freedom is defined as 
72 — r, where r is the number of independent nonintegrable ditTerential 
equations of constraint. For example, the particle discussed in Sec. 1-1 
has a three-dimensional configuration space, but it has two degrees of 
freedom, since there is a nonholonomic constraint defined by dx — s dy = 
0. A rolling sphere has a five-dimensional configuration space, but it has 
three degrees of freedom, since there are two nonintegrable differential 
equations of constraint. For a holonomic system, the nuniber of degrees 
of freedom equals the number of generalized coordinates required to 
specify the configuration of the system. If a finite number of coordinates 
will not serve this purpose, the system is said to have infinitely many 
degrees of freedom, 

1-3. ELEMENTARY PRINCIPLES OF DYNAMICS. To measure 
displacements, velocities, and accelerations, an observer must first establish 
a coordinate system with respect to some material bodies known as a 
“reference frame.” For example, latitude and longitude arc coordinates 
attached to the earth; the earth is the reference frame for this system. 
Newton’s laws of mechanics are valid* only for reference frames that do 
not rotate with respect to the remote stars and that do not accelerate with 
respect to the center of mass of the solar system. Such reference frames 
are said to be “Newtonian” (or “Galilean” or “inertial”). The earth is 
not exactly a Newtonian reference frame, but, for most engineering pur¬ 
poses, the rotation and the acceleration of the earth are negligible. Unless 
the contrary is specified, the reference frame under consideration is New¬ 
tonian. 

Let r be the position vector of a particle with respect to a Newtonian 
reference frame. If r is a function of time, the velocity of the particle is 

* According to Einstein’s relativity theory, there is no reference frame for which 
Newton s laws are exactly valid. However, for phenomena in which the particles arc 
large compared to the elementary particles of physics and for which the speeds are 
small compared to the speed of light, Newton’s laws are a close approximation to 
reality. 
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V = dxidt. The work dW that an applied force F performs on the particle 
when the infinitesimal displacement dr occurs is defined by 


dW=^^-dT=^¥^ydt (a) 

Accordingly, the work that force F(0 performs on the particle during 
the time interval (/q, O is 

W= I F-vit (1-1) 

Since v depends on the choice of the reference frame, W' also depends on 
the choice of the reference frame. In other words, work is a relative 
quantity. In fact, by a suitable selection of a Newtonian reference frame, 
iv may be given any preassigned value. 

If a particle belongs to a mechanical system, work W performed on that 
particle is said to be performed on the system. If several forces act on 
particles of the system, the work that they perform on the system is under¬ 
stood to be the sum of their individual amounts of work. Frequently a 
force shifts its point of application from one particle to another as the 
motion proceeds. The work that the force performs on the system is then 
understood to be the sum of the amounts of work that it performs on each 
particle on which it acts. The meaning of this statement is clear, provided 
that we can enumerate the particles on which the force acts. However, an 
explanation is necessary if the force shifts its point of application in a 
continuous manner. Such cases arise frequently. For example, the force 
that the track exerts on a railroad car wheel moves its point of application 
with respect to the wheel as the wheel rotates. 

To arrive at a suitable general definition of work, we regard continuous 
shifting of the point of action of a force as the limiting case of discrete 
jumps. Let a force act successively on particles 1,2, 3, • * • of a mechanical 
system, and let it have the constant value while it is acting on the zth 
particle. Let the zth particle experience a displacement while the force 
Fi acts on it. Then the work that the force performs upon the zth particle is 
F^« • Afj., and the total work that the force performs on the mechanical 
system is 

Pr = 2F,-Ar, (b) 

where the sum extends over all particles on which the force acts. Let the 
displacement Ar,- occur in a time interval At^. Then Eq. (b) may be written 
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Now ArJAti is the mean velocity of the zth particle during the interval 
Ati, Hence Eq. (c) yields 

(d) 

If the increments At^ approach zero, the sum approaches a limiting value 
which is represented by an integral. Accordingly, Eq. (1-1) remains valid 
for a force that is applied in any continuous way to a mechanical system. 

When Eq. (1-1) is applied to a mechanical system, v must be interpreted 
as the velocity of the particle on which force F acts at time t; it must not be 
regarded as the velocity of the point of action of the force. For example, 
a rigid ball that rolls on a fixed rigid body receives no work from the 
reactive force of the body, since the velocity of the particle of the ball that 
is in contact with the body is zero. Likewise, Eq.. (1-1) shows that if a 
brick slides on a pavement the friction of the pavement performs work 
on the brick, although the friction of the brick performs no work on the 
pavement. These examples show that Eq. (1-1) is more general than the 
equation W • dr; the latter equation applies only if the force F acts 
continuously on the same particle. This fact was emphasized by Osgood 

Newton’s third law asserts that if body A exerts a force F on body B 
then body B exerts the force — F on body A. This law signifies that forces 
may be mated, “action” and “reaction.” The reaction of a given force F 
is understood to act on the body that causes or exerts force F. If a force F 
acts on a mechanical system, its reaction —-F acts on another part of the 
same system, or it acts on a body outside the system. In the first case, it is 
called an internal force;” in the second case, it is called an “external 
force. Accordingly, all the forces that act on a mechanical system may be 
classified as internal or external. Hence the work W of all the forces that 
act on a mechanical system is separated into a sum, W= W^+ 
where is the work of the external forces and is the work of the 

internal forces. 

Law of Kinetic Energy. Newton’s equation for a mass particle is 
F = /w dyjdt. Hence, if r is a vector from a fixed origin to the particle, 
F * rfr = m[dyjdt) • dr. Now, F • ^/r is the infinitesimal work dW that the 
force F performs on the particle. Also, v = drjdt. Therefore, 

dlF- mv • dv = — (|mi;2) dt (e) 

dt 

where v is the magnitude of vector v. -Since, by definition, the kinetic 
energy of the particle is T = \mv^, Eq. (e) yields dW = dT. Consequently, 
by integration, 1V = A.T, where AT is the increment of kinetic energy that 
results from work W, 
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This conclusion may be generalized immediately to apply to all finite 
mechanical systems. The kinetic energy of any mechanical system is 
defined as the sum of the kinetic energies of its particles. Likewise, the 
total work that is performed on a mechanical system is the sum of the 
amounts of work performed on each of its particles. Consequently, by 
summing the equation W = AT over all the particles of a system, we ob¬ 
tain the following conclusion: 

The work of all the forces {internal and external) that act on a mechani¬ 
cal system equals the increase of kinetic energy of the system. 

This theorm is a modern statement of Leibniz’s law of vis viva; it is called 
the “law of kinetic energy.” 

The law of kinetic energy is naturally restricted to Newtonian reference 
frames. In general, AT changes its value if one Newtonian reference frame 
is substituted for another, since the speed v of any particle relative to its 
reference frame is changed. However, the law of kinetic energy is not 
violated, for W changes also. The law of kinetic energy thus illustrates the 
relativity of work. 

1-4. FIRST LAW OF THERMODYNAMICS. It is well known that 
heat is a form of energy and that 778 ft-lb of work are equivalent to one 
British thermal unit (or 4.185 x 10’ ergs = 4.185 joules = 1 calorie). In 
the occasional references to heat in this book, we suppose that heat is 
measured in mechanical units. 

The principle of conservation of energy is based, to some extent, on the 
idea that any mechanical system possesses internal energy U that is stored 
partly as kinetic and potential energy of the atoms and partly as energy 
within the atoms. The internal energy of a system is usually regarded as a 
function of the state of the system. However, this condition depends on the 
definition of “state.” For example, the internal energy of a given mass of 
fluid is determined by the pressure and the volume; the internal energy of 
an elastic body is determined by the strains and the temperature. Gener¬ 
ally speaking, however, the internal energy of a system depends on factors 
other than the configuration and the temperature. For example, by slow 
extension and compression of an inelastic rod, we may lead the rod around 
a hysteresis loop (Fig. 1-2). The external work supplied for one cycle is 
represented by the area enclosed by the loop. If no heat escapes, this work 
is equal to the increase AC/ of internal energy during the cycle. The 
temperature may be changed by the cycle, but the heat that must be ex¬ 
tracted to restore the initial temperature is not equal to AC/, since some 
energy is locked in the rod by residual stresses on the microscopic level. 
Consequently, by leading the rod around a hysteresis loop and then 
restoring the initial temperature, we alter the internal energy of the rod 
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without changing the macroscopic strain or the temperature. This 
conclusion shows that the internal energy of a body may depend on param¬ 
eters other than strain and temperature. 

The total amount of internal energy in a system is generally indeter¬ 
minate. Only changes of internal energy are measurable. These changes 
are determined by the first law of thermodynamics, a precise statement of 



the law of conservation of energy. If electromagnetic effects are dis¬ 
regarded, this law is expressed as follows: 

The work that is performed on a mechanical system by external forces 
plus the heat that flows into the system from the outside equals the 
increase of kinetic energy plus the increase of internal energy. 

In symbols the first law of thermodynamics is expressed by the equation 

W, + ^T■^ ^U ( 1 - 2 ) 

Here, is the work performed on the system by external forces, Q is the 
heat that flows into the system, AT is the increase of kinetic energy, and 
AC/ is the increase of internal energy. 

On the other hand, the law of kinetic energy (Sec. 1-3) is expressed by 
the equation 


}V,+ JV, = AT 


( 1 - 3 ) 
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Here, JV^ is the work performed by internal forces in the system. Equa¬ 
tions (1-2) and (1-3) yield. 

^^• = <2 - At/ (1-4) 

Equation (1-4) is useful for determining the work of internal forces. For 
a rigid body or a frictionless incompressible fluid, Q = AC/; consequently, 
the internal forces perform no work. 

A process for which 2 = 0 is said to be “adiabatic.” For an adiabatic 
process, Eq. (1-4) yields the important special case fVi = —AC/. 

1-5. FOURIER’S INEQUALITY. The law of kinetic energy leads 
immediately to a general principle of statics. When a mechanical system 
begins to move, it is gaining kinetic energy. Therefore, by the law of 
kinetic energy, the forces that act on the system (internal and external 
forces) are performing net positive work. Consequently, the system does 
not move spontaneously unless it can experience some arbitrarily small 
displacement for which the net work fV' of all the forces is positive. In 
other words, spontaneous movement is impossible if W' ^ 0 for all small 
displacments. The small displacements considered here are called virtual 
displacements, since they are not necessarily realized. Likewise, the work 
W is called virtual work. To eliminate a possible dependence of W' on the 
speed with which the virtual displacement is executed, we suppose that 
virtual displacements are performed with infinitesimal speed. The forces 
that act when a system moves with infinitesimal speed do not necessarily 
coincide with the forces that exist when the system is motionless. For 
example, if we drag an object with infinitesimal speed, the frictional force 
is not the same as though the object were at rest. 

The conclusion that has been deduced may be expressed as follows: 

A motionless mechanical system remains at rest if W' -^0 for every 

small virtual displacement that is consistent with the constraints. 

This theorem was first stated by the French mathematician J. Fourier 
(1768-1830); it is known as “Fourier’s inequality” (105). It may be 
generalized immediately to apply to systems that translate at constant 
velocity, since uniform translation is annulled by a proper change of the 
reference frame. Such a change does not violate the requirement that the 
reference frame be Newtonian (49). A mechanical system will be said to be 
in equilibrium if the conditions are such that it can remain at rest in a 
Newtonian reference frame. 

For example, consider a brick that rests on a table. If the brick rises or 
tips slightly, gravity performs negative work. If it slides slightly, friction 
performs negative work. If it executes a small hop, the forces perform 
no work. Therefore, W' <0 for every small virtual displacement. 
Accordingly, by Fourier’s inequality, the brick is in equilibrium when it 
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rests on the table. The virtual displacements are required to be small, since 
otherwise we could admit a virtual displacement for which the brick slides 
to the edge of the table and falls off. Then the virtual work of all the forces 
(friction and gravity) might be positive. 

The work W' that all the forces perform when a mechanical system 
experiences a virtual displacement from configuration Xq to configuration 
X generally depends on the path in configuration space that connects 
points Xq and X. Unless the system is provided with an unlimited source 
of energy, the set of all values of W' corresponding to all paths from Xq to 
X is bounded above; hence it possesses a least upper bound W (see 
footnote, p. 4). In other words, W' < W for any admissible path from 
Xo to X, and there is no number less than W with this property. Since W 
depends only on the terminal configurations Xq and X, and not on an 
intermediate path, it is designated as W(Xq, X). This means that IV is a. 
function of Xq and X. The function W does not necessarily exist if the 
system is infinite. Although all our experience is limited to finite systems, 
there are important problems of elasticity, plasticity, and fluid mechanics 
concerning media that are conceived to extend to infinity. To analyze 
an infinite system, we may consider finite free bodies cut from it. 

If ^ 0 for every admissible path that leads from Xq to X, WiXQ, X) ^ 
0, and vice versa. Consequently, Fourier’s inequality may be expressed as 
follows: 

The point Xq in configuration space represents an equilibrium state if 

W(Xq, X) ^ 0/or all points X in a neighborhood ofX^. 

We may specify that virtual displacements are performed adiabatically. 
This means, for example, that if a brick on a table receives a horizontal 
virtual displacement the heat generated by friction does not pass into the 
brick. For an adiabatic virtual displacement, the heat flux Q is zero. 
Consequently, by Eq. (1-4), —AC/, where AC/ is the increment of 

internal energy. Therefore, since W' = Wl + Fourier’s inequality 
may be expressed by the relation, < AC/. Accordingly, equilibrium 
exists if there is no small adiabatic virtual displacement for which the virtual 
work of the external forces exceeds the increment of internal energy. 

1-6. THE PRINCIPLE OF VIRTUAL WORK. Fourier’s inequality 
expresses a condition that is sufficient but not necessary for equilibrium. 
For example, a ball may be balanced on a dome, but gravity performs 
positive work if the ball rolls slightly. However, the virtual work of 
gravity is an infinitesimal of higher order than the displacement of the ball. 
Numerous examples of this type suggest that Fourier’s inequality may be 
broadened. Seemingly, equilibrium prevails if W' is stationary, in the 
sense that it is an infinitesimal of higher order than the displacement in 
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configuration space. This equilibrium criterion includes some cases that 
are not covered by Fourier’s condition W' < 0. 

To phrase the preceding statement in mathematical terms, let X be any 
point in a neighborhood of point Xq in configuration space. Let s be the 
distance between these points (Sec. 1-1). Introducing the function JV{Xq, X) 
(see Sec. 1-5), we may express the equilibrium criterion as follows: 

The point Xq in configuration space is an equilibrium point if lim Wjs < 
0 for every admissible path of approach ofX to Xq. 

This statement expresses a law that is known as the principle of virtual 
work or the principle of virtual displacements. We adopt it as a hypothesis 
without proof. 

The condition lim JVjs ^ 0 is merely sufficient for equilibrium; one may 
see easily that it is not generally necessary. For example, suppose that 
a particle that moves on the a;-axis is subjected to the force F = Fq sgn x, 
where Fq is a positive constant and sgn x (read “signum a;”) is the function 
defined by sgn a; = 1 if a: > 0, sgn 0 = 0, and sgn a; = — 1 if a; < 0. Then, 
for a virtual displacement from the origin, IV = Fq |aT| = FqS, and 
lim Wjs =z Fq> 0. Nevertheless, by Newton’s law, the point a: = 0 is an 
equilibrium configuration for the particle. 

Variational Form of the Principle of Virtual Work. It is often possible 
to express the work function W{Xq, X) in the form 

w = dw + + 0{s^) (1-5) 

where dlV and are, respectively, linear and quadratic homogeneous 
functionals in the geometric variables or functions that define the virtual 
displacement. The remainder Of.?®) (read “order of cubed”) denotes a 
quantity less in absolute value than K:^, where a: is a positive constant and 
j is the magnitude of the virtual displacem6nt in configuration space (17). 
If the system has only a finite number of degrees of freedom, the resolution 
of IK into the form of Eq. (1-5) is accomplished by Taylor’s theorem. If 
the system has an infinite number degrees of freedom, (5 IK and -ato 
to be interpreted as in the calculus of variations (Chap. 3). The terms 6 fV 
and S^fV are called the first and second variations of IK. 

According to Eq. (1-5), the equilibrium criterion lim fV/s < 0 is repre¬ 
sented by the inequality <51K < 0. The relation (5 IK < 0 is the usual form 
of expression of the principle of virtual work, but the relation lim Wjs •„ 0 
is more general, since IK cannot always be resolved into the form of Eq. 
(1-5). For example, if an object of weight P is displaced horizontally on a 
table, the virtual work is IV = -/^pV{ dxf + where /i is the coeffi¬ 

cient of friction, and {dx, dy) are the virtual increments of rectangular 
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coordinates that locate the object. This function cannot be expressed in 
the foma of Eq. (1-5), such that dW is a. linear expression in dx and dy. 

Unchecked Systems. The peculiarity in the preceding example of a 
particle that is subjected to the force F = Fq sgn x is that the force changes 
discontinuously when the virtual displacement is performed. If the forces 
do not change discontinuously when a virtual displacement is executed, 
the system is said to be unchecked. * For an unchecked system, the condi¬ 
tion lim Wjs = 0 is necessary for equilibrium. The sign = signifies that 
the equality holds for all admissible virtual displacements. The derivation 
of the equation lim Wjs = 0 is immediate, for, if a system is in equilibrium, 
the resultant force on each particle is zero. Consequently, if the force that 
acts on a particle varies continuously with the displacement of the particle 
(i.e. if the system is unchecked), the work that it performs is an infinitesi¬ 
mal of higher order than the displacement of the particle, since the force 
acquires only infinitesimal magnitude during an infinitesimal virtual 
displacement. Accordingly, if the system consists of a finite number of 
particles, the condition lim Wjs = 0 is necessary for equilibrium. If the 
system contains an infinite number of particles, this argument logically 
requires the hypothesis that the order of limits be interchangeable; that is, 
the limit of the sum of the amounts of work performed on the individual 
particles equals the sum of the limits. 

The condition lim W/s = 0 is necessary and sufficient for equilibrium of 
an unchecked system. This relation may be expressed in the more conven¬ 
tional form dW = 0, provided that d IF exists. 

1-7. GENERALIZED FORCE. For a system with a finite number of 
generalized coordinates (x^, x^X the virtual work dW correspond¬ 

ing to a virtual displacement from point (x^, ^ 2 ’ ’ ’ ‘ ^ lo a neighboring 
point (x^ + Xq + 3x2,' ‘ + Sx^J is represented by a linear form 

in the increments of the coordinates; that is, 

SfV = Sxj^ + ^2 5^2 + ' * • + Gn (1-6) 

where j2i» 22>' * ’ » 2n are certain functions of x^, ■ * *, x^. The 

customary notation dx^ is used instead of dx^ to denote that the displace¬ 
ment is virtual. In general, the expression dx^ + 02 ^^2 + ’ * ’ + 
Qn 8x^ is not an exact differential. By analogy to the expression dx + 
Fy dy + F^ dz that represents the work performed by a force {F^, Fy, F^ 
when the particle on which it acts undergoes the displacement {dx, dy, dz), 

* The phrase “reversible system” is used ordinarily instead of “unchecked system,” 
but this terminology may cause confusion with the thermodynamic meaning of 
reversibility. 
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the functions Qj^, Q 2 , ‘ ‘, Qn called “components of generalized 
force.”* For a nonholonomic system, the components of generalized force 
are not determined uniquely, since there are constraints represented by 
nonintegrable differential relations of the type 

01 dx ^ + 02 ^^2 + ‘ • * + ^ 

These relations, or linear combinations of them, may be added to Eq. (1-6) 
without violation of the condition that the left side of Eq. (1-6) is dW. 

The terms do not necessarily have the dimension of force; in fact, 
they frequently do not all have the same dimension. Their dimensions are 
determined by the fact that dx^ has the dimension of work. Conse¬ 
quently, if denotes a length, has the dimension of force, and if x^ 
denotes an angle Qi has the dimension of the moment of a force. 

The principle of virtual work (dfF = 0) yields the following conclusion: 

Any configuration of a mechanical system for which the components 
of generalized force all vanish is an equilibrium configuration. 

This principle is a formal generalization of the Newtonian law that a 
particle is in equilibrium if the force that acts on the particle is zero. 
Since it merely expresses a sufficient condition for equilibrium, it is equally 
valid for holonomic and nonholonomic systems. The principle of virtual 
work also yields the conclusion that vanishing of all components of 
generalized force is a necessary condition for equilibrium of an unchecked 
holonomic system. 

Generalized External Force, The virtual work corresponding to an 
arbitrary displacement of a mechanical system may be separated into a 
sum, W + Wi, where W^, and Wi are the least upper bounds of the 
virtual work of the external and internal forces, respectively (see Sec. 1-3). 
It may be possible to represent as a sum 

= + 0 ( 5 *) 

analogous to the decomposition of W [Eq. (1-5)]. If the system has a 
finite number of degrees of freedom, the first variation <3 W^, is a linear form 
in fejL, ' ' ’ > that is, 

6W, = Pi 5:^1 + p^dx^A-'-+ Pn (1-7) 

where Pj, P 2 , * * * , P,,^ are certain functions of iCg, • - •, In general, 
the expression Pj dx-^ + dx^ -h •' * + P.^ dx^ is not an exact differential. 
By an obvious extension of the terminology introduced previously, the 

* A different definition of generalized force is sometimes used in dynamics (Sec. 7-5). 
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functions Pa? * ’ ’ ? called “components of generalized external 

force.” If the variables denote lengths and angles, the variables P^ may 
usually be identified as the components of prescribed external forces and 
couples that act on the system. 

Even though the loads on a structure or mechanism are constants, the 
generalized external force components P.^- need not be constants. For 
example, consider the system shown in Fig. 1-3. Let 6 be the generalized 
coordinate, and let the force F be constant. If 6 receives an increment <50, 



the first variation of the work of the force Pis = FL cos 0 dO = P 66, 
where P is the generalized external force. Hence P — FL cos 6. Accord- 
lingy, P depends on 6, even though Pis constant. On the other hand, if the 
vertical displacement x is taken as the generalized coordinate, the virtual 
work of the load F is Fdx = P 6x, whence, F = P, Thus it is seen that 
the question of constancy of the generalized force depends not only on 
the nature of the loads but also on the choice of the coordinates. 


1-8. POTENTIAL ENERGY. A mechanical system is said to be 
“conservative” if the virtual work W' vanishes for a virtual displacement 
that carries the system completely around any closed path. (W is defined 
in Sec. 1-5). If this condition is satisfied only for virtual displacements 
that are executed with infinitesimal speed, the system is said to be “con¬ 
servative in the statical sense;” if it is satisfied regardless of the speed, the 
system is said to be “conservative in the kinetic sense.” A system that is 
conservative in the kinetic sense is necessarily conservative in the statical 
sense. 

For a conservative system, the virtual work W' corresponding to a 
virtual displacement from point Xq to point is annulled by the virtual 
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work corresponding to the displacement from Xi to Xq, since the two 
displacements are effected by a circuit about a closed path. Since this is 
true irrespective of the path that leads from Xq to X^, even though the 
return path is the same in all cases, the virtual work W' for the transition 
from Xq to X^ is independent of the path. In other words, the virtual work 
W' corresponding to any displacement of a conservative system from point 
Xq to point Xi depends only on the terminal configurations Xq and X^. 
There is no sliding friction in a conservative system, since the work of 
sliding friction depends on the path; for example, the work that friction 
performs on an object that is dragged depends on the path as well as on the 
end points. Viscous friction (frictional forces proportional to the speed) 
may exist in a system that is conservative in the statical sense but not in a 
system that is conservative in the kinetic sense. For a conservative system, 
W' = W, where W' and W are defined as in Sec. 1-5. 

Since the virtual work W' that corresponds to a virtual displacement of a 
conservative system from a given configuration Xq to a variable configura¬ 
tion X is independent of the path, it may be denoted hy W' = — F(Xq, X). 
If Xq is a fixed prescribed configuration, the function V(Xq, X) is called the 
“potential energy” of the system in configuration X. This name was 
introduced by the Scottish scientist W. J. M. Rankine (134). The point Xq 
is called the “zero configuration” for potential energy. 

The zero configuration Xq merely affects an additive constant in the 
potential energy. For proof, suppose that the zero configuration is 
instead of Xq. Since the work — K(Xi, X) that the forces perform when the 
system travels from X^ to X is independent of the path, we may suppose 
that the path passes through Xq. Consequently, K(Xi, X) = F(Xi, X^) + V 
(Xq, X). Since Xq and Xj are fixed points, this yields K(Xi, X) = V{Xq, X) 4- 
constant. It will be seen later that an additive constant in the potential 
energy is irrelevant, since only changes of potential energy are significant. 
Consequently, the zero configuration Xq need not be designated explicitly. 
The potential energy of a conservative system is accordingly denoted by 
K(X). This notation indicates that F is a scalar point function in 
configuration space. 

It is essential to observe that the function V does not exist for a non¬ 
conservative system. Although the function W, defined in Sec. 1-5, exists 
for any mechanical system with bounded energy, it does not necessarily 
satisfy the condition which characterizes potential energy; namely, 
K(Xi, X) = F(Xi, Xq) -f K(Xo, X). This fact is exemplified by an object that 
slides on the floor. If the object experiences a frictional force of constant 
magnitude F, the virtual work W corresponding to any path is W' = — FL, 
where L is the length of the path. Consequently, for given terminal points, 
W' attains a maximum when the object describes a straight path; in this 
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case, W = W, Accordingly, WiX^, X) = —Fs, where s is the distance 
between points Xi and X. Consequently, if points Xq, Xj, and X are not 
collinear, X) > Xq) + WiX^, X). This inequality conflicts 

with the preceding relation that was derived for potential energy; hence 
in the present example W exists but there is no potential energy function. 

Since an additive constant is irrelevant, the potential energy K of a 
conservative system may often be calculated conveniently by integration 
of the expression for the total differential dV. For example, if the distance 
r between the earth and the sun increases the infinitesimal amount dr, the 
virtual work performed by the force of attraction between the bodies is 
dW' = —dV = —(kmm'lr^)dr, where 'm and m' are the masses of the 
earth and the sun, and k is the gravitational constant. This relationship 
follows from Newton’s law of gravitation. The natural motions of the 
earth and the sun may be considered to be stopped while the virtual 
displacement dr is performed. Integration of the preceding differential 
equation yields V = —kmm^lr. An inconsequential additive constant of 
integration is omitted. 

If a mechanical system lies in the gravitational field of the earth, a part of 
its potential energy results from the weights of the particles. Suppose that 
the particles are enumerated and that their weights and elevations are, 
respectively, Wi, W 2 , * ’ * j and Zi, . If the elevations receive incre¬ 

ments Asg, • • •, the negative work that gravity performs is 

AF = Wi + w ’2 + * • • 

provided that the weights Wi are constants. Hence 
AF = A(w3l2i + W2»2 H— •) = 

where vv is the weight of the entire system and z is the elevation of the center 
of gravity of the system. The last relation follows from the definition of 
the center of gravity. Consequently, V = wz. This equation means that 
if the acceleration of gravity is constant the part of the potential energy of a 
system that results from the gravitational field of the earth is equal to the 
weight of the system, multiplied by the elevation of its center of gravity. 
Since the zero configuration of potential energy is irrelevant, the datum 
plane from which elevations are measured need not be specified. 

Conservative External and Internal Forces. The work W' that all the 
forces perform when a system experiences a virtual displacement from 
configuration Xq to configuration X may be separated into a sum, W = 
where WJ is the work performed by the external forces and 
Wl is the work performed by the internal forces. It may happen that WJ 
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is independent of the path from Xq to X; then the external forces are 
said to be conservative. In this case W/ depends only on the terminal 
configurations Xq and X; hence it is denoted by — Q(X). The initial 
configuration Xq is not designated, since it merely affects an additive 
constant in £i. The point function D is called the “potential energy of the 
external forces.” 

Likewise, it may happen that W/ is independent of the path; then the 
internal forces are said to be conservative, and W/ is denoted by — U(X). 
The point function U is called “potential energy of the internal forces.*’ 
If the internal and external forces are both conservative, K = C/ + 

As in the general definition of potential energy, we may define the 
internal and external forces as conservative in the statical sense or the 
kinetic sense. A mechanical system may be said to be “elastic” if the 
internal forces are conservative in the kinetic sense. Then the function 
U(X) is commonly called “strain energy.” 

Aside from an irrelevant additive constant, the strain energy of a system 
is equal to the internal energy. Consequently, if the internal forces are 
conservative, the internal energy is a point function in configuration space. 
However, the internal energy may depend on a parameter that does not 
change appreciably during the mechanical process under consideration. 
For example, in problems of thermoelasticity temperature occurs as a 
parameter in the strain-energy expression. 

By the first law of thermodynamics, the strain energy of a system in a 
given configuration is equal to the work that we must perform in the 
absence of external forces to lead the system slowly and adiabatically 
from the zero configuration to the given configuration. 

In problems of elastic structures the potential energy of the external 
forces is frequently confused with the strain energy. For example, if a 
linearly elastic beam carries a constant concentrated weight, F, the potential 
energy of the external force is —Pw, and not — IPu (where u is the deflection 
at the point of application of the load). This fact is apparent if we recog¬ 
nize that the potential energy of the external load results from gravity; it 
has nothing to do with properties of the beam. 

Systems with Finite Degrees of Freedom. For a conservative system 
with finite degrees of freedom, the potential energy K is a function of the 
generalized coordinates The total differential of K is 


oxj^ 0X2 


Also, —c/y is the work performed by all the forces when the system 
receives an infinitesimal displacement (dx^, dx,^, * • •, Sx J, Therefore, if 



22 


ENERGY METHODS IN APPLIED MECHANICS 


the system is holonomic, so that the virtual displacement is arbitrary, 
Eq. (1-6) yields 


Qi=- 


dXi 


( 1 - 8 ) 


Equation (1-8) determines the components of generalized force if the 
potential energy function V is known. 

More generally, if only the internal forces are con- 
servative, the increment of potential energy of internal 
forces corresponding to increments • • • , dxj 

of the coordinates is 


L 


dU . dU . , ^dU . 

dU = — ox-, H- oxci + * • * H- ox,, 

dx^ dx^ “ 


The total work of all the forces is 


Qi + 02 ^*2 H- h Q„ 

= — dU + Fj, Sx, + Pg 6x2 + • • • + 6x„ 



e 


where are the components of general¬ 

ized external force. Therefore, if the system is holo¬ 
nomic, 


Qi = Pi 


W 

dx^ 


(1-9) 


If the external forces are also conservative, V = 
£/ -b and Eqs. (1-8) and (1-9) yield P^ = —d^lldx^. 

Example. Suppose that a uniform vertical elastic rod 
with cross-sectional area A and modulus of elasticity 
E is fastened at its upper end. The rod carries a 
weight Pat its lower end, and a magnet pulls on the weight with a force F 
given by the formula F = C{a — e)''^ where C and a are constants and e 
is the extension of the rod (Fig. 1-4). 

Since the virtual work corresponding to any cycle of displacement is 
zero, the system is conservative. If we stretch the rod slowly, the tension 
N that we apply is given by the formula of elasticity, N = EAejL, where L 
is the free length of the rod. Therefore, the work that we perform against 
internal forces is 

U =jNde = de 
Accordingly, ^ 


Magnet 


Fig. 1-4 


2L 


(1-10) 
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This equation determines the strain energy of the rod. 

The potential energy of the external forces is the negative work of these 
forces. Hence 


da = - 


p + 


Integration yields 


Q(e) = ~ 


(« - ef. 
C 

a — c 


de 


The total potential energy of the system is K = + ^2. 

1-9. PROPERTIES OF CONSERVATIVE SYSTEMS. Consider a 
real or natural motion of a mechanical system rathfer than the virtual 
displacements that have been discussed. If the system travels from con¬ 
figuration Xi to configuration X, the work IV' of all the forces that act on 
the system during the transition equals the increment AT of kinetic energy 
that the system acquires between Xi and X; this is the law of kinetic 
energy (Sec. 1-3). If the system is conservative in the kinetic sense, W' is 
also equal to the loss of potential energy — AK, where AK denotes 
V(X) — V(Xi)i this follows from the definition of potential energy. 
Consequently, 

AT + AK =0 or T + K = constant (1-11) 

Equation (1-11) expresses the law of kinetic energy for a conservative 
system. The sum T -f F is called the “total mechanical energy” of the 
system. Equation (1-11) is accordingly known as the “law of conservation 
of mechanical energy.” The phrase “conservative system” is derived from 
the fact thai mechanical energy is conserved in such a system. The 
differential equation of motion of any conservative system with one degree 
of freedom is determined by the equation T + F = constant. Many 
illustrative applications of this principle may be found in elementary 
books on mechanics. 

Principle of Stationary Potential Energy. For a conservative system, 
the principle of virtual work (Sec. 1-6) is expressed by the equation 
lim AF/if = 0, since IF = — AF. It is frequently possible to express AF in 
the form 

AK= 5K+0(s=*) (1-12) 

in which d V and <5^ V are the first and second variations discussed in Art. 
1 - 6 . 
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If (5F exists, the principle of virtual work (lim AK/^- = 0) is equivalent 
to the condition dV = 0; this is tantamount to the equation dW = 0 
discussed in Sec. 1-6. If the system has n generalized coordinates 
6V — ^(dVldx^) If the system is holonomic, arbitrary virtual dis¬ 
placements dx^ are permitted. Then the condition that dV vanishes for all 
admissible virtual displacements is equivalent to the equations d VjdXf = 0; 
I = 1, 2, • • *, n. If the system has an enumerably infinite set of coordi¬ 
nates Xi, this equilibrium criterion may still be employed, unless questions 
of convergence preclude it. Of course, the equations 9K/9;r. = 0 are 
necessary equilibrium conditions only for unchecked systems (Sec. 1-6). 
For example, if a block on a frictionless inclined plane is butted against 
a step or ledge on the plane, the system is conservative and it is in equi¬ 
librium, but d V does not vanish identically. 

For any stationary system with finite degrees of freedom, the vanishing 
of the components Qi of generalized force is sufficient for equilibrium 
(Sec. 1-7). Therefore, by Eq. (1-9), an elastic system with finite degrees of 
freedom is in equilibrium if 


Pi 


dx.i 


(1-13) 


This condition is also necessary for equilibrium if the system is holonomic 
and unchecked. 

In the theory of elastic structures U is frequently a quadratic form in 
the variables a;j.; that is, 

u = kl, 'laijXiXf (1-14) 

i =1^ =1 

In this case Eq. (T13) yields 

1 = Pi (1-15) 

^=1 


If the components of generalized external force are constants, as usually 
happens, Eq. (1-15) is linear; its solution represents the equilibrium 
configuration. It is to be noted that the coefficients on the left side of 
Eq. (1-15) are the rows in the matrix 


1-10. POTENTIAL ENERGY OF A SYSTEM OF PARTICLES. 

The theory of particles that attract or repel each other finds applications 
in several fields of physics and engineering and even in pure mathematics. 

If two particles attract each other with a force F that depends only on 
the distance r between the particles, the work that is performed on the 
system when r increases an infinitesimal amount dr is F dr. Consequently, 
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the potential energy of the two particles due to their mutual attraction is 

V=jFdr ( 1 - 16 ) 

This indefinite integral may be augmented by an arbitrary additive con¬ 
stant. Equation (1-16) applies for particles that repel each other if .F 
is then considered to be negative. 

An attraction between two particles is called a ‘‘bond.” The number of 
bonds in a system of attracting particles equals the number of distinct pairs 
of particles, although the bonds between particles that are comparatively 
far apart are frequently negligible. A system of n particles contains 
n(n — l)/2 bonds. 

Let the bonds in a system of particles be numbered 1, 2, • • •, w. If we 
give the system an infinitesimal displacement, the increment of potential 
energy (i.e. the work that we perform) is dV = 2^2 where the sum 
extends from 1 to m. Here, is the tension in the zth bond and r.^ is the 
distance between the corresponding particles. Consequently, the total 
potential energy of a system of attracting particles is the sum of the poten¬ 
tial energies of all the bonds. This conclusion signifies that a system of 
attracting particles is conservative, irrespective of the law of attraction. 

Force Fields. Suppose that several fixed particles attract or repel a 
movable particle. The force F that acts on the movable particle depends 
only on the location of that particle. In other words, F is a single-valued 
vector function of the coordinates (x, y, z) of the movable particle. 
Accordingly, F is called a “vector point function” or a “vector field;” 
more specifically, a “force field.” Electrical fields and gravitational fields 
are examples of force fields. 

If (x, ?/, z) are rectangular coordinates and if Fy, are the x, y, z 
components of the vector F, an infinitesimal vector {dx, dy, dz) in the 
direction of vector F conforms to the differential relations 


dx _ dy __ dz 
F F ^ F 

X * V * z 


( 1 - 17 ) 


The general integral of these differential equations represents a system of 
curves, called “lines of force.” The lines of force are everywhere tangent 
to the vectors of the force field. The theory of integration of equations 
of the form of Eq. (1-17) is discussed in books on differential equations (35). 

The potential energy K of a movable particle in a force field that is 
generated by fixed particles is the sum of the potential energies of the bonds 
between the movable particle and the fixed particles. An additive constant 
that represents the potential energy of the bonds among the fixed particles 
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is irrelevant. Evidently, Kis a function of a;, y, z. If we give the movable 
particle an inanitesimal displacement (dx, dy, dz), the work that we perform 
is the total differential of V; that is. 


OX uy (dZ 


(a) 


Also, since the force that we exert is equal to — F, 

dV = —Fg. dx — Fydy — F^ dz (b) 


Since Eqs. (a) and (b) are valid for any infinitesimal displacement, 


or 


d:>’ ’ du’ 

F = —grad V 




(1-18) 

(l-18a) 


A force field that possesses a potential energy function is said to be 
“conservative.” Equation (1-18) shows that a conservative force field 
is determined completely by its potential energy function. The lines of 
force are evidently normal to the equipotential surfaces, V = const. 
Equation (1-18) is a special case of Eq. (1-8). 

Newtonian Potential. According to Newton’s law of gravitation, the 
force of attraction between any two point masses, m and m', is 


F = 



(1-19) 


in which fc is a constant that depends on the units of force, length, and 
mass. The same relationship applies for the force between electric charges 
(Coulomb’s law). 

Let the units be such that k = 1. Then, by Eq. (1-16), the potential 
energy of two particles that attract each other in conformity with the 
Newtonian law is 


y— — 

r 


(1-20) 


Accordingly, the potential energy of a unit mass in a force field that is 
generated by fixed point masses m^, ■ ,m„ is 

V=-'2!ni ( 1 - 21 ) 

where is the distance between the zth fixed mass and the movable mass. 
Instead of considering isolated fixed masses, we may consider a continuous 
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fixed distribution of mass with variable density 
replaced by 


V = 



P- 


Then Eq. (1-21) is 


(1-22) 


in which r is the distance from a particle of the distributed mass to the 
movable particle. The distributed mass may be extended along a line or 
curve; it may be spread over a surface or it may be distributed throughout 
a region of space. Accordingly, the integral in Eq. (1-22) may be a line 
integral, a surface integral, or a volume integral, and, correspondingly, dS 
denotes an element of length, area, or volume. Surface integrals have 
particular significance in electrostatics, since electric charges accumulate 
on the boundaries between contiguous materials. 

The functions defined by Eqs. (1-21) and (1-22) are called “Newtonian 
potential functions.” Since they are scalars, they are more convenient for 
analytical purposes than the corresponding forces. For example, to 
compute the gravitational attraction of a three-dimensional body on an 
isolated particle, we compute the Newtonian potential of the body by 
means of Eq. (1-22). Then the force on the particle is determined by 
Eq. (1-18). 

Aside from their physical significance, Newtonian potential functions 
are important in mathematics because they are solutions of Laplace’s 
differential equation 


^ ^ 
dx^ dy^ dz^ 


(1-23) 


This statement is verified by the observation that if (a, b, c) is any fixed 
point, the following function satisfies Eq. (1-23): 


- = [(*- «)' + {y- bf + (3 - (1-24) 

r 


Any function that satisfies Eq. (1-23) is said to be “harmonic,” Any 
linear combination of terms of the type of Eq. (1-24) is harmonic; there¬ 
fore, the Newtonian potential function generated by fixed point masses 
[Eq. (1-21)] is harmonic. Likewise, since p is a function of the parameters 
(a, b, c), Newtonian potential functions generated by continuous distri¬ 
butions of mass are harmonic outside of the masses. Innumerable 
solutions of the three-dimensional Laplace equation* are obtained by 
Eq. (1-22), since the density function p and the regions occupied by the 

* For Laplace’s equation in two variables x and y, the function log r replaces the 
function 1/r. 
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attracting masses are arbitrary. In fact, a complete theory of the important 
partial differential equations of Laplace and Poisson may be based on the 
Newtonian potential function. This surprising ramification of Newton’s 
gravitational theory constitutes a branch of mathematics known as “poten¬ 
tial theory” (41, 78). 


Example. Let a spherical surface of radius a carry a constant positive 
density p of electric charge. The Newtonian potential at a distance x 
from the center of the sphere is to be determined {x > a) (Fig. 1-5). 
By Eq. (1-22), 

P dS _ _ lirpa^ sin d dd 
r r 



Also, by the law of cosines, 

= ( 2 ^ -I- — 2ax cos 6 

Differentiation of this relation yields 

2r dr = lax sin d dd 

Hence, by Eq. (c), 

dV= - 

X 

Therefore, 

v = — 

X Jx-a X 

The total charge on the sphere is ^ = 4Trpa^. Hence V = — The 
force acting on a negative unit charge at point Pis F = —dVidx = — 

The negative sign indicates that the force is opposite in sense to the .r-axis. 

This result shows that the force exerted by the charged sphere on an 
external point charge is the same as though all the charge on the sphere 
were concentrated at the center of the sphere. Likewise, the gravitational 
attraction of a homogeneous or stratified spherical body such as the earth 
is the same as though all the mass of the body were concentrated at the 
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center of the body, since the solid sphere may be decomposed into homo¬ 
geneous spherical shells of infinitesimal thickness, and the preceding rule 
applies for each of these shells. 

1-11. STABILITY. In a practical sense, an equilibrium configuration 
of a mechanical system is said to be stable if accidental forces, shocks, 
vibrations, eccentricities, imperfections, inhomogeneities, residual stresses, 
or other probable irregularities do not cause the system to depart exces¬ 
sively or disastrously from that configuration. In a mathematical sense, 
stability is usually interpreted to mean that infinitesimal disturbances 
will cause only infinitesimal departures from the given equilibrium con¬ 
figuration. The mere fact that an assemblage is stable in this refined sense 
does not necessarily signify that it is safe from an engineering viewpoint. 
For example, a ship may be stable in the sense that small waves will not 
capsize it, yet it may not be stable enough for an ocean voyage. Similarly, 
a convex shell-like structure, such as a shallow-domed roof, can be in a 
state of stable equilibrium, yet a jolt may cause it to “snap through” into a 
badly deformed shape. Such illustrations indicate that the infinitesimal 
theory of stability must be used with discretion. Nevertheless, the infinitesi¬ 
mal theory has had innumerable practical applications. 

In the following the word “stability” is used with the classical meaning; 
that is, infinitesimal disturbances of a stable system cause only infinitesimal 
displacements in configuration space. We might suppose that a system 
is in a state of unstable equilibrium if an arbitrarily small amount of energy, 
supplied from external sources, can cause the system to experience a large 
displacement. However, this is not true. For example, a table that rests on 
the floor is certainly in a state of stable equilibrium. NeverthelCwSS, theoreti¬ 
cally we can move the table as far as we please without any expenditure of 
work. To do this, we lift the table slightly so that the reaction of the floor 
ceases to act, and we then displace it horizontally. Certainly, if external 
forces must perform positive work to produce any small displacement of a 
given system, equilibrium is stable, since infinitesimal disturbances then 
cannot produce large effects. However, according to the preceding 
example, this condition is merely sufficient for stability; it is not necessary. 

The theory of stability of conservative systems is inherently simpler 
than the theory for nonconservative systems. In view of the law of con¬ 
servation of mechanical energy, T V constant, an infinitesimal 
increment of T is accompanied by only an infinitesimal increment of V, 
Consequently, if a motionless conservative system is in a configuration of 
minimum potential energy, an infinitesimal initial velocity causes only an 
infinitesimal displacement in configuration space. Accordingly, stable 
equilibrium exists. Conversely, if the value of the potential energy is 
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not a minimum and if the system is holonomic, an impulse that directs the 
system along a path for which V decreases causes the kinetic energy to 
increase continually (since r + K = constant); therefore, equilibrium is 
not stable. The principle of stability of conservative holonomic systems 
consequently may be expressed as follows: 

A conservative holonomic system is in a configuration of stable equili¬ 
brium if and only if the value of the potential energy is a relative 
minimum. 

This conclusion is known as the “law of minimum potential energy.” In a 
qualitative way it indicates the meaning of weak stability. The stability of a 



Fig. 1-6 

system is said to be “weak” if the system can depart a long distance from 
the given equilibrium state with only a small increase of potential energy. 
A bead at a minimum point of a frictionless rigid wire (Fig. 1-6) is in a state 
of weak stability if only a small hill separates it from a lower minimum. 

An illustration of the principle of minimum potential energy is provided 
by weights that are connected by any frictionless mechanism with rigid 
members. The potential energy of the system is the weight of the system 
multiplied by the height of the center of gravity (Sec. 1-8). Consequently, 
since the weight is constant, a motionless conservative holonomic system 
with constant internal energy is in a state of stable equilibrium under the 
action of a constant gravitational field if, and only if, the height of the 
center of gravity of the system is a relative minimum. A marble in a cup 
illustrates this principle. Another example is a frictionless chain of rigid 
bars with hinged ends. The bars assume positions such that the elevation 
of the center of gravity of the system is a relative minimum. The catenary 
(curve of a heavy uniform flexible inextensional sagging cord) is a limiting 
case of this type of linkage. Among all curves of given length and given 
end points, the catenary has the lowest centroid. With the aid of the cal¬ 
culus of variations, the equation of the catenary may be derived from this 
principle (Sec. 3-7). A stationary cup of water also illustrates the fore¬ 
going principle. The surface of the water is plane and horizontal, since 
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this configuration provides the lowest elevation to the center of gravity of 
the water. Actually, the surface of the water curves up slightly where it 
intersects the wall. This phenomenon is explained by the fact that there is a 
small contribution to the potential energy from a peculiar molecular action 
at a free surface of a liquid. Surface tension is a manifestation of this 
action. 

For systems with finite degrees of freedom, the mathematical implica¬ 
tions of the principle of minimum potential energy are comparatively 
simple. The potential energy Vis a single-valued function of the general¬ 
ized coordinates ajg, * * *, x^. Also, V depends on the external load on 
the system. When the type of loading is prescribed, the load is determined 
by a single scalar parameter p. For the present p is regarded as a given 
constant, and it need not be considered explicitly. The-coordinates are 
considered as regular (Sec 1-2) in a region R of configuration space that 
includes the configurations of interest. Only holonomic systems are 
considered. For values of the x'*s in R, the function V and its partial 
derivatives to the third order with respect to the x's are postulated to be 
continuous functions of the x"s. Then, by Taylor’s theorem, the increment 
of V corresponding to increments hi, of the x"s is 


AF = 2 + ^22 h,h,V,,ix) 

+ ^222 hihjh„Viif.ix + Oh) 


( 1 - 25 ) 


where 0 < 0 < 1. Subscripts on V denote partial derivatives, and x 
stands collectively for all the a;’s; for example, V^^ix) denotes d^Vjdx^ dx^ 
at the point {xi, X 2 ,--*, x^). For brevity, Eq. (1-25) is written 

AV=:dV+ id^V+ R^ (1-26) 

Since the derivatives of V with respect to the x's are continuous in R, 
the principle of virtual work signifies that a necessary and sufficient 
condition for equilibrium is that (5K vanish for all A,-; that is, dVldx^ = 0, 
/ = 1, 2, • * •, We consider a point x/ that is a solution of these equa¬ 
tions. 

The second variation of the potential energy may be written 

52 ^ ^ 22 ci,,h,h,, a,, = V,,(x') (1 -27) 

Accordingly, is a quadratic form in the variables Aj, Ag, * * • , A^^. 
Although R^ is not exactly a cubic form in the A’s, it differs from a cubic 
form only by infinitesimals of the fourth order, since the coefficients 
+ ®A) approach constant values as the A’s approach zero. Conse¬ 
quently, if S^Vis positive definite (see Appendix A-1), there exists a deleted 
neighborhood of point x/ throughout which \6"^V\ > 2 Accordingly, 
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in this neighborhood, AKis positive; hence the value of V at point x- is a 
relative minimum. Conversely, if is negative definite, negative semi- 
definite, or indefinite, A Stakes negative values in any neighborhood of .r/, 
and therefore the value of V is not a minimum; hence equilibrium is not 
stable. If 6^V is positive semidefinite, or if d^V vanishes identically, the 
value of V may or may not be a relative minimum; the question cannot 
be decided without further investigations of the function V. 



Fig. 1-7 


Example. A thin hemispherical shell of constant thickness is balanced on 
a hemispherical dome of the same radius as the shell. The stability of the 
configuration is to be investigated. If the shell rolls slightly, the configura¬ 
tion is as illustrated in Fig. 1-7. The center of gravity of the shell lies at the 
midpoint of the radius. Consequently, by Fig. 1-7, the elevation of the 
center of gravity is o a i on 

Equilibrium is stable if, and only if, the configuration 0 = 0 provides a 
relative minimum to y, since the potential energy is m^i/. Expanding the 
cosines in power series, we obtain 



where the dots indicate terms of higher degree in 0. Comparing this 
equation with the series 

A2/ = Sy + ” (5V + ~ ~ + • * * 

Sy = 6^y = dhj = 0 , 


we obtain 
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For sufficiently small values of 6, the sign of Ay is evidently the same as 
the sign of namely, negative. Therefore, for 0 = 0, the value of y is 
not a relative minimum, and accordingly equilibrium is not stable. This 
example is somewhat unusual, since ordinarily the character of d^V 
determines whether or not equilibrium is stable. The peculiarity in the 
present case is that d^V vanishes identically. 

PROBLEMS 

1. Prove the triangle law for displacements in configuration space. 

2. A wheel of diameter D rolls on a straight track. Calculate the magnitude 
of the displacement in configuration space corresponding to an angular 
displacement d of the wheel. 

3. A gas flows steadily through a tube of circular cross section. The velocity is 
distributed parabolically on a cross section, and the velocity at the center is 
three times the velocity at the wall. Express the rate of displacement in 
configuration space dsjdt in terms of the mean velocity V, 

4. A frictionless incompressible fluid flows at constant mass rate through a 
conduit of variable cross section. Consider the fluid between two cross 
sections, 1 and 2. By applying the law of kinetic energy to this fluid, derive 
Bernoulli’s equation for liquids. 

5. A body that slides on a straight horizontal bar oscillates under the action of 
a restoring force that is proportional to the displacement. Assuming that 
the coefficient of friction is a constant, show by the law of kinetic energy 
that the difference between the amplitudes of successive oscillations is a 
constant. 

6. An artificial satellite travels about the earth in a circular orbit at elevation h 
above the surface of the earth. Denoting the radius of the earth by r, 
determine the ratio of the kinetic energy of the satellite to the work required 
to lift it to altitude h. 

7. A particle describes the path x ^ t, y ^ ^ in which t denotes time. 

The motion is resisted by a force that is opposite to the velocity and that is 
proportional to the speed. Calculate the work that the resisting force per¬ 
forms during the interval / = I to / = 3. 

8. A particle that moves in space is subjected to a force of constant magnitude 
that is always directed toward the origin. Prove that the work the force 
performs on the particle during any displacement is the product of the 
magnitude of the force and the reduction of the distance from the origin. 

9. Two mass particles are connected by a rigid massless rod. Prove by direct 
application of Newton’s laws that the tension in the rod performs no net 
work on the particles when the system moves freely in any way. 

10. A particle in the (x, y) plane moves in the force field = —ky, Fy = kx, 
{k = constant). Prove that when the particle describes any closed path in 
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the counterclockwise sense, the work performed on the particle is 2kA, where 
A is the area enclosed by the path. 

11. Neglecting friction, determine the mechanical advantage of the differential 
pulley by the principle of virtual work (Fig. Pl-11). 



12. The thrust force F has constant magnitude, and it is always directed along 
the axis of the lower bar. The hinges are frictionless. Prove that the system 
is nonconservative (Fig. Pl-12). 



Fig. Pl-12 
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13. The deflection of a simple beam is represented by the sine series, 
y = sin mrxm where L is the length of the beam. The coefficients 
are regarded as generalized coordinates. The beam carries a nonuniform 
distributed load p{x). Show that the components Pi of generalized external 
force are proportional to the coefficients in the sine series for p(x). Determine 
the proportionality constant. 

14. A flexible string has its ends fixed at the points O : (0, 0) and Q : (1, 0) in the 
ix,y) plane. The string is deflected so that it passes through the point 
P:ix, y). Segments OP and PQ are straight. The tension F in the string is 
independent of the location of point P. Is there a strain-energy function 
U{x,y)l If so, derive it. 

15. The force of attraction between two identical atoms is F = ar~^ — in 
which a and b are positive constants and r is the distance between the atoms. 
{a) Supposing that the two atoms oscillate on a fixed straight line, express 
drjdt as a function of r by means of the principle of kinetic energy, (b) 
Determine the equilibrium configuration by the principle of stationary 
potential energy. 

16. Let (x, y) be fixed rectangular coordinates with the 2 /-axis directed downward. 
A body of mass m is hung from a support at the origin by a nonlinear 
spring with free length L^. The tension in the spring is k{L — where L 
is the length of the stretched spring. The body swings in the {x, y) plane. 
Adopting the coordinates (x, y) as generalized coordinates of the body and 
neglecting the mass of the spring, write the equation of conservation of 
mechanical energy. 

17. A thin hoop of radius R hangs over a fixed horizontal shaft of radius r. The 
hoop swings in its plane without slipping on the shaft. By means of the 
principle of conservation of mechanical energy, derive the differential 
equation of motion of the hoop. 

18. Free vibrations of a beam of length L are represented by the equation, 
y = c sin (jinxlL) sin wr, where o> is a constant. The mass of the beam per 
unit length is a constant p. The potential energy of the beam is 


U 


Jo 


dc. 


where subscripts x denote partial derivatives. Write the equation of Con¬ 
servation of mechanical energy. By equating the mechanical energies for 
times t = 0 and t = 7r/(2a;), derive an equation for the angular frequency co. 

19. A uniform stick of length 5 in. rests across the rim of a frictionless fixed 
hemispherical bowl that is 4 in. in diameter. Calculate the angle of inclina¬ 
tion of the stick to the horizontal by the principle of stationary potential 
energy (Fig. PI-19). 

20. A straight beam of length L is bent into an arc of a circle by a constant 
bending moment M. The potential energy of the internal forces is El 111 R?, 
where R is the radius of curvature of the axis. Derive a formula for the total 
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potential energy of the beam. Derive the relation between the bending 
moment and the curvature by the principle of stationary potential energy- 

21. A homogeneous hemispherical solid rests on a plane inclined at angle a to 
the horizontal. The body may roll, but it cannot slide. Determine the 
equilibrium configuration (angle of roll d relative to the plane) by the 
principle of stationary potential energy. 

22. A spherical soap bubble contains a constant mass of air. The pressure- 
volume relation of the air is = constant. The potential energy of the 
air is - J p dv. The potential energy of the soap film is 2kS, where k is the 
surface tension and S is the area of the soap film. Express the potential 
energy of the system in terms of the radius r of the bubble. Hence derive a 
formula for the radius of the bubble by means of the principle of stationary 
potential energy. 

23. A soap film spans a circular hole of radius a in a plate. Internal pressure p 
causes the film to adopt the form of a segment of a sphere. The strain energy 
of the soap film is 2kS, where k is the surface tension (k = constant) and 5 
is the area of the soap film. By geometry, S = 7ra\\ + where x = tan ^ a 
(Fig. PI-23). Also, by geometry, the volume of the bubble above plane 
0-0 is Q =j-7TCi^(x^ + 3a;). Adopt a; as a generalized coordinate. Regarding 
/? as a given constant, apply the principle of stationary potential energy to 









Fig. Pl-23 
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express a; as a function of w, where ii = 4kjap. For what range of u is x real? 
What is the physical interpretation of complex values of ^ ? Show that when 
two real solutions exist, they determine bubbles with equal radii r. 

24. A spherical shell carries a constant density of electric charge on its inner 
surface. Prove that the potential energy of a point charge within the shell 
is independent of its location. What conclusion can be drawn concerning 
the force on the point charge? 

25. Prove that the Newtonian potential of a thin uniform disk of radius a at a 

point of a straight line perpendicular to the plane of the disk through its 
center and at a distance x from the center is — 27 rp(Va^ + — x), where p 

is the mass per unit area. If a oo, what is the force on a unit mass at point 
x7 

26. A wire that is bent into a circle carries a constant density of electric charge. 
Derive the potential at any point on the axis of symmetry that is perpendi¬ 
cular to the plane of the circle. Hence, compute the force that acts on a unit 
charge that lies on the axis. 

27. Calculate the Newtonian potential of a thin straight uniform rod of length 2L 
at any point outside of the rod. Calculate the attraction of the rod on a point 
mass that lies in the plane perpendicular to the rod at its center. Calculate 
the limiting value of this attraction as the length of the rod becomes infinite. 
Take origin at center. 

28. A homogeneous body consists of a cone of height h attached to a hemi¬ 
spherical base with radius r (Fig. Pl-28). The body rests on a table in an 
upright position. By the principle of minimum potential energy, determine 
the range of hjr for which this configuration is stable. 



29. Prove by the principle of minimum potential energy that among all attitudes 
of a floating body for which the weight of displaced liquid equals the weight 
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of the body the stable equilibrium configurations are those for wh icli 
is a relative minimum, where is the height of the center of gravity tif the 
body, andZej is the height of the centroid of the submerged part the hiuly 
(called the “center of buoyancy”). LetZc^>Z,/,. Hint. Suppose that the 
liquid is contained in a tank. Note that the attitude of the body affects the 
potential energy of the liquid. 

30. A long homogeneous timber with a rectangular cross section of' w i(.!th b and 
depth a fl^ts in water. The specific gravity of the timber is \. Show that if 
h\a > V3/2 tjw timber floats with its wide face horizontal and that if 
\<h\a< V3/2 it does not float with its face horizontal. Determine the 
angle of the wide face to the horizontal if bja = ^4/3, How docs it flout if 
b/a = 1 ? Hint. Use the theorem stated in Prob. 29. 

31. A long homogeneous timber of rectangular cross section floats in water w ith 
its top face horizontal. Prove that a necessary and sufficient condition for the 
timber to be in stable equilibrium is ^ s-{■ b^/6a^- > 0, where .v is the 
specific gravity of the wood, b is the width of the cross section, and a is the 
depth of the cross section. Hint. Use the theorem stated in Prob. 29, 



2 Elastic beams and frames 

The methods that I expound require neither constructions nor geometrical 
nor mechanical reasoning, but only algebraic operations, subject to an 
exact and invariable procedure. 

J. L. LAGRANGE. 


The principle of virtual work finds its most important engineering appli¬ 
cations in the statical problems of deformable bodies. Some illustrative 
applications to deformable systems with enumerable degrees of freedom 
are presented in this chapter. 

2-1. STRAIN ENERGY OF BEAMS, COLUMNS, AND SHAFTS. 
The engineering theory of straight beams is based on the assumption that 
the strains of the longitudinal fibers of a beam are distributed linearly on 
any cross section. This assumption is implied by the common statement 
that plane cross sections remain plane. 

In Fig. 2-1 the and ^y-axes represent the principal axes of inertia 
through the centroid of the cross section of a straight beam. Consequently, 



where A denotes the cross-sectional area. The bending moment M, being 
represented by a vector that lies in the plane of the cross section, may be 
resolved into components and M^, on the and rj-axQS. It is assumed 
that the fiber stress at the point (f, rj) is determined by a linear equation, 
a = aS + brj + c. Then the statical relations = jiarj dA, = 
—Jo-f dAy N = Ja dA, in conjunction with Eq. (a), determine the constants 
a, b, c. Thus we obtain 
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Here, N denotes the net tension, and (/|, T,) are the moments of inertia of 
the cross section about the and rj-axts, respectively. 

By Eq. (1-10) and Hooke’s law, or = Ee, the strain energy of an element 
of the beam of length ds and cross-sectional area dA is dA dsjZE. 
Consequently, the strain energy of a beam due to bending and direct 
tension is 

t/ = — f ds\ dA (2-2) 

2E Jo J 



Fig. 2-1 


where L is the length of the beam. Since JidA =: Jf] dA = 0 and 
dA 0, Eqs. (2-1) and (2-2) yield 


^ ^ ( 2 - 3 ) 

2EJo\/, L AJ 


Equation (2-3) shows that if a beam is bent simultaneously in both of its 
principal planes the contributions to the strain energy from these two 
components of bending are additive. Also, Eq. (2-3) shows that the strain 
energy due to direct tension may be added to the strain energy of bending. 
In view of these conclusions, we consider only pure bending in one 
principal plane; that is, we set iV = 0 and = 0. Also, for simplicity, 
we write M and /| = I. Then Eq. (2-3) yields 


MlA? 

“Jo 2EI 


(2-4) 


It is to be noted that the superposition of strain-energy components 
implied by Eq. (2-3) is a special circumstance; in general, the effects of 
several loads on the strain energy of a structure are not simply additive. 
For example, if an elastic bar of length L and cross-sectional area A is 
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subjected to a tensile force iVi, the strain energy [by Eq. (1-10)] is N^LjlEA. 
If a tensile force is superposed on the force N^, the strain energy be¬ 
comes (^1 -I- N^^LI2EA. The latter expression is not the sum ofthestrain 
energies due to the forces and acting separately. This circumstance 
is illustrated graphically if we plot a straight line representing the load- 
extension graph of the member and note that the area under the line 
represents the strain energy. 

It is shown in elementary beam theory that when curvature due to shear 
is neglected the bending moment M and the curvature IjR of the deformed 
centroidal axis of a straight elastic beam are related by 




Equations (2-4) and (2-5) yield 


U 




^ El ds 
2R^ 


(2-5) 


(2-6) 


If primes denote derivatives with respect to arc length s, Eq. (2-6) may be 
written 


U = i rEI[(x"f + (?/")n ds 
•Jo 


(2-7) 


Equation (2-7) is valid for arbitrarily large deflections, provided that 
yielding does not occur. 

If the x-axis coincides with the undeformed centroidal axis of the beam, 
y denotes the lateral deflection. If the deflection is small, s is approximately 
equal to x. Then x" is approximately zero, and Eq. (2-7) yields the well- 
known approximation 


U = 


‘J 

Jo 


J EIiy"fdx 


(2-8) 


Strain Energy Due to Shear. Besides the strain energy of bending, there 
is strain energy due to shearing stresses on the cross-sectional planes. The 
shearing stress distribution on a cross-sectional plane is approximated by 
the elementary formula of beam theory 


T 


Ib 


(2-9) 


where S is the shearing force on the cross section, b is the width of the 
cross section at ordinate r], and Q is the moment of the area above the 
line with ordinate r; about the f-axis. Also, by elasticity theory, the strain 
energy per unit volume due to the shearing stress t is t 2/2G, where G is the 
shear modulus. Introducing t from Eq. (2-9) and integrating throughout 
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the volume of the beam, we obtain the following formula for the strain 
energy due to shearing forces: 



kS^ dx 
2GA 


( 2 - 10 ) 


Here, k is a dimensionless constant, defined by 


b 


( 2 - 11 ) 


For a rectangular cross section, k = 1.20. Except for short beams or 
beams with thin webs, the energy of shear is usually small compared to the 
energy of bending. 

If shear is significant, the strain energy of bending is not proportional 
to the square of the curvature, since the curvature is augmented by the 
shear deformation. Then Eq. (2-8) is inapplicable. The deflection separ- 
at^ into the sum of the displacements caused by shear and by bending. 

e s oj» y, being the derivative of the deflection, likewise separates into 
a sum of two terms—slope due to shear and slope due to bending. The 
s ope ue to shear will be denoted by /?. Since the stress-strain relation is 
linear, the strain energy of shear is 


~ ij j5S dx 

With Eq. (2-10), this yields ** 


ft 


kS 

AG 


( 2 - 12 ) 


Shear deformation is frequently important when beam theory is applied 
to fabricated structures. For example, a long Vierendeel truss or a latticed 
strut may be regarded as a beam. Evidently, Eq. (2-12) does not apply for 
uc s rue urcs. ikewise, a hull of a ship or a wing of an airplane may be 
analyzed as a beam. In such cases the shear is carried primarily by the 

ftransmitted to the stringers. Also, a 
shght buckling of the plates of a ship or the spar webs of an airplane wing 
may contnbute materially to shear deformation. Although Eq. (2-12) 
does not apply to these complex structures, a simple proportion between 
S' and /? may still be admissible; that is r r r 




(2-13) 


where A is a constant (or a function of x) that must be determined by de¬ 
tailed considerations of the structure. The factor A has the dimension of 
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force. For a monocoque beam, Eqs. (2-12) and (2-13) yield A = AGjK, 
Since the shear energy per unit length is Eq. (2-13) yields 





(2-14) 


The slope caused by bending is y' — /S, where y is the total deflection. 
Consequently, the curvature due to bending is -^MjEI = y" — There¬ 
fore, the strain energy of bending is 


U, 


= f dx 
h 2EI 



- /i'f dx 


With Eq. (2-14), this yields the following formula for the total strain 
energy: 

C/ = J t\EI(y'' - /?')' + dx (2-15) 

•}() 

In the statical problems of beams the functions y and /3 must be deter¬ 
mined to minimize the total potential energy among functions that 
satisfy the end conditions and the continuity requirements. Since the 
slope at a clamped end of a beam results entirely from shear deformation, 
the boundary conditions at a clamped end are y = 0 and y' = Since 
the bending moment is Af = ±EI(y" — P'), the boundary conditions at a 
simply supported end are y = 0 and y" = /?'. Since the shear is = 
dMidx, the boundary conditions at a free end are y" = /S' and y'" = /S". 
At a point where a concentrated load is applied, y' and /? are generally 
discontinuous, but y' — p and ?/' — /S' are continuous, since the bending 
moment is continuous. However, ?/" — /S", being proportional to the 
shear, is discontinuous. 

If shear deformation is negligible, /? = 0, and Eq. (2-15) reduces to 
Eq. (2-8). 

Torsion. If a linearly elastic bar of length L is subjected to torque T, the 
resulting angular displacement 0 of the ends (total twist) is expressed by 
the formula 



where y is a section constant and G is the shear modulus. The product GJ 
is called “torsional stiffness.” For a solid shaft of circular cross section or 
for a hollow shaft of annular cross section, /is the polar moment of inertia 
of the cross section about its center. For any other shape of cross section, / 
is less than the polar moment of inertia. Formulas for J are developed in 
the literature on the torsion problem (85). 
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The strain energy due to twisting is Uj, = 
Eq. (2-16), 

U = 

^ 2L IGJ 


Consequently, by 


(2-17) 


Strain energy due to twisting may be added to the strain-energy compo¬ 
nents of bending, tension, and transverse shear. 


2-2. BEAM COLUMNS ANALYZED BY FOURIER SERIES. Func¬ 
tions that represent statical deflections of beams can be represented by 
Fourier series. The coefficients in the series may be regarded as generalized 


«- L 


L -U 



Fig. 2-2 

coordinates. Ordinarily, the external forces that act on a structure are 
conservative. Accordingly, the coefficients in the Fourier series for the 
deflection of an elastic beam may usually be determined by the principle of 
stationary potential energy. The main precaution to be observed in this 
technique is that the condition for termwise differentiation of a Fourier 
series shall not be violated. 

Figure 2-2 represents a simply supported uniform beam column that 
carries an axial load P, a few concentrated lateral loads 62^ * ‘ 
an arbitrary distributed load q(x). The deflection function has physical 
significance only in the range 0 < a; < L, but, for the sake of representa¬ 
tion by a sine series, it is extended as an odd function into the range 
—L < X ^0. This extension is indicated by the dashed curve in Fig. 2-2. 
The deflection is represented by 


riTTX 


n = l L 


(a) 
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This series automatically satisfies the end conditions y =z y" =: 0. The 
conditions for termwise differentiation are satisfied (9), and therefore 


/ j fiTrx .. 

y == -Z^^n^os — , y = 

I-j JL/ 


Tr n, , YIttOC » 

- I sin — (b) 


The strain energy of bending is given by Eq. (2-8). Squaring the series for 
we obtain a double series. However, the integrals of the cross products 
cancel because of the relations 



mrrx . mrx . 

-sin- ax 

L L 



rmrx 

~L 


mrx , 

cos- ax = 

L 


0 if n 

- if m = n 

a 


(c) 


where m and n are any positive integers. Consequently, Eqs. (b) and (2-8) 
yield 


L/ = 


413 


00 


M.=S 1 


(2-18) 


It is assumed that the beam bends without any change of the length 
of the center line. In the theory of flexure this condition characterizes 
the centroidal axis. Since dx^ -f- dy^ = ds^, dzjds = Vl — (dylds)^. Ex¬ 
panding the square root by the binomial series and retaining only the first 
two terms, we obtain dxjds = 1 — i(dylds)K The distance between the 
ends of the bent beam is 






The potential energy of the axial load is = —P{L — 
the preceding relation, 


Qp 


P 

2 



This is further approximated by 

Qp = _ f r (y'f dx 
2 Jo 


E,). 


Hence, by 


(2-19) 


where y' denotes dyldx. 
Eq. (c), we obtain 


Substituting Eq. (b) into Eq. (2-19) and utilizing 
= (d) 

4L n=l 


The potential energy of the lateral loads Qp Q^, ■ ■ ■ is 

= -QiVi - - • • • 
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where is the deflection at the point of application of load 
by Eq. (a), 




71=1 


Qi- 


Hence, 


(e) 


The potential energy of the distributed load is 

^^4 = - I 
do 

Hence, by Eq. (a), 

(f) 

tiTi Jo L 

The potential energy of the system is + + + Since 

the coefficients bi are generalized coordinates, the condition of stationary 
potential energy yields dVjdbi = 0. By evaluating this derivative and then 
replacing i by we obtain 

[L 

q sin (rinxIL) dx -|- sin (riTTCilL) + sin {nircJL) + • • * 

b =15_— (g) 

” in^EII2I^)n^ - {7r^FllL)n^ 

If any coefficient b^ becomes infinite, the column experiences unlimited 
deflections when an arbitrarily small lateral load acts. Infinite deflections 
are obviously impossible. The infinity results from quadratic approxima¬ 
tions in the preceding theory; for example, from Eq. (2-8) and from the 
binomial expansion of the square root. Nevertheless, the Euler critical 
load for a column without lateral loads is determined by the condition that 
some coefficient b^ will become infinite. Evidently, b^ is the first coefficient 
to become infinite. The infinity occurs when the denominator in Eq. (g) 
becomes zero with n = 1. Hence the buckling load is 

(2-20) 

u 


This is the Euler column formula. Accordingly, Eq. (g) may be written 
as follows: 

3 I ^ sin {nTTxjL) dx + sin (n'rrcJL) + gg sin (httc^IL) -f * * * 

bn - - - 

- (Pn^Pe) 

(2-21) 

Substituting Eq. (2-21) into Eq. (a), we obtain the sine series for the deflec¬ 
tion curve. 
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Reactions of Intermediate Supports. The foregoing theory serves also 
for the analysis of a beam column with intermediate supports. The 
reactions of intermediate supports are to be reckoned among the concen¬ 
trated lateral loads Qi. Expressing the deflections at the supports by 
means of Eqs. (a) and (2-21), introducing the condition ?/ = 0 for rigid 
supports (or reaction = ky for a spring support, where k is the spring 
constant), and utilizing the over-all equations of statical equilibrium, we 
obtain enough equations to solve for the reactions. 

Other End Conditions. A cantilever beam may be regarded as half a 
symmetrically loaded simple beam (Fig. 2-3). Consequently, the preceding 



theory applies to cantilever beams and cantilever beam columns. The 
center load Q on the simple beam represents twice the shear applied by the 
support of the cantilever. It may be determined by elementary statics. 
If there is no lateral load on the end of the cantilever, the reactions at the 
ends of the equivalent simple beam are zero. 

A beam with one end clamped and the other end simply supported may 
be regarded as a cantilever beam with an undetermined lateral load R 
at its outer end. The load R represents the reaction of the simple support. 
It must be determined to make the deflection at the tip equal to zero. 

Beams with clamped ends or elastically restrained ends may be analyzed 
by Fourier series, although special methods must be used to ensure that 
the end conditions are satisfied. Some special techniques and tables for 
facilitating the use of Fourier series in problems of deflections of beams 
have been presented by RuiTner (143). 

The theory of twisting of beams by torques applied at intermediate 
sections may be treated by Fourier series in the same manner as flexure 
problems. This approach to problems of twisting of I-beams has been 
investigated by Goldberg (108). 

Applications of Fourier series to various problems of buckling of columns 
are presented in the book by Timoshenko (84). 

Example. A uniformly loaded beam column has simple supports at 
the ends and at the center. Hence q = constant and = —R, where R 
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is the reaction of the center support. The other Q's are zero. Equation 
(2-21) accordingly yields 

h — 2L^ {qL/n7T)(l — cos mr) — R sin mrll _ /i 

The reaction R is determined by the condition that y = 0 for a; = L/2. 
Hence, by Eqs. (a) and (h), 

^ y sin^ nTT/l _ 2qL y sin mrjl 
— rrP tt % =i — rn® 

If P = 0, Eq. (i) yields R = (f)^L. If r approaches 1, Eq. (i) yields 
R = {2l7r)qL. Equation (i) applies also for negative values of P; that is, 
for tension of the beam. For example, if r = ^10, Eq. (i) yields R = 
0.516qL, These results indicate that the axial load has only a small effect 
on the center reaction. 

2-3. CURVED BEAMS. A circular ring or a uniformly curved beam 
that is symmetrical about the plane of its centroidal axis is considered 
deformed in its plane. The following notations are used (see Fig. 2-4): 



a the radius of the undeformed centroidal axis 
A the area of the cross section of the ring 

0 an angular coordinate that locates cross sections of the ring 
(Fig. 2-4) 

/ the moment of inertia of a cross section of the ring about an axis 
through its centroid (axis 1 in Fig. 2-4) 
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z an ordinate in a cross section of the ring measured from the cen- 
troidal axis (positive outward. Fig. 2-4); since the cross sections 
are assumed to be inextensional, s is invariant under the deforma¬ 
tion 

w, V radial and circumferential components of displacement of a 
particle on the centroidal axis; these variables are functions of 0 
alone, the positive sense of u is outward, and the positive sense of v 
is the sense of increasing 0 (Fig. 2-4) 
s arc length measured on the centroidal axis (Fig, 2-4); primes de¬ 
note derivatives with respect to s 

A dimensionless constant Z of the Winkler theory of curved beams is 
defined by 


r dA 
J a + z 


= -(1 + 2 ), 

a 


‘ g dA 
a + z 


-ZA, 


z^ dA 
a + ^ 


= ZAa 


( 2 - 22 ) 


The equivalence of these three definitions may be verified by expanding 
the integrands by division and noting that ^ z dA ^ 0, since z is measured 
from the centroid. If ^ > 2 :, the following approximation may be obtained 
by discarding z from the denominator of the third of the equations (2-22): 


Z 



(2-23) 


The last of the equations in (2-22) is most convenient for evaluation of Z 
by numerical integration. 

The radial and circumferential components of displacement at a distance 
z from the centroidal axis are denoted by w, v. It is assumed that u does not 
vary on a cross section; hence u u. Following the Winkler theory (74), 
we assume that the cross sections remain plane and normal to the centroidal 
axis under the deformation. Then, if i? = 0, the displacement v results 
entirely from rotation of the cross section; hence, to first-degree terms, 
V = —zu\ where w' denotes dujds. an additional displacement 

results from v\ this is equal to i5(l -t- zjd). Accordingly, the linearized 
displacement equations are 



The strain of a fiber at distance z from the centroidal axis is denoted by e. 
The part of the strain that results from the circumferential displacement v 
is dvjdS, where dS is a line element of a fiber at distance 2 : from the 
centroidal axis. Since <^5 = (1 -f z/a) ds^ dvjdS = av'l(a + z), where v' 
denotes dvjds. Also, the radial displacement u causes the strain ul(a + z). 
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Hence the net strain is 

e — ^ 

a + z 

Equations (a) and (b) yield 


€ = V' + 


u — azu" 
Cl z 


(b) 

(c) 


The net tension in the beam is ^' = dA. With Eqs. (2-22) and (c), 
this yields 

EA 

^ = — [(« + av') -f- Z{u + a^u")] (2-24) 


The bending moment Af about the centroidal axis of the cross section is 
defined as positive if it tends to reduce the radius of curvature. Then, 
M = E^zedA. With Eqs. (2-22) and (c), this yields 


M = —EAZ(u + aV) (2-25) 

If hoop stress predominates, we obtain the strain energy of the beam 
by integrating the strain energies of the fibers. A volume element of the 

beam is (a -f z) dA dd. Consequently, if the material obeys Hooke’s law, 
the strain energy is 

U = J ddj (a -f z)e^ dA (2-26) 

Equations (c), (2-22), and (2-26) yield 

[ea 

^ ^ J 2^2 + z(« -f ahi'f] ds (2-27) 


Equations (2-24), (2-25), and (2-27) remain approximately valid for a 
curved beam with a noncircular centroidal axis, if a denotes the radius of 
curvature of the centroidal axis at section j. For the treatment of buckling 
P*"® of rings and arches by the principle of minimum potential energy, 
a refinement of Eq. (2-27) that includes cubic terms in u and v is required 

Equations (2-24), (2-25), and (2-27) yield 


U = f~ 

J 2a^EA 


(M + aNf + — 
Z J 


ds 


(2-28) 
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Ring Subjected to Concentrated Radial Loads. Because the stresses, the 
moments, and the displacements are periodic functions, ring problems are 
well adapted to treatment by Fourier series. 

Figure 2-5 represents a uniform ring that is subjected to v equal and 
equally spaced radial loads of magnitude P. The displacement components 
u and V evidently have the fundamental period In/v. If 6 is measured 
from a load, u is an even function 



where primes denote derivatives with respect to arc length. 
Accordingly, by Eq. (2-27), 


C/ = ^ (1 + Z)a‘^ + ^ I [(«„ + vnb„f + Z(v^n^ - (f) 

4a 2a n =1 

The potential energy of the external loads is = —vP m( 0). Hence, by 
Eq. (d), 

Q = -IvPoo - vP J a,„ (g) 

The total potential energy is K = C/ + Q. The principle of stationary 
potential energy yields 3F/9a,- = dVjdhi = 0. With Eqs. (f) and (g), these 
conditions yield 

vPa 


Cl 


7TEAZ(v^n^ - If 


for n > 0 


(h) 
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Equation (e) accordingly yields u + av' ^ ajl. Hence Eqs. (e), (h), (2-24), 
and (2-25) yield the following expressions for the net tension and the 
bending moment at section 6: 


vP vP Y cos vn6 

Itt tt n = 1 — 1 


M = - 


vPaZ 
277(1 -f Z) 



Y cos vn6 
— 1 


(j) 


The tension A^o bending moment Mq at a point where a load is 

applied are obtained from Eqs. (i) and (j) if d is set equal to zero. The 
resulting series may be evaluated by means of the following series for the 
cotangent (45): 

77 cot 772: = - + 2 

z n=l r 


Setting z = Ijv in Eq. (k), we obtain 


00 i 

y — I — 

92=1 — 1 


1 

2 


77 , 77 

— cot" 
2v V 


Hence Eqs. (i) and (j) yield 




V 

-77(1 + Z) 



( 1 ) 


(m) 


With Eq. (m) the tension and the bending moment at any section may be 
obtained by statics. 


2-4. PIN-JOINTED TRUSSES. The bending moments in the members 
of a truss are often secondary effects. Analyses based on the concept of 
hinged joints or ball-and-socket joints are then justified. Such joints are 
designated as pin joints. Since the members of a pin-jointed truss are 
subjected to direct tensions or compressions, the strain energy of the 
system is determined by the displacements of the joints. Accordingly, a 
pin-jointed truss is essentially a system with finite degrees of freedom. 
From a theoretical viewpoint, problems of equilibrium of elastic pin-jointed 
trusses are easily solvable by the principle of stationary potential energy. 
The method applies to plane trusses and to space trusses, whether or not 
they are statically determinate. Also, the load-extension relation of the 
members need not be linear, provided that the proper strain-energy 
function is introduced. However, if the elasticity is nonlinear, the resulting 
algebraic equations are also nonlinear, and they are usually difficult to 
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solve. Even in cases of linear elasticity, the algebraic equations often are 
tedious to solve, but they may be handled readily by network or digital 
computers. Direct or iterative numerical methods may also be used with 
desk calculators (15, 23, 47). 

If the displacements of the joints are so small that the members are not 
rotated appreciably, the extension of a member is approximately the 
difference of the axial components of the displacements at its ends. If the 
displacements of the joints are large, they still determine the extensions of 
the members, but the geometrical relations become nonlinear. Large 
deflections of trusses rarely occur in practice. 

The strain energy of a uniform tensile member with modulus of elasticity 
E is determined by Eq. (I-IO). A generalization of this equation is 
desirable, so that problems of self-straining (or residual stresses) may be 
treated by the principle of virtual work. Consider a bar of length L and 
constant cross-sectional area A. Let the extension of the bar in the 
designated initial state be e\ Let the final extension of the bar be e' 4 - e. 
The supplemental extension e results from external loads. The tension 
corresponding to the extension e' + e is 

N + e) (2-29) 

jL 

By Eq. (1-10), the strain energy of the bar is 

[/ = ^ (e' + ef (2-30) 

Pentagonal Truss. As an example, a regular pentagon-shaped truss with 
no residual stresses is considered to be loaded symmetrically by a vertical 
force F, as shown by Fig. 2-6. All members have the same cross-sectional 
area A. The length of an outer member is L. By geometry, the length of 
any cross brace is 1.61804L. The stress-strain relation of the material is 
linear. The displacement components of the joints are x, y, s, tv (Fig. 2-6). 

Resolving the displacements into axial components, we obtain the 
following formulas for the extensions of the members: 

= 0.809022/ - 0.58779s: -|- 0.80902 h’ 
fa = -0.95106a; -f- 0.30902w 
es = -0.58779a: + 0.80902?/ + 0.587793 

(a) 

^4 = 0.30902?/ - 0.95106Z - 0.30902h’ 
e& = 2w 
^6 = 
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By Eq, (2-30), the strain energy of the structure is 




2L \1,61804 1.61804 


+ + 2e? -f + 


1.61804 


The potential energy of the external forces is — Frc. Consequently, the 
total potential energy of the system is K = £/ — Fa;. The condition of 



Fig. 2-6 


Stationary potential energy is expressed by the equations dV\dx = 
dV/dy = dVjdz = dV/dw = 0. Consequently, since 

dx de^ dx de^ dx de^ dx 

with similar equations for dUjdy, dUjdz, and dUjdw, 

0.5877962 + 0.5877963 = - — 

2EA 

0.500006i + 0.8090263 + 0.309026^ + 0.61804ee = 0 
-0.3632761 + 0.5877963 - O. 95 IO 664 = 0 
0.50000ei + 0.1909862 - 0.3090264 + 65 = 0 
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Substitution of Eq. (a) into Eq. (b) yields 

-0.9045* + OMSSy 4- 0.34553 + 0.l816w = - 

0.4755.* - 2.3906?/ + 0.11233 - 0.3090tv = 0 
0.3455.* + 0.1123?/ - 1.46353 = 0 

0.1816* - 0.3090?/ - 2.5590W = 0 


FL 

2EA 


(c) 


The symmetry of these equations follows from the fact that the strain 
energy (7 is a quadratic form in the generalized coordinates *, y, z, w. 
The solution of Eq. (c) is 


FL 

* = 0.7025 — . 

EA 


z = 0.1769 


Consequently, by Eq. (a). 


FL 

EA 


FT 

?/ = 0.1438— 
EA 


FT 

w = 0.0325 — 
EA 


(d) 


FL 

= 0.0387 — , 
EA 


e. = -0.1338 


FL 


-0.6581 —, 
EA 


FL 


e. = 0.0650 — 


EA EA 

Accordingly, the tensions in the members are 
Ni = 0.024F, = -0.407F, 

Ai = -0.134F, = 0.065F, 


-0.1926 


FL 


eg = 0.2877 


EA 

FL 

EA 


A,= -0.193F 


= 0.178F 


These equations may be checked by the condition of equilibrium of forces 
at the joints. 

Simple Space Truss with Residual Tensions. The lower ends of the 
bars of the four-bar, pin-jointed truss shown in Fig. 2-7 are fixed and the 
upper joint is free. When F = 0, the residual tension in member 1 is Ni'. 
When the load P is applied, the tensions in the bars are TV^, W 2 , N 3 = N^. 
Bars 3 and 4 are identical. 

Positive senses are assigned to the bars, as indicated by the arrowheads. 
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The following table gives the cross-sectional areas, the lengths, and the 
direction cosines of the members. The lengths and the direction cosines 
have been computed by means of the designated coordinates of the ends of 
the bars. 

The displacement vector of the upper joint due to the load P is q 
iu -h Jv -h kw. By symmetry, m = 0. The extension of any member that 



results from the displacement q is the component of q in the direction of 
the member; hence 


Therefore, 


— u cos + V cos /3j- + w cos 

+ 2w), ca = i(-3u + 4w), 

» _ 5 \/ 6 , 

(—V + w) 


(e) 


The mitiaUxtensions of the members due to the residual tensions are 
1 > ^ 2 , es _ e, . By Eq. (2-30), the total potential energy of the truss is 
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By the principle of stationary potential energy, the equilibrium configura¬ 
tion is determined by dVjdu = dVidw = 0. Hence 


lf(el+e,)p = 0 

Li dv 

^ A. de. P 

i-i Li dw E 


(f) 


The derivatives dejdv and dejdw are constants; they are determined by 
Eq. (e). 


TABLE 2-1 


Member 

A 

L 

COS a 

COS P 

COS y 

1 

1/2 

10VI3 

0 

-31 Vu 

21 Vu 

2 

1 

25 

0 

-3/5 

4/5 

3 

1/4 

12^6 

-2V6/18 

-5V6/I8 

5V6/I8 

4 

1/4 

12^6 

2V6/18 

-5V6/I8 

5V6/I8 


The residual extension is expressed in terms of the residual tension 
iVi'byEq. (2-29); that is, _ 

.' - ^ . 
' ~ EA, ~ E 

The residual extensions e^' and e^' = e^' are determined by the condition 
that V = w = 0 if P = 0. Then, by Eq. (e), ei = = e^ = e^ = 0. 

Hence, by Eq. (f), 


^ A ,e/ §£« _ Q 2 3e,: _ q 

i=i Lj- dv i^\ Li dw 


(h) 


Since e^' is known and e^' = Eq. (h) determines e-l and e^. Introducing 
the derivatives dejdv and dejdw from Eq. (e), and numerical values of Ai 
and Li from Table 2-1, we obtain 


^2 



e-i = C 4 = 


648 , 

-ei 

325 


With Eqs. (2-29) and (g), these relations yield 
N,' = ^ N/ = 1.387Wi', 

N,' = N,'=- ^yVi'= -1.223Ni' 
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In view of Eq. (h), the quantities el cancel from Eq. (f). In other words, 
the displacement (v, w) is not affected by the residual tensions. This 
conclusion exemplifies the principle of superposition in the linear theory 
of structures. Dropping the terms el from Eq. (f), eliminating by means 
of Eq. (e), and introducing numerical values from Table 2-1, we obtain 


0.031876i; - 0.033476w = 0 


-0.033476i; + 0.037742w 
The solution of these equations is 


P 

E 



Equations (e) and (j) yield 



H = 





Equations (2-29), (i), and (k) yield 


(j) 

(k) 


JVi = + 1.71P, ATg = 1.39iV/ -- 2.62P 

ATg = iV4 = ^hllNl + 0.113P 


These equations may be checked by the condition that the upper joint 
must be in equilibrium under the action of the load P and the tensions in 
the members. 


2-5. FRAMES WITH TORSIONAL AND FLEXURAL MEMBERS. 
To express the potential energy of an elastic frame in terms of the dis¬ 
placements and rotations of the joints, we first consider a single beam 
(Fig. 2-8). The deflected beam has the general form indicated by the dashed 
curve. The equation of the deflection curve is y = y{x). Hence 

2/(0) = 2/i, 2/(1) = 2/2. 2/'(0) = 01, y\L) = 63 (a) 

where ( 2 / 1 , are the transverse displacements of the ends, and 61) are 
the angular displacements of the ends. Primes denote derivatives with 
respect to x. The rotation of a straight line through the ends is 

^ (2-31) 

Supposing that a single lateral load F acts on the beam at the point 
a? = <3, we introduce (94) a unit step function H{x), defined by 7/ = 0 if 
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elastic frames (63). These equations may be generalized by the addition 
of other terms analogous to those containing F if there are several lateral 
loads. The terms +Fab^lL^ and —Fa^bjL^ in Eqs. (2-32) are known as the 
“fixed-end moments”, since they represent the moments that would exist 
at the ends if the ends were clamped (that is, if = 62 = ~ 2/2 = ^)* 

For any type of loading, these terms are replaced by the appropriate 
fixed-end moments. 

Eliminating and from Eq. (d) by means of Eqs. (2-32) and (2-33), 
we obtain 

2 3 

y = yi + 6 ^x- (201 + 02 - 3i^)y + (01 + 02 - 2i^)^ 4- constant (2-34) 

The additive constant represents the part of the deflection that does not 
depend , on 2 /i, 2 / 2 » 5 be called the “fixed-end deflection,” 

since it is the deflection that would exist if the ends of the beam were 
clamped and the lateral load were applied. Insofar as the potential energy 
of the external forces is concerned, the fixed-end deflection contributes 
only a constant amount; hence it may be disregarded. 

Equations (2-8), (b), (2-32), and (2-33) yield the following formula for 
the strain energy of bending: 

u = K[d^^ -f 6 ^6^ + 6 ^^ ~ 3^(6^ + e^) + 3cl>^] + constant (2-35) 

where the additive constant is independent of yi, and Oq. Naturally, 
this constant depends on the lateral load F, If there are several lateral 
loads or distributed loads, only the constant is altered. This constant is 
irrelevant, since our purpose is to determine y^, y^, fig* Then the shears 
and moments at the ends are determined by Eqs. (2-32) and (2-33). 

If the beam (Fig. 2-8) is a part of a structure, the variables 2 / 1 , ^ 1 ? 

are generalized coordinates. Note that ^ is expressed in terms of y^ and 2/2 
by Eq. (2-31). The potential energy of the structure, as determined by Eq. 
(2-35), is a quadratic form in the generalized coordinates; that is, 

U = 2 (2-36) 

1 = 1 i = l 

The coordinates » ^n) bere represent rotations or displacements 

of the joints or angular displacements ^ of the members. Equations (1-15) 
are the equations of equilibrium. For plane frames, these equations are 
the same as those provided by the slope-deflection theory (63). After the 
ic’s are determined, the bending moments and the shears may be computed 
by the slope-deflection equations [Eqs. (2-32) and (2-33)]. 

To systematize the procedure, it is convenient to set up the matrix 
(Cij) and to augment this matrix by the column (P^, Pg, • * •, PJ, the 
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components of generalized external force that appear in Eq. (1-15). If 
the x"s receive increments the incremental work of the external forces 
is S?, dx^; this relation defines the coefficients P^. Alternatively, we have 
p. = — 3 Q/ 9 .r^, where Q is the potential energy of the external forces. 

Simple Bent. Figure 2-9 represents a simple plane frame, called a 
“bent.” The upper joints are gusseted and the lower joints are hinged. 
The frame deforms in its plane. For each member, El = 10^ Ib-in^. 
Hence, for a vertical member, K = 10‘^ lb-in., and, for the horizontal 
member. A' = 2 x 10® lb-in. The numbers in Fig. 2-9 are labels for the 
joints. The rotations of the joints (positive clockwise) are x^, x^. 

The rotation of the straight-line segment 12 or 34 (positive clockwise) is 
x^. Accordingly, the horizontal displacement of the top beam is 20^x^. 
Although the horizontal displacements of joints 2 and 3 are not exactly 
equal, they differ only by second-order effects. These effects wilt be 
neglected; they are unimportant unless buckling is imminent. 

The strain energy of bending of member 12 is denoted by t/jg; similar 
notations are used for the other members. By Eq. (2-35), 

10“®t/i2 = + ‘^1^2 + 

10-®£/23 = 2 (^: 2 '*^ -{- .^ 2^:3 -t- x^) (e) 

10 = ^* 3 *' + ^3^4 "F ^* 4 “ ^^ 5(^3 “F ^ 4 ) "F 3 ^ 75 “ 

The potential energy of the load F is O = — where is the deflec¬ 
tion at the point of application of the load. Referring to Eq. (2-34), we 
have for the horizontal member = 0, ^ = 0, L = 100, a; = 25, 0^ = 

Oq = x^. Hence, aside from the additive constant, y^ = (75/16)(3a;2 — x.^). 
Consequently, since = — dQ/dx^, the components of generalized external 
force are P^ = 0, F 4 = 0, Fg = 0, F 2 = (225/16)F, F 3 = -.(75/16)F. 

In forming the matrix we must observe the factor 1 in Eq. (2-36). 
Accordingly, the terms on the principal diagonal of the matrix are twice 
the sums of the corresponding coefficients from Eq. (e). However, the 
other terms are the sums of the corresponding coefficients from Eq. (e), 
since in Eq. (2-36) each nonsquared product of the x's occurs twice; for 
example, the terms containing x^ and x^ are 

The accompanying symmetric matrix (Table 2-2) of coefficients is 
obtained from Eq. (e). For convenience in numerical computations, the 
coefficients afj and the components P^ are reduced by the factor 10 ”®; this 
procedure does not alter the solution of the equations. Also, since the 
rotations, moments, and shears are directly proportional to F, we may 
assign any convenient numerical value to F. To cancel the factor 75/16 in 
the equations for P.^ and F 3 , we set F = (16/75) x 10® lb. The equations 
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TABLE 2-2 




^2 

iCg 

^4 

^6 

P 


2 

1 

0 

0 

-3 

0 


1 

6 

2 

0 

-3 

3 


0 

2 

6 

1 

-3 

-1 

^4 

0 

0 

1 

2 

-3 

0 

^6 

-3 

-3 

-3 

-3 

12 

0 


corresponding to this matrix are ^^5 = 0» ^1 + ^^2 + — 

3% = 3, etc. The solution of these equations is 

= -5/42, 0:2 = 31/42, aig = -17/42, 3:4 = 19/42, 

Xg = 1/6 

These are the angular displacements in radians, corresponding to .F = 
(16/75) X 106 lb. 


F 




By Eq. (2-32), the moments applied to the joints by the members 
(positive clockwise) are == 0. ^21 = -(6/7) x 10® lb-in., Mgg = 
(6/7) X 106 M32 = -(6/7) x 10® lb-in., = (6/7) x 10® lb-in., 

■^43 = Eq. (2-33), the horizontal forces applied to the vertical 

members by the hinges are = ~(3/7) x 10^ lb, = (3/7) x 10^ lb. 
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The five equations obtained from the respective rows of the preceding 
matrix may be interpreted as follows: first equation—no bending moment 
at joint 1. Second equation—net moment applied to joint 2 by the 
members is zero. Third equation—net moment applied to joint 3 by the 
members is zero. Fourth equation—no bending moment at joint 4. Fifth 
equation—sum of shears in the vertical members is zero. These interpre¬ 
tations follow immediately from Eqs. (2-32) and (2-33). In the slope- 
deflection method the preceding equilibrium conditions are used to set up 
the equations that determine the x"s . Although the foregoing results apply 
only for F = (16/75) x 10® lb, the values corresponding to any value of F 
may be obtained by direct proportioning. 

Space Frame. The space frame shown in Fig. 2-10 consists of three 
members respectively parallel to the coordinate axes. The ends 0 and 3 are 
clamped. At joints 1 and 2 the members are welded together. A tri¬ 
angularly distributed load is applied to member 12. The cross sections are 
symmetrical, so that FI has a constant value for all axes through the cen¬ 
troid of a cross section. Also, £/has the same value for all members. The 
torsional stiffness of a member is GJ = (3/4)jE’/. This relation is typical for 
solid or hollow prismatic bars. Setting E//50 = C, we obtain ifoi = ^12 = 
C, K 2 S = 2C, (GJ/L)oi = (GJ/L\2 = 0.375C, (GJ/L)23 = 0.75C. 

The displacement vectors of joints 1 and 2 are denoted by and qg. 
The (x, y, z) projections of these vectors are and (gr^^, q^^. 

Since the members are practically inextensional, q^^ = 0, q 2 ^ = 0, and 
?ii/ = Because the rotations of joints 1 and 2 are small, they may be 
represented by vectors ©i and 63, in accordance with the right-hand-screw 
rule. The following generalized coordinates are introduced: 

lOOx^ = qi^, lOOaTg = q^y = q2y, lOOajg = q2. 

^4 == ^lx'> ^5 ~ ^ly ^6 ~ ^7 “ ^2x 

= 02i/'> ^9 ~ 

The deflection of member 12 in the positive ^-direction is denoted by 
wiy). By Eq. (2-34), 

w = ^ 0.01(227^ + — 3x3)2/^ 4. O.OOOKic^ -f ^^7 — 21^3)2/® + constant. 

The distributed load is /? = Pq{1 — O.OI2/). The potential energy of the 
infinitesimal load p dy is pw dy. Hence the potential energy of the entire 
external load is 
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With the preceding equations for p and w, this yields 

( 9*3 + 3*4 - 2 * 7 ) 

Since the components of generalized external force are determined by 
= —3Q/9a:^, we obtain 

P3 = - ISOOpo, P4 = -SOOpo, Pr = ^Po 

The other P’s are zero. 

The strain energies of the three members are 

I/qi = C(xq^ — + 0(024^ + 3 a? 2 a ;4 + + O.lSTSCaJg^ 

^12 = ^[^ 4 ^ + ^ 4^7 + ^ 7 ^ - + ^^ 7 ) + 

+ C[Xq^ + XqX^ + + 0.1875C(a:8 — ^ 5 ? 

U2Z = 2C{xq^ + 6X2XQ + I2x^^) + 2C(xq^ — Gx^Xq + 12 a: 2 ^) + O.SlSCx^^ 

These expressions represent strain energies of bending in two different 
planes and strain energy of twisting [see Eqs. (2-17) and (2-35)]. 

By transferring C to the right side of the equations and representing U 
in the form of Eq. (2-36), we obtain the following matrix (< 2 *-^), (Table 2-3) 
augmented by the column PJC: 


TABLE 2-3 




^2 

0:3 

^4 

^5 

^6 

X 7 

Xg 

Xg 

Pile 

Xi 

12 

0 

0 

0 

-3 

-3 

0 

0 

-3 

0 

X2 

0 

54 

0 

3 

0 

0 

0 

0 

-12 

0 

Xg 

0 

0 

54 

-3 

0 

0 

-3 

12 

0 

-ISOOpolC 

^4 

0 

3 

-3 

4 

0 

0 

1 

0 

0 

-SOOpje 

^5 

-3 

0 

0 

0 

2.375 

0 

0 

- 0.375 

0 

0 

^6 

-3 

0 

0 

0 

0 

2.375 

0 

0 

1 

0 

X 7 

0 

0 

-3 

1 

0 

0 

2.75 

0 

0 

333 . 33 po/C 

Xg 

0 

0 

12 

0 

- 0.375 

0 

0 

4.375 

0 

0 

Xg 

-3 

-12 

0 

0 

0 

1 

0 

0 

6 

0 


The algebraic equations corresponding to this matrix are 


I2xj^ — 3x^ — 3xq — 3xq = 0 
54a;2 + 3x^ — 12a:9 = 0 
54:^3 — 3^:4 — 3xrj + 12a;8 = —ISOOpjC, etc. 
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The solution of these equations may be obtained easily with a desk com¬ 
puter, since there are numerous zeros in the matrix. Using an elimination 
scheme (23), we obtain 

= 6S.91pjC, = 35.98/?o/C, 0:3 = ~98.42/?o/C 

= —252.2/?o/C, x^ = l31.5pjC, Xq = 45A9pjC 

x^ = 105.6pqIC, Xq = 281.2/?o/U, x^ = 9^.96pjC 

Having determined the displacements and rotations of the joints, we may 
obtain the bending and twisting moments in the members by means of 
Eq. (2-16) and the slope-deflection equations [Eq. (2-32)]. For member 12, 
the terms containing F in Eqs. (2-32) must be replaced by the fixed-end 
moments for a beam with a triangularly distributed load; namely, by 
-f- poL^jlO and —PqL^I30. Since the fixed-end moments are known for the 
concentrated load F, they may be determined for any distributed load 
by the superposition principle. 

The examples in this section and in Sec. 2-4 are representative of all 
problems of small deflections of linearly elastic frames. The strain energy 
is always represented by a quadratic form, 

u = hU,aijXiXj 

where the a:’s denote displacements or rotations of the joints. Usually, the 
external forces are conservative. Then the components of generalized 
external force ^re = —dQ/dx^, where Q is the potential energy of the 
external forces. The principle of stationary potential energy yields 

n 

2 = Pi 

The foregoing theory supplies a practical method for constructing the 
matrices (a^j) and (P^). After the are determined by the last equations, 
the torques, bending moments, and tensions in the members may be 
computed directly. 

PROBLEMS 

1 . For analytical purposes, a uniform beam of length L and stilfness Ef is 
approximated by a chain of n equal rigid links with linear springs in the 
hinges. The spring constant for a hinge is k. The hinges arc frictionless. 
Express k in terms of El, X, and n, so that the strain energies due to constant 
bending moments M are equal for the beam and the linkage. How do the 
relative angular displacements of the ends compare for the two systems? 

2 . An airplane wing is regarded as a cantilever beam of length L. The stilTncss 

of the wing is assumed to be given by El = where is the distance 

of a cross section of the wing from the root and (^0, a^) arc constants. The 
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air load per unit length is approximated by p ^ — bix, where {b^, bi) are 

constants. The deflection is approximated by y = Ax^ + where 
(A, B) are constants. Derive the expression for the total potential energy of 
the wing. Hence derive linear algebraic equations that determine the 
coefficients (/i, B) by the principle of stationary potential energy. 

3. Set cr = + c, where (a, b, c) are constants, and derive Eq. (2-1) by 

the conditions of statics: 

M^ = -^<T^dA, M^=jar)dA, N = jadA 

Generalize Eq. (2-1) for the case in which the origin is at the centroid of the 
cross section but /f, ^ 0. Generalize Eq. (2-3) for this case. 

4 . Calculate the factor k in Eq. (2-11) for an I-beam without fillets, having the 
following dimensions: flange width, 5 in., flange thickness, 1 in., over-all 
depth, 10 in., web thickness, 0.25 in. 

5. A simple beam carries a linearly distributed load that varies from zero at one 
end to Pq at the other end. Calculate the deflection function in the form of a 
sine series. 

6 . A simple beam carries a concentrated load at the center. If the beam is 
subjected to a tensile force equal to three times the Euler critical load, by 
what percentage is the deflection at the center reduced? 

7. Set P/Pe = ^ and derive a formula for P/P for the beam shown in Fig. P2-7. 



8 . A uniform elastic beam with clamped ends carries concentrated loads P at 
the points x = L/4, x = Ljl, and x = 31/4. Show that the boundary 
conditions and symmetry conditions are satisfied by y = vers ImrxlL, 
where vers 6 = 1— cos 6. Derive formulas for the coefficients by the 
principle of stationary potential energy. 

9. Show that if v is an even number the formula for A^q Eq. (m), Sec. 2-3, is 
in agreement with the result obtained by statics from a free-body diagram of 
half the ring. 

10 . A uniform elastic ring is subjected to three equal radial concentrated loads 
P, 120“ apart. By the theory of Sec. 2-3, determine the net tension and the 
bending moment at a point diametrically opposite to one of the loads. 

11 . Assuming that the shear q is proportional to [sin 6\ and that the ring is in 
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equilibrium, derive the coefficients in the series for the displacement com¬ 
ponents (w, v). Suppose that the reacting shear ^ acts at the centroidal axis 
of the ring (Fig. P2-11). 



12. Derive the formula for the section constant Z of a curved beam with an 
elliptical cross section. Show that Z is independent of the width of the cross 
section. 

13. Let (T = Ee, and write Eq. (c) of Sec. 2-3 in the form a — (ol + Pz)l(a -f- z). 
Express the constants (a, p) in terms of the bending moment M and the net 
tension N (applied at the centroid) by means of the equations N = ja dA, 
M = I’cTs dA, Thus derive the Winkler formula which expresses cr in terms 
of M, £7, A, Z. 

14. The tension N in any bar of the semicircular frame i%N = where A: is a 
constant and e is the extension of the bar. The joints are hinged. By the 
principle of stationary potential energy, determine the deflection at the 
center and the tensions in the bars (Fig. P2-14). 

15- The members of the regular hexagonal pin-jointed frame have equal cross- 
sectional areas. Select and define suitable generalized coordinates, making 
use of symmetry conditions. Determine the deformation (Fig. P2-15). 

16. The rigid horizontal beam is hinged at the left end and is supported by three 
wires, as shown in Fig. P2-16. For each wire, E = 10’ Ib/in.^ and A == 0.04 
in.^ By the principle of stationary potential energy, determine the angular 
deflection of the beam. 

In Probs. 17 to 21 the numbers adjacent to the members denote the relative 
values of EA. In each case calculate the unknown tensions in the members 
by the principle of stationary potential energy. Check the results by the 
condition of statical equilibrium of forces and moments. Assume small 
deflections and linear elasticity. 
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18. Fig. P2-18. 




19. Fig. P2-19. 

20. The three wires have the same EA. Other members of the frame are rigid 
(Fig. P2-20). 



21. Fig. P2-21. 

22. The four wires have the same EA. If the slab is lowered into place in a 
horizontal attitude, the wires become taut simultaneously. The slab weighs 
4000 lb, and a 2000-lb concentrated load is applied on the diagonal, 5 ft from 
the center, as indicated by Fig. P2-22. Determine the tensions in the wires. 
Hint. Let the deflection of the slab btw — ax by + c and adopt {a, b, c) 
as generalized coordinates. 
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23. The frame is a regular octahedron with cross braces on the center souare 

"R^r _• . , _ Ap e. 


25 . 


-- uxau tac siress-strain relation of a wire is a = 

the m^mbTrs^of potential energy, derive the tensions in 

is small and that the stress-stain^ektion4?he‘ the joint 

that the results agree with thnc^ material is unknown. Show 

hand joint (Fig. P2-25). ° ained by balancing forces at the right- 
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26. Derive Eqs. (2-32) and (2-33). 

27. Derive Eq. (2-34). 

28. Derive Eq. (2-35). 

29. The figure represents a plane elastic frame with rigid joints. The numbers 
adjacent to the members are the stiffness factors (lb-in.) multiplied by 10*“^ 
Set up the equations that determine the rotations of the joints and the 
displacements of the horizontal members by the method of stationary 
potential energy (Fig. P2-29). 

30. Derive formulas for the rotations of the joints and the displacement of the 
top member of the frame shown in Fig. P2-30. 

31. The three members of the frame are identical. By the principle of stationary 
potential energy, determine the horizontal displacement of the center member 
in terms of P, a, and El (Fig. P2-31). 

32. For the frame shown in Fig. P2-32, 1? = 30 x 10® Ib/in.^ and / = 5 in.^ 
(for the cross section of any member). Compute the rotations of joints 1 and 
2 in degrees. 

33. Each member of the lambda frame has length L, cross-sectional area A, 
modulus of elasticity E, and moment of inertia /. As a result of the external 
moment M applied at the vertex, the joint experiences displacement com¬ 
ponents (u, v) and a rotation 6. Taking the extensions of the members into 
account, derive formulas for («, v) by the principle of stationary potential 
energy (Fig. P2-33). 
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34. The bent is hinged at its feet. The diagonal tie has no flexural stiffness. 
Derive formulas for the rotation of each joint and for the displacement of 
the top member by the principle of stationary potential energy (Fig. P2-34). 

35. All members of the frame have the same EL The members are clamped at 
the feet. Calculate the horizontal reactions at the supports. (Fig. P2-35). 

36. The stiffness factors of the vertical and horizontal members of the two-story 
bent are respectively and K,^. The diagonal tie has cross-sectional area A 
and modulus of elasticity £; it has no flexural stiffness. Derive the equations 
that determine the translations and rotations of the joints by the principle of 
stationary potential energy (Fig. P2-36). 
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37. The bent is loaded normal to its plane by a force Fat one corner. Represent 
the rotations of the joints by vectors with components parallel to the members. 
The torsional stiffness of any member is GJ. The stiffness factors of the 
vertical and horizontal members are, respectively, and Kj,. By the 
principle of stationary potential energy, derive the equations that determine 
the rotations and translations of the joints (Fig. P2-37). 



3 Methods of the calculus of 

variations 


The order of historical events clearly shows the true position of the 
variational principle: It stands at the end of a long chain of reasoning 
as a satisfactory and beautiful condensation of the results. 

MAX BORN 


3-1. CANTILEVER BEAM. The calculus of variation^ is a mathemati¬ 
cal tool by which the principles of stationary or minimum potential energy 
may be applied to systems with infinitely many degrees of freedom. 
Consider, for example, a uniform elastic cantilever beam with a load P at 
its end (Fig. 3-1). By Eq. (2-8) an approximate expression for the potential 
energy of the system is 




-P2/1 -h lEl 



dx 


(a) 


where is the deflection at the free end. 

Certain restrictions are imposed on the deflection y{x). In the first place, 
y and y' must be continuous functions in the interval (0, L), since the beam 
may not be fractured. Furthermore, the second derivative y'' must exist, 
and it must be an integrable function, for otherwise Eq. (a) has no meaning. 
By elementary beam theory we see that all derivatives of y are continuous 
in the interval (0, L). However, in more subtle problems of the calculus of 
variations the continuity properties of the solution are not known in 
advance, and this circumstance accounts for peculiar difficulties in the 
subject. 

Besides the continuity conditions, the function y{:x) must satisfy the 
boundary conditions at the clamped end, 2/(0) = y\Qi) = 0. These are 
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called “forced boundary conditions,” since they are mathematical ex¬ 
pressions of the constraints. On the other hand, certain boundary condi¬ 
tions for the free end that will be deduced as necessary conditions for 
minimum potential energy are called “natural boundary conditions.” 

Let us designate as class F all functions y{x) that satisfy the preceding 
continuity conditions and forced boundary conditions. Any function of 



y 


Fig. 3-1 


class r is called an admissible deflection function. The principle of 
minimum potential energy signifies that if the beam is given any sufficiently 
small virtual displacement that belongs to class F the corresponding 
increment AV of potential energy is positive. In other words, the stable 
equilibrium configuration y(x) provides a relative minimum to V. 

For convenience, the virtual displacement is represented by where 
€ is an arbitrary infinitesimal and 7j(x) is an arbitrary function of class F. 
Then y(x) + € rj{x) is also a function of class F. The potential energy of 
the beam, corresponding to the deflection y -f erj, is 


F 4- Ay = -P(y^ + eri^) + 


With Eq. (a), this yields 



Ay = -ePj 7 i + e£/J 



1 yYdx + lEI^\ (rj'fdx 

(b) 

We write Eq. (b) in the form 

0 Jo 


Ay = 

= (3y+ id^v 

(c) 

in which dV is the part of the expression for AV that is linear in 
V is the part that is quadratic in e. Accordingly, 

€ and 

+ eEI | y''rj" dx 

(d) 

<5V = ^EI 

'0 

(e) 
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Now 6Kis proportional to e and d^V is proportional to Accordingly, 
if dV is not zero, 2 \dV\ > \d^V\ for sufficiently small values of e. In view 
of Eq. (c), the term dV then controls the sign of AV. Since SV changes 
sign when e changes sign, AV cannot be positive for all small values of e 
unless SV vanishes for all admissible functions 7 ](x). Accordingly, identi¬ 
cal vanishing of <3 K is necessary for V to have a relative minimum. In the 
present case this condition is also sufficient, since S^Kis obviously positive 
for any nonzero function ?]". 

By two integrations by parts, Eq. (d) is transformed to the following 
form: 


dV = -€Prj{L) + €EIy''rj' 


\L 


-€EIy"'r] 

0 


L 

0 


+ €EI 


CL 


y""rjdx 

Jo 


Since r]{0) = rj\0) = 0, this equation reduces to 


dV = -€[P + El y"XLy]r](L) + eEI y\L)r}XL) 
+.Elj%""ridx 

In view of Eq. (f), the following conditions are necessary* and sufficient 
for SV to vanish for all admissible functions r]{x): 

y""(x) = 0 (g) 

y"(L) = 0, P + EIy'\L) = 0 (h) 


The equations in (h) are the natural boundary conditions of the problem. 
They may be identified as the moment condition and the shear condition 
for the free end. Equation (g) is known as the Euler equation of the 
problem. 

The general solution of Eq. (g) is y = Aq + A^x ■+ A^x^ + A^x^, in 
which the ^’s are constants. The forced boundary conditions yield 
Aq = Ai = 0. The natural boundary conditions yield 

A =— A =— 

* 2E/ ’ ® 6EI 

* The necessity for these conditions is proved in Sec. 3-2. 
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Hence 

(i) 

6EI 

The equilibrium configuration represented by Eq. (i) is stable, since ^^Kis 
always positive in this example. 

3-2. EULER’S EQUATION. The preceding example suggests the 
following general problem of the calculus of variations :* To determine the 
function ^(x) that minimizes a definite integral, 

F = f F(x, y, y', y", • • • , dx (3-1) 

in which F is a given function of n + 2 variables, and y{x) is a function 
that satisfies certain continuity conditions and forced boundary conditions. 

To refine this problem (6), we require that the function Fbe continuous 
with all its partial derivatives to order n + 1 for all real values of y, y\ 

- and for all values of x in the interval Xq ^x ^ x^. The ad¬ 

missible functions y(x) constitute a class T. Any function of class F is 
defined as single-valued and continuous with its derivatives to order n in 
the interval ajQ ^x In some cases these limitations are too restrictive. 

For example, the admissible values of y might be restricted to a certain 
range; then the properties of the function F for values outside of that 
range are irrelevant. Also, the curve y = y{x) that minimizes V might 
have cusps (discontinuities in y'), or it might have a vertical tangent at 
either end (t/' = oo). Furthermore, V might be an improper integral; for 
example, F might become infinite for x = Xq, It is difficult to take all 
conditions into account. Although the discussion is limited to regular types 
of variational problems, the results, in some cases, can be extended to 
problems with certain irregularities. 

Besides the continuity conditions, a function of class F may be required 
to satisfy certain linear forced boundary conditions. More precisely, the 
values of y, y\ y", • • • at the end points {xq, x^^) may be required to satisfy 
several relations of the type 

^0 + fli2/ + H-h = 0 


in which a^, ' • * are constants. By requiring the forced boundary 

conditions to be linear, we ensure that € r]{x) is an admissible variation 

* An admirably brief, comprehensive, and rigorous treatment of the topics in the 
calculus of variations that are important for physical applications is presented in the 
treatise by Courant and Hilbert (13). 
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whenever 7]{x) is an admissible variation. The statement that e r}(x) is an 
admissible variation signifies that ^ -f- €?7 is a function of class F, provided 
that 2 / is a function of class F. 

Any admissible function y=f(x) defines a curve C in the range 

^i)- Accordingly, F may be called the "‘class of admissible curves.” 
The values of the integral V for all admissible curves have a least upper 
bound A and a greatest lower bound B, provided that the values of V are 
bounded above and below (see footnote on p. 4). The problem is to find 
the curve (or curves) of class F, if any exists, for which V = B. This curve 
is said to provide an “absolute minimum” to V in class F. The case of a 
maximum (V A) requires no special treatment, since the substitution of 
—for converts it into the case of a minimum. 

It is a striking fact that many problems of the calculus of variations that 
seemingly.are formulated properly do not possess solutions. For example, 
consider the curve of class F that connects the point (0, 0) with the point 
(1, 1) and that has the least moment of inertia about the a:-axis. Analyti¬ 
cally, the problem is to find the curve of class F that minimizes the integral 

I + (y'f 

Without undertaking an analysis of the problem, we can perceive that it 
has no solution. Among continuous curves that which consists of seg¬ 
ments of the two straight lines 2 / == 0 and x = I provides an absolute 
minimum to the moment of inertia. However, this curve does not belong 
to class F, since it has no continuous tangent. Nevertheless, the value J, 
which is the moment of inertia of this curve about the 2 ;-axis, is evidently 
the greatest lower bound of the values of the moment of inertia for curves 
of class F. There is no curve belonging to class F that attains this lower 
bound. The problem has a solution in class F that is expressible by 
elliptic functions if other end points are chosen for the curve; for example, 
if the end points are (±1, 5). 

Without verifying the existence of the solution of a variational problem, 
we may investigate necessary conditions for a minimum. Before con¬ 
sidering the absolute minimum B, we must consider relative minima. The 
curve C:y = y(x) is said to provide a “relative minimum” to V if there 
is a strip of width 2p (bounded by curves with ordinates y + p and 
y — p), in which every other curve C of class F conforms to the inequality 
9 >V (Fig. 3-2). In other words, if curve C furnishes a relative minimum 
to V among curves of class F, there is a positive number p such that 
V '^V {ox all curves C of class F in the p-strip, \y — y\ < p- More 
specifically, these conditions are said to define an “improper relative 
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minimum.” lfV> K(thatis,ifthecase F = Fis excluded), the minimum 
is said to be ''proper.” 

Suppose that the curve C\y = y{x) provides a relative minimum to V, 
and suppose that y" is the derivative of highest order occurring in the 
integrand of Eq. (3-1). Let C be a comparison curve with ordinate 
y + € ri{x), in which r){x) is any admissible variation and € is an arbitrary 


y 



constant. Then, if the minimum is proper, V(C) > V(C) for sufficiently 
small €. Denoting V(C) by F + AF, we obtain by Eq. (3-1) 

faJi 

AF = [F((r, y + €rj,y'+ € 77 ', y" + erj") - F(x, y, y', 2/")] 

•'Xo 

Expanding the integrand by Taylor’s theorem, we obtain 



Here the symbol 0(€®) denotes a quantity that is less in absolute value than 
where K is a positive constant that depends on rj. Equation (a) is 
conventionally represented in the following form: 


AF= dV+ld^V+ F 3 


(b) 


The terms dV and 6^V are called the first and second variations of F; they 
represent, respectively, the first and second integrals in Eq. (a). 

If ^F is not zero, it controls the sign of AF when € is sufficiently small. 
Consequently, since the sign of 5 F is reversed by a reversal of the sign of £, 
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a necessary condition for A K to be positive for all small real values of e is 
that d V vanish identically. Accordingly, this condition is necessary for V 
to possess a relative minimum. When dV vanishes, a sufficient condition 
for a relative minimum is that d'^V be positive definite; that is, 6^V shall 
be positive for all admissible nonzero variations r}{x). 

Integration by parts transforms the first variation to the following form: 



dxdy") *0 ^ 

d dF ^ d^ dF\ , ' 
' dx dy' dx^ dy"r 


(3-2) 


A necessary condition that dV vanish for all admissible variations r]{x) is 
that the terms outside the integral in Eq. (3-2) vanish independently; that 
is, 


Is?/' dxdy") aro ^ dy" 


(3-3) 


This condition follows from the fact that r} may be chosen so that the 
integral vanishes irrespective of the values of rj and r}' at the end points 
(.Tq, ^i). Equation (3-3) must be satisfied for all values of the constants 
that satisfy the forced boundary conditions. In 
general, these conditions impose certain restrictions on the function y at the 
end points. These restrictions are known as the “natural boundary 
conditions;” they are necessary conditions in order that V shall take a 
minimum value. 

Equations (3-2) and (3-3) yield 


xo \dy dxdy' dx^dy"! 


(3-4) 


Since Eq. (3-4) is satisfied by all variations rj that conform to class F, we 
may infer that the integrand is zero. To verify this conjecture, we forma¬ 
lize its statement as follows: 

If M(x) is a continuous function in the interval (a;^, x{), and if 

rxi 

rjM dx ^ 0 
Jxq 

for all functions that lie in class F, then M is identically zero. To prove 
this lemma, assume tentatively that M is not identically zero. For 
definiteness, say that M is positive at a point x' in the interval x^). 

Then, since M is continuous, there exists a subinterval (^q, ^i) of the 
interval (iTq, x^), containing the point x', in which M > 0. Choose to be a 
function of the type shown in Fig. 3-3; that is, ‘rj is a continuous function 
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with continuous first and second derivatives such that 7 ^ = 0 outside of 
the interval (lo. fi) and r] is positive in the interval (ig, ii)- Then tj con¬ 
forms to class r, and f ^ tjM dx > 0. Since this inequality is contrary 
to the hypothesis that the integral is zero, the lemma is proved. 


V 


xo 



X 


Fig. 3-3 


Identifying M as the parenthetical expression in the integrand in Eq. 
(3-4), we obtain 

+ = o (3-5) 

Sy dec dy' dx^ dy'' 

Equation (3-5) is known as the ‘"Euler equation” of the variational 
problem. 

An integral is said to be stationary if its first variation vanishes. Equa¬ 
tions (3-3) and (3-5) are necessary and sufficient conditions for V to be 
stationary, but they are merely necessary for V to have a minimum value. 
Any solution of the Euler equation is called an “extremal.” The curve 
or curves that provide relative minima to the integral V in class F are 
always included in the system of extremals of the integrand. 

Equation (3-5) may be generalized without difficulty. If the function F 
contains derivatives of y to the third order, the Euler equation (13) is 


= 0 (3-6) 

dy dx dy' dx^ dy" dx^ dy"' 

The extension to cases in which higher derivatives of y occur is obvious. 
The signs in the Euler equation alternate. 

If the integrand jP contains several unknown functions y{x), z{x), etc. a 
necessary condition for a stationary value of V is that the separate Euler 
equations for 2 /j 2 ^, • • * be satisfied. 

Weierstrass (6) has shown that if a function yix) with isolated dis¬ 
continuities in its first or second derivatives provides a minimum value 
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to V it must satisfy the Euler equation in any interval between successive 
discontinuities. He also derived supplementary conditions that must be 
satisfied at the points of discontinuity of the derivatives. 

3-3. VARIATIONAL NOTATION. In the derivation of Euler’s equa¬ 
tion (Sec. 3-2), the function y = f(x) was augmented by an infinitesimal 
function e r]{x). The curve y =^f(x) + € rj(x) lies infinitesimally close to 
the curve y (x). In practical applications of the calculus of variations 
the incremental function e r]{x) is often denoted by dy. Accordingly, the 
function y =:f(x) may receive two kinds of increments—the differential 
dy due to an increment dx and a variation dy that represents an infinitesi¬ 
mal function added to the function y (x). 

By definition, 6y' = € r)'(x), dy" = € i^"{x), etc. where primes denote 
derivatives. Hence dy' = d(dy)ldx, dy" = d\dy)ldx^, etc. In other words, 
the operators 6 and djdx are interchangeable. 

If F{x, y, y', y", • • •, is a given function and if y is a function of x, 
the first variation of F is defined by 

SF^^dy + ^Jy'+ + (3-7) 

dy dy' dy'^''^ 

The second variation of F is defined by b^F = d(dF), More generally, the 
kth. variation of F is defined by d^F = d{d^^^F). Hence 

+ + + (3-8) 

Equation (3-8) signifies that the differential operator is to be raised to the 
A:th power as an algebraic quantity and then to be applied to the function 
F. By Taylor’s theorem the increment of F corresponding to the variation 
by is 

i^F = SF + - d^F + - d^F + ■ ■ ■ + —d’‘F + (3-9) 

2! 3! kl 

If V = f Fdx, where a and b are constants, the fcth variation of V is 
Ja 

defined by 

(3-10) 

Hence by Eq. (3-9) 

^v= dV+-^d^V+—d^V+ ■■■ + —b^V-\- 0(e*-'^) 

2! 3! k\ 
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3-4. SPECIAL FORMS OF THE EULER EQUATION. In the 
simplest variational problems derivatives higher than the first order do not 
occur in the integrand. Then Eq. (3-1) reduces to 

y=f F{x,y,y')dx (3-11) 

•'ao 

Certain simplifications result if any of the variables in Eq. (3-11) are 
missing. 

Case 1: y' absent. If y' does not occur in the integrand Fof Eq. (3-11). 
the Euler equation (3-6) reduces to 

— = 0 (3-12) 

By 

Since jF is now a function of x and y only, Eq. (3-l5) ordinarily yields only 
one extremal, y ==f(x). Equation (3-12) means that the value of y corre¬ 
sponding to any value of x provides a stationary value to F(x, y). This 
condition is merely necessary for a minimum of F; a sufficient condition 
is that the value of y corresponding to each value of x provide a minimum 
to F{x,y), An extremal with this property does not necessarily exist. 
Even if it does exist, it can satisfy the forced boundary conditions only by 
accident. Consequently, if y' is absent, the variational problem possesses a 
solution only under exceptional circumstances. 

Case 2: y absent. If y does not occur in the integrand F, the Euler 
equation for Eq. (3-11) reduces to 


Consequently, 


£ 

dx 



■— = constant 


(3-13) 


Equation (3-13) is an ordinary differential equation of the first order. Its 
general solution contains an arbitrary constant in addition to the constant 
on the right side of Eq. (3-13). Consequently, there is a two-parameter 
family of extremals. If the variational problem is suitably formulated, 
this system contains at least one extremal that satisfies the boundary 
conditions. This extremal provides a stationary value to V, but, without 
further investigations, we have no assurance that the value of V thus 
obtained is a minimum. 

A sufficient condition that the value of K be a minimum is that the value 
of y' corresponding to each value of x provide a minimum value to F, In 
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turn, this condition requires that the constant on the right side of Eq. (3-13) 
be zero. 

Case 3: x absent. If x does not occur explicitly in the integrand of 
Eq. (3-11), the Euler equation may be transformed as follows: differentiate 
the expression F — y’idFjdy') with respect to x, noting that Fis a function 
of y and y' and that y is a function of x alone. Then, 


dx\ dy'/ \dy dxdy'J 

In view of the Euler equation, the right side of Eq. (a) is zero, 
quently, Eq. (a) yields 

dF 

F — y' — = constant 
dy' 


(a) 

Conse- 

(3-14) 


Equation (3-14) is a special form of the Euler equation that applies when 
X does not occur explicitly in the integrand of Eq. (3-11). 

3-5. THE DIFFERENTIAL EQUATION OF BEAMS. As in the case 
of finite degrees of freedom, we postulate that a stationary value of 
potential energy is necessary and sufficient for equilibrium of an unchecked 
holonomic conservative system with an infinite number of degrees of 
freedom. However, a necessary and sufficient condition for stable equili¬ 
brium of a holonomic conservative system is that the value of the potential 
energy be a proper relative minimum. 

We defer consideration of the stability problem and concentrate on 
equilibrium criteria. Consider an elastic beam with any type of support 
and with a variable distributed load p{x), in addition to a few concentrated 
loads Fi, Fg, • * ■. By Eq. (2-8), the total potential energy of the system is 
approximately 

V= - py-] dx - F^y^ _ • 

Jo 

The desired deflection function has discontinuities in its third derivatives at 
the points of load concentration. Nevertheless, the integrand must satisfy 
the Euler equation in any interval between consecutive loads. If (5K is 
evaluated by the method of Sec. 3-2, the concentrated loads Fi do not enter 
the integrand, and accordingly they do not affect the Euler equation, 
although they do enter into the natural boundary conditions for a segment 
of the beam. 
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Denoting the integrand by F, we obtain 


dF 

iT""’ 


dF dF 


Accordingly, the Euler equation yields 

(Elyy = p 


(3-15) 


Equation (3-15) is the fundamental differential equation in the small- 
deflection theory of elastic beams. It applies for slightly tapered beams, if 
El is a suitable function of x. It yields immediately the differential 
equation for freely vibrating beams. If a beam vibrates freely, its only 

load is the inertial force; that is, 
p= —p d^yjdt^, where pis the mass per 
unit length. Consequently, the differ¬ 
ential equation of a freely vibrating 
uniform beam is 





(3-16) 


Equation (3-16) is modified for forced 
vibrations caused by a time-dependent 
distributed load p{x, t), if the right side 
is set equal to p instead of 0. 


3-6. CURVED CANTILEVER BEAM. 
Figure 3-4 represents a curved canti¬ 
lever beam that is loaded by a force F at the centroid of its end section. 
By Eq. (2-27), the total potential energy is 


FA 

V = -Ft;(,r/2) + ^ [(u + v'f + Z(u + 

2a Jo 


dO 


(a) 


where primes denote derivatives with respect to 6. 

If (w, v) are given variations (( 3 m , dv), V takes an increment A V. By 
Eqs. (3-7) and (3-10), the part that is linear in (( 3 m , 6v) is 


dV= -Fdv\ 


+ • 


EA C 

— [(m + v'XSu + 5v') 

a Jo 

+ Z(u + u")(du + du")] dO 


(b) 
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Integration by parts yields 
dV= -Fdv 


' (u + U ) on 


a 

+ —(« + u")du' 
a 


jr/2 

0 


FA 

H-(w + v') dv\ 

0 a 


0 a 


(C) 


rirl^ 

: {[(m + v') + Z(u"" + 2u" + w)] du - (u' + v") dv} dO =: 0 

Jo 


The forced boundary conditions are 

u = V = u' = 0 for 6 = 0 
Hence, by Eq. (c), the natural boundary conditions ‘are 


(d) 


u' + u'" = 0 for e = - 
2 

u + u" = 0 for e = - (e) 

2 

—F + — (u + o') = 0 for 6 = ^ 
a 2 

From the integral terms of Eq. (c), we obtain the Euler equations, 


M + o' + Ziu"" + 2m" + m) = 0 (0 

m' + o" = 0 (g) 

Equation (g) yields 

u + v' = -KZ (h) 

where is a constant. Hence Eq. (f) yields 

m"" + 2u" + u=^K (i) 

The general solutions of Eqs. (h) and (i) are 

u = sin 0 + Ai cos 0 + ^3 0 sin 0 + /44 0 cos 0 + (j) 


0 = -A:0(1 +Z) + cos 0 - ^2 sin 0 - ^ 3 (sin 0 - 0 cos 0) 

— yi 4 (cos 0 + 0 sin 0 ) + A^ 

The forced boundary conditions yield 

A2 + K = 0, Ai- At + As = 0, Ai + At = 0 ( 1 ) 
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The natural boundary conditions yield 


-2Ai + K = 0, ^3 = 0 


Hence 


A, = -iK, A, = -K, A, = 0, Ai = iK 

As = K, K = — 

® EAZ 

Equations (j) and (k) now yield 


u =-(sin 6 + 2 cos 0 — 6 cos 0 — 2) 

2EAZ 


V = ^ 0 -- 2 sin 0 + 0 sin 0 — 2] (p) 


Since or = Ee, Eq. (c) of Sec. 2-3 now yields 


Z(^ci -f- 2) 


AL Z{a + 2 ;) J 

The bending moment is 

M = Fa{l — sin 6) (r) 

Consequently, Eq. (q) yields 

, Mz 

(T-1- 

A AZa{a + z) 

The net tension and the bending moment are given by the equations, 


=jodA, M=jzadA 


Hence, by Eqs. (q) and (2-22), 

N^Fsind, M = Fa{l - sin 6) (u) 

These equations agree with elementary statics. 

If we approximate Z by Eq. (2-23), we obtain by Eq. (s) 

„ F , a Mz 

A a z I ^ ^ 

If the factor al{a + z) is approximated by 1, Eq. (v) reduces to the ele¬ 
mentary formula for straight beams: 

„_F Mz 

4 + T w 
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Equations (t) and (w) yield N =■ F. This relation disagrees grossly with 
statics. Accordingly, it is not permissible to discard 2 from the denomina¬ 
tor in Eq. (v) if the strains are used to calculate the net tension in the beam. 
This is true because the strains caused by the net tension and the bending 
moment often have quite different orders of magnitude. Relatively small 
inaccuracies in one of these strain components may consequently obliterate 
the other one entirely. However, the linearizing of the expressions in z 
ordinarily causes only small percentages of error in the stresses if the depth 
of the cross section is small compared to the radius a. Consequently, 
complete linearization with respect to z may be acceptable if the stresses 
are desired only for the prediction of failure of the material. The foregoing 
considerations apply also to curved shells, and they suggest why the theory 
of shells has proved to be very sensitive to approximations. 

3-7. ISOPERIMETRIC PROBLEMS. Consider two integrals, 

]/ = f F(:r, y, y', y") dx, IV = [ G(x, y, y\ y") dx (a) 

Xq 

in which F and G are given functions with continuous partial derivatives to 
the third order and y is an unknown function of class F (Sec. 3-2). A subset 
F' of class F is defined by the supplementary condition fV = C, in which 
C is a given constant. Conceivably, there may exist a function y that 
provides a stationary value to V among functions of class F'. The deter¬ 
mination of a function y with this property is the isoperimetric problem of 
the calculus of variations. Literally, the word “isoperimetric” means 
“constant perimeter.” Its use in the calculus of variations stems from the 
fact that the earliest isoperimetric problem dealt with the form of a curve 
of given length that encloses maximum area. 

Isoperimetric problems may be treated conveniently by the Lagrange- 
multiplier method. We multiply the integral Why an unspecified constant 
X and add the result to V, Thus we obtain a modified integral 

V = I V + XG) dx (b) 

dxo 

Suppose that a function y = f(x, X) provides a stationary value to V in 
class F, By proper choice of X, we may be able to place the function 
/ (x, X) in class F'. Then, since V is stationary in class F, it is also stationary 
in class F', but, in class F', W is constant. Therefore, V is stationary in 
class F'. 

The Catenary. The catenary provides a simple illustration of an isoperi¬ 
metric problem. Consider an inextensional flexible uniform string of 
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length L that has given end points (xq, 2 / 0 ) and 2 / 1 ). Since the differen¬ 
tial arc length ds is equal to Vl + (y')^ dx, the potential energy of the 
string in the gravitational field of the earth is proportional to the integral 

y = V'Ji + i.y'f (c) 

•'aJo 

The forced boundary conditions are that the end points of the required 
curve shall be the points 2 / 0 ) 2/i)- Furthermore, any admissible 

curve must conform to the relation 


rail _ 

^i + {y'fdx (d) 

Equation (d) is an isoperimetric condition. 

Multiplying the integral in Eq. (d) by a Lagrange multiplier A and 
adding the result to Eq. (c), we obtain a modified potential energy integral, 

y =\ {y + + iy'f (®) 

•Jxq 

In the present case the integrand F does not contain x explicitly. 
Accordingly, the Euler equation takes the form of Eq. (3-14). Conse¬ 
quently, 

i/ + A = kVi + (yr (f) 


where Kis a. constant. This equation may be written as follows: 


Integration yields 


K-dy 

V(y + Xf - 


= dx 


y = K cosh 



- A 


(g) 


where C is a constant of integration. Equation (g) is the general equation 
of the catenary. 

The three constants {K, C, A) must be chosen to satisfy the end conditions 
2 /(^ 0 ) = 2 /(^ 1 ) = Vv the isoperimetric condition [Eq. (d)]. The last 

condition takes a comparatively simple form, since 


rail _ 

L= Vl + (y'f ^ K sinh 



(h) 
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3-8. AUXILIARY DIFFERENTIAL EQUATIONS. Let a class T of 
functions and an integral V be defined as in Sec. 3-2. Let F' be the subset 
of class r that consists of solutions of the differential equation 

G(x, y, y', y") = 0 (a) 

where G is a given function. Suppose that we wish to find a function y(x) 
(if any exists) that renders the integral V stationary among functions of 
class F'. 

There are two ways to approach this problem. First, we may be able 
to find the general solution of Eq. (a), either in a finite form or in an 
infinite form, such as a series. Since Eq. (a) is of second order, its general 
solution ordinarily contains two arbitrary constants, Q and Cg. These 
constants may be subjected to certain restrictions to ensure that y lies in 
class F; for example, the forced boundary conditions may restrict Q and 
C 2 . By definition, any solution of Eq. (a) that conforms to class F also 
conforms to class F'. 

Having determined the general solution of Eq. (a) and having adapted 
the constants (Cj, to class F, we may evaluate the integral V by Eq. 
(3-1). Thus F becomes a function of Q and Cg. The condition that Kbe 
stationary in class F' is then satisfied if (5K = 0 for all variations of Q and 
C 2 that are consistent with class F. 

It may happen that the forced boundary conditions fix Q and C 2 so 
that variations of V are impossible. The foregoing case is consequently 
too specialized to have much importance. More significance attaches to 
the case of two unknown functions, y{x) and z(x). Then 

F = f F(x, y, z, y\ z\ y\ s") dx (b) 

Class F now consists of pairs of functions y(x), z(x) that satisfy continuity 
requirements and linear forced boundary conditions. Let F' be the 
subset of class F that consists of solutions of the differential equation 

G(x, y, z, y\ z\ y\ z") = 0 (c) 

where G is a given function. Suppose that we wish to find functions y, z 
(if any exist) that render the integral V stationary among functions of 
class F'. 

We may follow the same scheme as before if we can find the general 
solution of Eq, (c). Ordinarily, this solution is represented by expressions 
for y and z in terms of an arbitrary function ^{x) and its derivatives. Any 
regular function ^ that conforms to the forced boundary conditions 
provides functions y, z that belong to class F'. The integral V may be 
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expressed in terms of <j). By giving <f> variations that conform to the forced 
boundary conditions, we may derive the natural boundary conditions 
and the Euler equation for Any solution of the Euler equation for (j) 
that satisfies the forced boundary conditions and the natural boundary 
conditions provides a stationary value to V in class F'. 

The Lagrange multiplier provides a way of treating auxiliary differential 
equations in variational problems without the use of the general solutions 
of the differential equations at the outset. Referring to Eqs. (b) and (c), 
consider the modified integral 

F = (F + AG) dx (d) 

Jxq 

where the Lagrange multiplier A is an unspecified function of x. Without 
designating the function A, we may give the functions y, z arbitrary varia¬ 
tions that conform to the forced boundary conditions. Thus we derive the 
Euler equations and the natural boundary conditions for the integral V. 
We may then seek functions y{x), z{x), A(a?) that satisfy the Euler equations, 
the auxiliary differential equation (c), the forced boundary conditions, 
and the natural boundary conditions. These functions provide a stationary 
value to V among functions of class F', but, in class F', V reduces to V, 
since G = 0. Therefore, the functions y, z provide a stationary value to V 
in class F'. Since, in the end, we do not require the function A, we may 
sometimes dispense with its derivation if we can supply a proof that it 
exists. The Lagrange multiplier method does not really evade difficulties 
that are inherent in the auxiliary differential equation but it sometimes 
leads to relations that have interesting or useful interpretations. 

Both of the preceding methods may be extended to problems of multiple 
integrals and auxiliary partial differential equations. Care must be used 
to include the natural boundary conditions, since one may encounter 
puzzling situations if he fails to heed these conditions. 

3-9. FIRST VARIATION OF A DOUBLE INTEGRAL. In general, 
the potential energy of a shell, plate, or membrane is represented by a 
double integral. The principle of minimum potential energy is particularly 
useful for treating these systems. 

Accordingly, variational problems with two independent variables 
(x, y) are important in mechanics. Irrespective of their physical signifi¬ 
cance, these variables may be regarded as rectangular coordinates in a 
plane. Then any function w{x, y) is represented by a surface in a space 
with rectangular coordinates {x, y, w). 

Consider a given finite region R in the (x, y) plane. The region R may 
be multiply connected; for example, it may be a ring-shaped region, or, 
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more generally, it may be any irregular area with holes in it. The region 
R will be closed; that is, it shall contain all its boundary points. 

A class r of admissible functions w(x, y) is defined as follows: 

(a) Any function of class F is continuous with its partial derivatives to 
the fourth order in the region R, 

(b) Any function of class F satisfies given linear forced boundary condi¬ 
tions of the type ay^ -f b dwidn = c, in which a, b, c are given point 
functions on the boundary of the region R and dwjdn denotes the normal 
derivative of w at the boundary. 


Consider the integral, 



y, w, w,^, 


^yy) dx dy 


(a) 


in which F is a. given function of eight variables, with continuous partial 
derivatives to the third order for all real values of w, w.y, Wyy, 

and for all values of (x, y) in the region R. Subscripts x and y denote partial 
derivatives. Let the function w receive a variation €r}(x, y), where e is an 
arbitrary constant and rj is an arbitrary function that conforms to class F. 
Then V takes an increment AK, which is determined as follows: 




n 


?/, W + €7], + €7}^, Wy + erjy, 


^yy + €rjyy) - F(x, y, w, Wy, Wyy)] dx dy 


(b) 


Expanding the function Fto first powers of € by means of Taylor’s theorem, 
we obtain 



9F , aF , aF , 

^ Vx ^ '^v ^ "b Vxx 

OW OW^ CWy 



+ 


Vxv 


dF 

aw^,„ 



(C) 


in which dV (the first variation of V) is the part of AF that is linear in €. 

To transform Eq. (c) by integration by parts, we employ Green’s 
theorem (39). It asserts that the following relation is an identity for any 
two functions u{x, y) and v{x, y) that are continuous with their first deriva¬ 
tives in the region R\ 

If ~ ^ dx + V dy) 


(3-17) 
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Here, C denotes the bounding curve of the region R. The integration on 
the outer boundary is to be performed in the counterclockwise sense if the 
coordinates (x, y) are right-handed. If the region R is multiply connected, 
the integration on the inner boundaries is to be performed in the clockwise 
sense. Equation (3-17) may be regarded as a special case of Stokes’s 
theorem. 

First set v — and m = 0; second set, i; = 0 and u = <f)y). Thus the 
following two integration-by-parts formulas for double integrals are 
obtained from Eq. (3-17); 




dy) 

dx 


dx dy = 


R ^ ^ 

\ \ <!> — dx dy = — yj — dx dy — ^ <l>yj dx 
JJ dy jJ dy Jc 

It R 


(3-18) 


Equation (3-18) yields 


If 


dx dy = 


11’’’!^. 

R ^ 


dx dy = 


-HM) 

R ® 

-II’Ka") 


3JF 

dx dy + (t> 7] — dy 
c 


dx dy — 7'j dx 


c dwy 


Applying Eq. (3-18) twice, we obtain 

11”“^/* ‘'S' =IM?(S 



dy 





dx dy — 


dF 

Vv 2 
c 


dx 



dx 
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Depending on the order in which the two integrations by parts are per¬ 
formed, we may express the integral of the term containing in either of 
the following two forms: 



Hence by Eq. (c) 



To obtain the natural boundary conditions, we must transform the line 
integrals in Eq. (3-19) to the form 


€ • ‘)ds + € ' •) ds 
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where s is arc length on the curve C, and denotes the normal derivative 
of Yj on curve C. The natural boundary conditions are obtained from the 
vanishing of the integrands of these two integrals. Rather than to treat 
the general case, we consider the case in which the curve C is formed from 
segments of coordinate lines. This is not a severe restriction, since, in 
physical problems, we usually seek coordinates such that the physical 
boundaries coincide with coordinate lines. When such coordinates are 
chosen, Eq. (3-19) is in a suitable form for the determination of the natural 
boundary conditions. On a part of the boundary represented by a? = 
constant, dx = 0, and those line integrals in Eq. (3-19) that contain dx 
vanish. In this case it is convenient to use the second form for the last two 
integrals in Eq. (3-19). Likewise, on a part of the boundary represented by 
y = constant, dy = 0, and those line integrals in Eq. (3-19) that contain 
dy vanish. In this case it is convenient to use the first form for the last two 
integrals in Eq. (3-19). The double integral must vanish independently of 
the line integrals, since 6V vanishes for all admissible functions ri{x, y). 
This condition yields the Euler differential equation. Hence the Euler 
equation is 



The natural boundary conditions follow immediately from the relations 



on edge x = constant 
on edge x = constant 
on edge y = constant 
on edge y = constant 


( 3 - 21 ) 


If the values of 77 , and rjy are unrestricted by forced boundary conditions, 
the bracketed expressions in Eq. (3-21) must vanish on the indicated parts 
of the boundary. Thus two natural boundary conditions are obtained for 
each segment of the boundary. However, it may happen that the forced 
boundary conditions require that rj, 77 ^, or 77 ^ vanish on certain segments of 
the boundary; then the corresponding natural boundary conditions are 
eliminated. 
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3-10. FIRST VARIATION OF A TRIPLE INTEGRAL. Problems 
of equilibrium of elastic solids and problems of dynamics of plates, shells, 
and membranes lead to variations of triple integrals. The independent 
variables {x, y, z) may be regarded as rectangular coordinates. 

A class r of admissible functions w(x,y,z) is defined as follows: 
(a) any function of class T is continuous with its partial derivatives to the 
fourth order in a given finite closed region R of {x, y, z) space; (b) any 
function of class F satisfies given linear forced boundary conditions of the 
type aw -[■ b dw/dn = c, in which {a, b, c) are given point functions on the 
boundary of region R and dwjdn denotes the normal derivative of w at the 
boundary. 

Consider the integral 


■=i 


F(x, y, z, w, Wa,, W,, Wyy, Wgy, Wy^, Wj 


, w^y) dx dy dz 


(a) 


R 


in which is a given function of 13 variables with continuous partial 
derivatives to the third order for all real values of w, Wy, tv,, iv„,, Wyy, 
iv„, Wy.y and for all values of (x, y, z) in region JR. 

Let the function tv receive a variation erj(x, y, z), where e is an arbitrary 
constant and rj is an arbitrary function such that w + e?i lies in class F. 
Then, by Taylor’s theorem. 



, dF , dF 
+ Vv— + Vz — 


dwy 


9tv, 


■f” Vxx 


dw 


XX 


"f" Vvv 3 "b 

dWyy 


dw. 


-r f/yz 


(b) 


+ Vzx 


dF 



dz 


in which <5K is the part of AK that is linear in e. 

To transform Eq. (b) by integration by parts, we employ the divergence 
theorem (39). The procedure is essentially the same as for a double 
integral. The following Euler equation is obtained: 


dw dxxdwj dy\dWy/ dzXdwJ dx^\dw^J 


+ ^llL] + ^ilL] + 

dy^\dwyj dz^\dw„/ dydz\dwyj dzdx\dw^J 


+ 


/dF\ 

dxdy\dw^/ 


= 0 


(3-22) 
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If the integrand contains several unknown functions (w, v, w), each of these 
functions must satisfy Eq. (3-22). To derive natural boundary conditions, 
we must examine the surface integrals that are obtained when Eq. (b) is 
transformed by integration by parts. 


3-11. THE RAYLEIGH-RITZ METHOD. A mechanical system with 
infinitely many degrees of freedom may be reduced to a system with finite 
degrees of freedom by means of assumptions about the nature of the de¬ 
formation. This idea was seemingly employed first by Lord Rayleigh in 
studies of vibrations (71). It has been used extensively by Timoshenko (84) 
to treat buckling problems. Rayleigh’s method has often been criticized 
because it provides no information about the accuracy of the approxima¬ 
tion. However, all analyses of physical systems are based on conceptual 
models which are believed to reproduce approximately the essential 
features of the phenomena under consideration. The representation of a 
system with infinitely many degrees of freedom by a conceptual model with 
finite degrees of freedom is not a greater digression from the facts than 
many other ideas that are used in the establishment of such models. Anal¬ 
yses of deformation, buckling, and vibrations of complicated structures 
would be almost impossible if the systems were not reduced to finite 
degrees of freedom, particularly, if nonlinear relations are important. 

As an illustration of Rayleigh’s method, let us assume that the deflection 
of a simple beam with a load P at the center is represented by a sine curve, 
y = a sin iTxjL, where a is a constant. Although this equation is inexact, 
the deflection curve of a simple beam seemingly can be approximated 
closely by a sine curve. Also, the sine function satisfies the end conditions, 
y = y =0. By Eq. (2-8), the strain energy corresponding to the 
sinusoidal deflection is 

U=\^a^EIIU 


Since the amplitude of the sine wave is a, the potential energy of the load 
P is -Pa. The total potential energy is accordingly V = U - Pa. The 
assumption that has been used reduces the beam to a system with one 
degree of freedom. The generalized coordinate is a. By the principle of 
stationary potential energy, the value of a is determined by dVfda = 0. 
Consequently, 


a = 


2PI? 

tt^EI 


and y = 


2PE . TTX 
y = —;— sin — 
■rr*EI L 


The difference between the deflection given by this formula and by the 
more accurate formula obtained by integration of the equation, M = 
—Ely , is everywhere less than 3 per cent. The agreement between the 
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bending moments is less favorable. If the bending moment at section x is 
calculated with the sinusoidal approximation (by use of the equation, 
M = ^Ely"), the deviation from the true bending moment (M = ^Px) is 
as great as 25 per cent. At the center of the beam the moment calculated by 
the sine equation is 19 per cent too low. 

This example illustrates a general difficulty that arises when stresses are 
derived from approximate expressions for the deflections. Although the 
deflections may be fairly accurate, the second derivatives of the approxi¬ 
mate deflections may deviate widely from their proper values. Conse¬ 
quently, when deflections are used to calculate stresses, a high degree of 
accuracy may be required. 

Ritz Method. In 1909, W. Ritz (142) refined and generalized Rayleigh’s 
method. He considered the determination of a function y{x) to minimize 
an integral 

V = \ /(*. y> y'> y'\ ■■•)dx (a) 

where/is a given function. The function y is restricted to a class of func¬ 
tions that satisfies certain linear forced boundary conditions. In a problem 
of mechanics V may represent potential energy, but the interpretation of V 
is irrelevant for the present discussion. Ritz undertook to form a conver¬ 
gent sequence of approximations y^, ^ 2 ’ ’' ‘ the form 

y-n = + ^ig'l + + • • ■ + angn (b) 

where the a's are undetermined constants and the g's are given functions 
that satisfy the forced boundary conditions. To permit the sequence to 
converge in the mean-square sense to the exact solution y{x), Ritz required 
that the functions g/r) form a complete set in the interval {a, b). To 
explain this statement, we suppose that F{x) is a given function in {a, b) and 
that F is approximated by 

= ^^0^0 + ^1^1 + ^2^2 + • • • + bngn 
The mean-square error of this approximation is defined by 

J a 

The function set gi, ^ 2 ^ * * ' is said to be “complete” in the interval 
(n, b) if, when Fix) is any given piecewise continuous function in {a, b), 
coefficients b^ exist so that 


lim = 0 
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This is not the same as the condition F{x) = lim unless the operations 

>-00 

“limit” and “integration” may be interchanged. Therefore, without 
supplementary investigations, there is no rigorous assurance that the Ritz 
method will converge to the correct result. It is known from the theory 
of Fourier series that the functions, 1, cos x, cos 2a;, • • • ; sin a;, sin 2a;, • * •, 
form a complete set in any interval of length 27 t and, indeed, that any 
piecewise continuous function F{x) can be represented exactly by a con¬ 
vergent series of these functions in any interval of length In. It is apparent 
that not every infinite sequence of functions is complete, for, if even one of 
the trigonometric functions is omitted, the preceding sequence is not com¬ 
plete. 

We obtain from Eqs. (a) and (b), * * ' > where 

is the approximation of V that results if y is approximated by Eq. (b). 
The condition (5K = 0 is approximated by dVjdai — 0? z = 0,1,2, * • •, 
These equations determine the a’s; accordingly, they give an approxima¬ 
tion to y by means of Eq. (b). Mathematical complications often restrict 
the values of n to the first few positive integers. Comparisons between 
solutions for « = 1,2,3, etc. indicate the rate of convergence (38). 
Convergence is enhanced if the functions gjoc) satisfy the natural boundary 
conditions, in addition to the forced boundary conditions, but usually this 
property is not easily fulfilled. 

PROBLEMS 

1. Show by the calculus of variations that a straight-line segment is the shortest 
path between two points in a plane. 

2. Show that the shortest path between two points on a circular cylinder is 
helical, provided that the given points do not lie on the same generator nor 
on the same cross section. 

3. As surface coordinates on a circular cone, adopt the distance x from the 
vertex of the cone and the dihedral angle j9 between a fixed plane and a 
variable plane that intersect on the axis of the cone. A path on the cone 
that does not coincide with a generator may be defined by an equation of the 
form, X = x(d). The path is said to be a “geodesic” if it is an extremal for 
the distance on the conical surface between any two points on the path. 
Derive the general equation of the system of geodesics (excluding generators) 
for a cone whose generators intersect its axis at 30°. 

4. A uniform elastic simple beam carries a uniformly distributed load p (Ib/in.). 
Derive the natural boundary conditions. Obtain the equation of the 
deflection curve by means of the Euler equation. Eliminate arbitrary 
constants of integration. 

5. A uniform elastic beam that is clamped at the ends carries a linearly dis¬ 
tributed load that varies from zero at one end to Pq at the other. Obtain the 
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equation of the deflection curve by means of the Euler equation. Eliminate 
arbitrary constants of integration. 

6 . The strain energy of a special type of beam is 

where k and a are constants. The end x = 0 is clamped, and the end x = L 
is free. The beam carries a distributed lateral load jp(x). State the forced 
boundary conditions. Derive the natural boundary conditions and the 
differential equation that determines the deflection. 

7. Solve the problem of the curved cantilever beam (Sec. 3-6) for the case in 
which the load F acts horizontally to the right. 

8 . Solve the problem of the curved cantilever beam (Sec. 3-6) for the case in 
which a bending moment M is applied at the free end. Let positive M be a 
closing moment. 

9. A uniform semicircular arch of radius a is clamped at its ends. Supposing 
that the arch is loaded only by its own weight, derive formulas for the radial 
and tangential displacement components («, v). Hence derive formulas for 
the bending moment and the net tension at any cross section. 

10. Free vibrations of a cantilever beam of length L are defined by the equation 

y —f{x) sin nt. By means of Eq. (3-16), derive the function/(a;). Prove that 
n is determined by the equations = pn^jEI, cos kL cosh A:L = —1. Hint, 
The boundary conditions for the free end are = 0. 

11. Solve Prob. 10 for a simple beam. 

12. Calculate the constants in the equation of the catenary for the case in which 
the curve passes through the points (0, 0), (1, 1), and ( — 1,1). 

13. A catenary is symmetrical with respect to the 2 /-axis. The arc length, 
measured from the vertex, is s. Show that the curve has the following 
parametric equations: x = iCarcsinh^/A', y ~ ^— L Show that 
the curvature is Kjis^ -1- K^). 

14. Derive the Euler equation for the integral. 


Y I I F{x^ y, u, Uy, Wjpjp, Hyyi ^xxy^ ^^XVyi ^^//!/!/) 


15. A surface of revolution is generated by connecting two points (^o> 

y-d ^ plane curve C and rotating the curve C about the a>axis. Show 
that the area of the surface is stationary if the curve C is a catenary. (The 
surface is then called a “catenoid”). 


16. The strain energy of an orthotropic plate is given by 


-JJ 


(y^xx + + dx dy 


where A is a constant, (x, y) are rectangular coordinates, and w is the deflec¬ 
tion. The plate carries an arbitrary distributed load p(x, y). (a) Derive the 
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differential equation for w by the calculus of variations, (b) Letting/? be the 
inertial load, write the differential equation for free vibrations of the plate. 

17. The potential energy of a drop of water on a clean horizontal glass plate 
consists of three parts: (a) The potential energy of the weight of the drop, 
(b) The potential energy due to surface tension. This is a positive term that is 
proportional to the area of the free surface of the drop, (c) The potential 
energy due to molecular forces between the water and the glass. This is a 
negative term that is proportional to the area of contact between the water 
and the glass. 


y 



Assuming that the ordinate of the free surface 2 / is a single-valued function 
of the radial coordinate x (see Fig. P3-17), set up the expression for the 
total potential energy. What isoperimetric condition is imposed on ad¬ 
missible functions y{x)1 Taking the isoperimetric condition into account 
by the Lagrange-multiplier method, write the Euler equation for the problem. 
Suggest a simplification of the Euler equation that is admissible if the drop is 
rather flat (that is, if dyjdx is small compared to 1). 

18. Determine the deflection of a simple uniformly loaded beam by the JRitz 
method, using first one term, then two terms, and finally three terms in a 
sine series. Why does the coefficient of sin liTxjL vanish? 

19. Assuming that the deflection of a uniform cantilever beam with a load at the 
end is represented by the equation 2 / — a(l — cos ttxIIL), where x is the 
distance from the fixed end, determine the tip deflection by the principle of 
stationary potential energy. Compare with the exact solution of the problem. 

20. The strain energy of a simply supported, symmetrically loaded circular plate 
of radius a is 

U = ttjDJ [r()v0® + r~\w'y + 2vw'w"] dr 

in which w denotes the deflection and primes denote derivatives with respect 
to the radial coordinate r. Calculate the deflection of a circular plate with a 
uniform lateral pressure p, assuming that a diametral section of the deflected 
middle surface is parabolic. Repeat the solution, assuming that a diametral 
section is one loop of a cosine curve. Compare the two results with v = 0.30. 

21 . Solve Prob. 20 for a plate that is loaded only by a point force at the center. 
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22. A uniform semicircular elastic arch with hinged ends carries a vertical 
concentrated load F at the center. Derive formulas for the radial and 
tangential displacements («, v) by the principle of stationary potential energy. 
Hint. Make use of symmetry properties, and consider only half the arch. 

23. A simply supported rectangular plate of length a and width b carries a 
constant lateral pressure p. The deflection of the plate is approximated by 
the first term of a double sine series, w = Wq sin irxja sin 7r2//6, in which 
(a;, y) are rectangular coordinates with the axes coinciding with two edges of 
the plate and Wq is a constant representing the deflection at the center of the 
plate. The strain energy of the plate due to bending is 


U = 



iy^xx + >^ 2 / 1 /)^ dy 


where Z) is a constant called the “flexural rigidity” of the plate. By the 
principle of stationary potential energy, derive a formula for Wq. Without 
using any approximation, derive the correct differential equation for w. 

24. A uniform elastic string with free length L has its ends fixed at two points at a 
distance L apart. A uniform lateral load q (Ib/in.) is applied to the string. 
The strain is 


where u is the axial component of displacement and w is the lateral dis¬ 
placement. The cross-sectional area of the string is A and Young’s modulus 
is E. By the principle of stationary potential energy, determine the deflection 
and the tension in the string. 



4 Deformable bodies 


As the extension, so the force. 
ROBERT HOOKE 


4-1. DEFORMATION OF A BODY. Some results of the general 
theory of strain are summarized in this section. Detailed derivations are 
given in the theory of elasticity (51, 61). 

Let (x, y, z) be fixed rectangular coordinates. When a body is deformed, 
the particle that lies at the point {x, y, z) is displaced to the point {x + w, 
2 / + u, 2 + w). The components (m, u, w) of the displacement vector are 
functions of {x, y, z). 

If the initial length of a line element in the body is ds and the final length 
is the strain of the line element is defined by 


ds^ — ds 

€ = - 

ds 


(4-1) 


In view of this definition, e > — 1. If the initial direction cosines of the 
line element are (/, m, n), the strain is determined by 

e -f le® _ ^jz + -I- 

+ + ■sTi/a'”'* (4-2) 

+ hT'zx'^^ -h -h 

where e^ = u„ + -|- w^) 

= + + V + 

= + + d/ + w/) 

Vzy = Yyz = Wy + V^ + UyU^ + 

Yxz = Yzx = u^ + w^ + u,u^ -f- v,v^ -f- 

Yyx = Yxy =^x + Uv + + ^^x^y + 
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(4-3) 
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Subscripts (x, y, z) on (m, v, w) denote partial derivatives. The symmetric 
matrix, 

iVxy iVxz 
^yyx hyyz 

- ^yzx 2yzv _ 

is known as the “strain tensor,” since it obeys the tensor law of trans¬ 
formation when the coordinates are changed. 

If two line elements have the initial direction cosines (/j, and 

(4^ ^^25 ^ 2 ) these line elements are initially perpendicular to each other 
(i.e. 44 + ^^ 1^2 + = 0 )» the angle d between them after the deforma¬ 

tion is determined by 


(1 + 0(1 + O cos 6 = 2 € 3.44 + 

+ + yyjjn^n^^ + ( 4 - 4 ) 

“h yzx^i^z “h ^ 24 ) “h yxyi.^1^2 “b 4^1) 

Here, and are the strains of the respective line elements; they are 
determined by Eq. (4-2). The angle ( 77 / 2 ) — 0 is known as the “shearing 
strain” between the two line elements. 

Under an arbitrary deformation, any infinitesimal sphere in the medium 
is deformed into an ellipsoid, called the “strain ellipsoid.” The principal 
axes of the strain ellipsoid have the directions of the principal axes of 
strain at the center of the ellipsoid in the deformed medium. Furthermore, 
those radii of the infinitesimal sphere that pass into the principal axes of the 
strain ellipsoid are initially perpendicular to each other; they coincide 
with the principal axes of strain in the undeformed medium. Inother words, 
through any point in the undeformed medium there are three mutually 
perpendicular line elements that remain perpendicular under the deforma¬ 
tion. The strains of these three line elements are called the “principal 
strains” at the given point. They are denoted by (ej, eg, € 3 ), and the corre¬ 
sponding values of the quantity </> = € + are denoted by ^ 3 , (^ 3 ). 
The quantities ((/>i, 02 , ^ 3 ) are the three roots of the determinantal equa¬ 
tion,* 


I ^ ^iyxu iyxz 

- <f> = 0 (4-5) 

iYzx iVzv ^z — <i> 

Because of the symmetry of this determinant, the roots are always real. 
* This relationship is derived in Appendix A-3 
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Also, since €,. > -i, ^. > -i. Expansion of the determinant yields 

- 73 = 0 

where 

A = «» + Cj, + 

h = - lyj _ 

iyxv iVxi 
h = iVvx iyyz 

^y zx ^yzy ^z 

To any root of Eq. (4-6), there corresponds a solution of the equations, 

Ox - 4>t)l + iyxyfn + = 0 

h’yx^ + Oy — + iyyzn = 0 (4-8) 

iyzxi + iyzyfn + Oz - ^t)n = 0 
-f- m2 -f «2 = 1 

The solution (4 m^, n^) of these equations is the set of direction cosines of 
the principal direction in the undeformed medium corresponding to the 
principal strain e^. The three directions corresponding to the three roots 
(9i> ^ 2 . ^ 3 ) are mutually perpendicular. 

It IS shown in the theory of algebraic equations (20) that the roots of 
Eq. (4-6) satisfy the relations 

4 = 4" ^2 + ^3 

4 = + <^19^2 (4-9) 

/g = 

Equations (4-9) are a special case of Eq. ( 4 - 7 ) that results if the axes 
coincide with the principal axes. Since the principal strains are 
independent of the coordinate system, Eqs. (4-9) show that the quantities 
are independent of the coordinate system; that is, are 

unchanged if the coordinate axes are rotated. Consequently, the quantities 
i 5 4> h are called the “first, second, and third invariants” of the strain 
tensor. Any other invariant of the strain tensor can be expressed in terms 
of 7i, /a, and /g. 


(4-6) 

(4-7) 
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According to the theory of rigid-body displacements (90), there exists, 
for any point of a deformable body, an angular displacement that carries 
the principal axes of strain of the undeformed body into the principal 
axes of strain of the deformed body. This angular displacement is called 
the “rotation” that the particle of the body receives. Accordingly, when a 
body is deformed, each particle receives a definite rotation. By the theory 
of rigid-body displacements, we may determine the axis of rotation and 
the angular displacement of any particle of the medium in terms of the 
displacement vector field (w, v, W). 

Besides the rotation, the particle receives the translation (w, y, w). Also, 
it experiences the principal strains € 3 , ^ 3 ) along the principal axes. This 
deformation is called a “dilatation.” Thus the displacements in a neigh¬ 
borhood of a point are resolved into a translation, a rotation, and a 
dilatation. The translation and the rotation contribute nothing to the 
strains. 

Volumetric Strain. Let an element of a strained medium have the 
initial volume V and the final volume V*. The volumetric strain (also 
called cubical dilatation) is defined by 



A volume element V in the form of an infinitesimal rectangular parallele¬ 
piped with its edges in the principal directions remains a rectangular 
parallelepiped after the deformation. The strains of the edges of the 
parallelepiped are the principal strains cg, € 3 . Consequently, 

+ €i)(l -h €g)(l +€ 3)7 (4-11) 

Therefore, by Eq. (4-10), 


e — ^1 "I" ^2 + €3 -+■ CgCg €q€-j^ -|- CjCg + € 2 € 2€3 (4-12) 

The expression e -f may be expressed in terms of C 3 by means of 
Eq. (4-12). Also, since <j>i = -h the invariants 4 , 4 may be 
expressed in terms of € 1 , €3 by means of Eq. (4-9). Accordingly, it may 

be verified by routine algebra that 

^ = 4 + 24 + 4/3 (4-13) 

Small-Displacement Theory. The foregoing equations of the theory 
of strain are purely geometrical and they are rigorously valid. In the 
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small-displacement theory, Eq. (4-13) is approximated by e = /,. Also 
the quadratic terms in Eq. (4-3) are neglected. Hence 


= u„. 


c* = w. 


yv* - Wy + -f = + Uy 


(4-14) 


If quadratic terms in the strains are neglected, Eqs. (4-2) show that e , € , e 
are the strains of line elements that initially lie parallel to the x-, y-, and 
z-axes. In addition, Eq. (4-4) shows that y^^ are the shearing 

stra.ms between pairs of line elements that initially lie parallel to the axes 
indicated by the subscripts. 

It is apparent from Eqs. (4-14) that the linearized strain components 
satisfy the differential equations 

dz^ dy dz 


4. _ JVi 

9z^ dx^ 


zx 

dz dx 


n 


dx^ djf dx dy 


dydz dx^ 

iJS. _L gy, 

dz dz 


+ ^ 

dx dy dz dx 


(4-15) 




dy^ dy dz dx dy 




2 -f 

dx dy dz^ dz dx dy dz 

Equations (4-15) are known as the “compatibility equations” in the small- 
displacement theory. These equations are consequences of Eqs. (4-14) 
It can be shown also (57) that if given functions (e , e e. y v v i 

functions (w, v, w) that are solutions of Eql 
( -1 ). Accordingly, in the small-displacement theory the functions 

possible strain components if, and only if they 
relations in the large-displacement 
quadratic terms in Eqs. (4-3) are retained are alL known, 
but they are very complicated (56). 
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4-2. STRESS. This article summarizes some results of the theory of 
stress; detailed derivations are given in books on the theory of elasticity 
(51, 85). 

The medium is considered to be in a deformed state. The stress vector 
p on any surface element S in the medium may be resolved into components 
Pn and T, respectively, normal and tangent to S. These components 
depend not only on the location of the surface element S but also on the 
direction of the normal to S, Following the usual convention, we consider 
the normal stress positive if it denotes tension and negative if it denotes 
compression. The tangential component r is called “shearing stress.” 

If the deformed body is referred to rectangular coordinates (x, y, z), the 
stresses on the coordinate surfaces play an important role. The positive 
side of a coordinate surface x = C is defined as the side for which x> C. 
Similarly, the positive sides of the y- and ^-coordinate surfaces are defined. 
The stress vectors on the a;-, y,- and 2 - coordinate surfaces at the point 
(jc, y, z) are denoted by o^, and o^. These stresses are exerted by the 
material on the positive sides of the coordinate surfaces upon the material 
on the negative sides. The projections of the vectors on the 

coordinate lines are denoted by the respective rows of the following matrix, 
called the stress tensor: 


O'* 

'^xv 

'^xz 



^yz 

'^zx 

'^zy 

O'. 


For example, the first row of this matrix represents the x-, «/-> and 2 -com¬ 
ponents of the vector cr^.. Evidently Oy, are normal stresses on the 
corresponding coordinate surfaces, and r.^y, r ^.^,''' .r^y are components 
of the shearing stresses on the coordinate surfaces. 

By balancing moments on an arbitrary free body cut from the material, 
we may verify that the stress tensor is symmetric; that is, Ty^ = T,,y, 
= '^xz^ ^xv = These relations are always valid for an electrically 
and magnetically neutral medium, since effects of inertial forces and 
gravity are higher order infinitesimals than the tractive forces (i.e., forces 
due to stress) on the faces of an infinitesimal cuboid. 

By virtue of the equilibrium conditions for an infinitesimal tetrahedron 
in the body, the stress tensor determines the stress on any surface element S 
in the body. If the normal to surface S has direction cosines (/, m, n) and 
p is the stress vector on S, 


p = /a^ + moy + no. 


(4-16) 
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Denoting the components of vector p on the coordinate axes by {px^Py^pd^ 
we may write Eq. (4-16) as follows: 

Px = + ^^vx + n'^zx 

Pv = ^'^xv + (4-17) 

Pz = ^^xz + ^'^yz + 

Since inertial forces and gravity forces on an infinitesimal tetrahedron 
are infinitesimals of higher order than the tractive forces on the faces of 
the element, Eqs. (4-16) and (4-17) are valid even for a vibrating or flowing 
body. 

The normal stress on a surface element S with unit normal n is 
= n • p. Hence, by Eqs. (4-17), 


Pn = + Imr^y -f Inr^^ 

-f- mhy^ -b ifPCy +mnTy^ (4-18) 

+ nl'^zx + ^^^zv + 

The magnitude of the shearing stress t on the surface element S is deter¬ 
mined by the equation, 

^==P^-Pn= Px + p^ + p^ - (^ 19 ) 

Equation (4-18) shows that the normal stress on an oblique plane 

element is a quadratic form in the direction cosines of the normal to the 

element. Consequently, by the principal-axis theory of quadratic forms 
(Appendix A-2), there exist three mutually perpendicular axes of principal 
stress through any given point, such that the normal stresses take extreme 
values on plane elements orthogonal to these axes. The normal stress 
along one principal axis is the maximum normal stress on any plane 
element through the given point; the normal stress along another principal 
axis is the minimum normal stress on any plane element through the given 
point. For the third principal axis, the normal stress is stationary, but it is 
not an absolute minimum or maximum. The theory of principal axes of 
stress is exactly parallel to the theory of principal axes of strain (Appendix 
A-3); we merely replace the quantities e*, c,, €„ by 

^25 '^vz^ ^zx^ '^xv The normal stresses cti, Og, o-g, corresponding to the princi¬ 
pal axes of stress, are called the “principal stresses” at the given point. 
Planes that are perpendicular to the principal axes are called “principal 
planes.” It is shown in the tfieory of stress that the shearing stresses on the 
principal planes are zero. 
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The principal stresses (Ti, CTs, are the roots of the equation 

+ /gi - ^3 = 0 


where 


A — + cTj, + 

J2 = + or.o, + (T^(T„ - - rj - rj 


(4-20) 

(4-21) 


J, = 




The quantities J^, J^, are stress invariants. They are related to the 
principal stresses by the equations 


— CTl + 


^2 + CTs 
^2 = 0*2^3 + <^ 2^1 + cr^crg 

,/g = 0*iO‘2Cr3 


(4-22) 


Differential Equations of Equilibrium. Consider a region i? of a de¬ 
formed medium that is enclosed by a surface S' and let (/, m, ti) be the 
direction cosines of the outward normal to S. The stress vector on S is 
given by Eqs. (^17). The material may be subjected to spatially distrib¬ 
uted forces such as weight, centrifugal force, or magnetic effects. These 
forces are known as body forces. If the vector F represents the intensity of 
body force, the body force on a mass element pdxdydz is pEdxdydz 
where p denotes mass density. Accordingly, the condition of equilibriuin 
of forces on the material in region R is expressed by the equation 

JJJ'pO'^x + j^i/ -f kF.) dx dy dz 

■jJ[(/o'* + + nT,^)i q- (/t„„ + mOy -|- nT^„)j (a) 


+ 


+ {Itxs + mr^z + n<rj)k] dS = 0 

Equation (a) may be transformed by the divergence theorem (39), 
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Here, n = i/ + jm + kit and q(:c, y, z) is an arbitrary vector point function. 
Letting q denote successively the vectors c^, and a^, we obtain from 
Eqs. (a) and (4-23) 




+j 
+ k 


^\dx 


M I I I p 

dy dz ^ ’ 




+ T^"+^^+pP: 
dy dz 


)] 


dx dy dz 


Since this integral vanishes for any region R within the body, the integrand 
is zero. Consequently, 


I I ^'^zx I p _ A 

OX oy dz 

^ ^ + /)F, = 0 (4-24) 

OX oy dz 


+ pF - 0 

dx dy dz ‘ 

Equations (4-24) remain valid for a vibrating body if the body force F 
includes inertial force. 


4-3. EQUATIONS OF STRESS AND STRAIN REFERRED TO 
ORTHOGONAL CURVILINEAR COORDINATES. For many appli¬ 
cations, the equations in Secs. 4-1 and 4-2 must be expressed with respect 
to curvilinear coordinates. To define curvilinear coordinates in general, 
we let {X, y, Z) be rectangular coordinates, and we suppose that these 
coordinates are single-valued functions of variables {x, y, z). Then, to any 
set of values of (x, y, z) there corresponds a single point {X, K, Z). Conse¬ 
quently, the variables (x, y, z) are themselves space coordinates. To ensure 
a one-to-one correspondence between the points of space and the number 
triplets (ic, 2/, 2 ), the equations for {X, Y,Z) must yield single-valued 
inverse functions, x = x(X, V, Z\y = y {X, 7, Z), s = 3 (7, 7, Z). 

If X is held constant, X, 7, and Z become functions of the two variables 
{y,z). These equations define a surface, called a “coordinate surface.” 
Accordingly, there is a family of coordinate surfaces with parameter x. 
Similarly, there are two other families of coordinate surfaces with the 
respective parameters y and 2 . The intersection of a surface y = constant 
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with a surface s = constant is a curve on which only x varies; it is called 
an ‘'a;-coordinate line.” Similarly, the y- and ;:-coordinate lines are 
defined. Since the coordinate surfaces and the coordinate lines are gener¬ 
ally curved, the variables (x, y, z) are called “curvilinear coordinates.” 

If the coordinate surfaces are a triply orthogonal system, the coordinate 
lines form an orthogonal network and vice versa. Then the coordinate 
system is said to be “orthogonal.” Rectangular, spherical, and cylindrical 
coordinates are examples of orthogonal coordinates. 

Since the position vector of point (:r, is r = -J- j K kZ, a 

system of curvilinear coordinates is defined by the single vector equation, 
r = T(x,y,z). The total differential is dr = dx + dy + cfz. If 
dy dz = 0, the vector dr is tangent to an .r-coordinate line. Therefore, 
r^ is tangent to an x-coordinate line. Likewise, the vectors r,, and r, are 
tangent respectively to y- and ^-coordinate lines. Accordingly, the co¬ 
ordinates are orthogonal if, and only if, 

r,. r, = r, • • r, = 0 (4-25) 

The following discussion is restricted to orthogonal coordinates. 

The distance ds between two neighboring points is determined by 

ds^ = = (r^. dx + r^dy r, dz)^ 

Therefore, by Eq. (4-25), 

ds^ = a2 dx^ + dxf + dz^ (4-26) 

where 

a2 = . r^, = r„, = r, • r, (4-27) 

The factors (a, y) are functions of (a% ?/, ~); they are known as “Lame 
coefficients.” To a large extent, they determine the nature of thecoordinate 
system. 

InviewofEq. (4-27), the magnitudes of the vectors r,,, r„, r. are, respec¬ 
tively, a, /3, y. Consequently, the unit vectors tangent to the ;y-, and 
3-coordinate lines are respectively rjx, r„//7, and r./y. 

Let (m, V, M’) be the projections of the displacement vector issuing from 
point {x,y,z) on the tangents to the respective coordinate lines at that 

point. Since the unit tangents to the coordinate lines arc rj./«, r„//L and 

tjy, the displacement vector of the particle that lies initially at point 
(x, y, z) is r^M/a -|- r,/’//? -|- r.wjy. 

If (/, m, n) are the direction cosines of the vector dr relative to the local 
coordinate lines, dxjds = //oc, dyjds = mfp, dzjds = njy. The strain 
components are defined as for rectangular coordinates by Eq. (4-2). The 
derivation of the expressions for e^, y„,, y,^, is a routine problem 
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of tensor calculus. The following results are also derived without the use 
of tensors in some treatises on elasticity (61): 



For many applications, the quadratic terms in Eq. (4-28) are neglected. 
When are determined by Eq. (4-28), Eqs. (4-2), (4-4), 

(4-6), (4-7), (4-8), (^9), (4-11), (4-12), and (4-13) remain valid for any 
orthogonal coordinates. Equations (4-28) are easily specialized for 
particular coordinates. For cylindrical coordinates, x = r, y ^ 6, z = z; 
then, a = 1, /8 = r, y = 1. For spherical coordinates, x = r, i/ = 6 = 
colatitude, z = <f> = longitude; then a = 1, /? = r, y = r sin 0. 
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With reference to any orthogonal coordinates {x, y, z), the stress nota¬ 
tions of Sec. 4-2 are retained. For example, denotes the tensile stress on 
a plane element that is normal to an a:-coordinate line; and denote 
the y- and ^-components of the shearing stress on the same plane element. 
For equilibrium of moments on an infinitesimal element, the symmetry 
relations, must be retained for all ortho¬ 

gonal coordinates. Furthermore, if (/, w, n) denote the direction cosines 
of the normal to a plane element relative to the local coordinate lines, 
Eqs. (4-17), (4-18), (4-19), (4-20), (4-21), and (4-22) remain valid for any 
orthogonal coordinates. The differential equations of equilibrium take 
the following general form: 


3 3 3 

+ + pct^yF^ = 0 

3 3 3 

^yTy^ + y<XGy H“ — “)- CC^gTj^g 

+ yPz-Tyt - ^Yydz - Y«-V^X + P«-^yFv = 0 

3 3 3 

r- Pyrzz + r- ^ + f^yx^zx 

OX oy oz 


(4-29) 


+ ^YiTzv "b = 0 

These equations are purely statical; they must be satisfied even though 
creep, plastic behavior, or thermal stresses occur. If the body-force terms 
are generalized to include inertial force, Eq. (4-29) applies for vibrating 
bodies. 


4-4. FIRST LAW OF THERMODYNAMICS APPLIED TO A 
DEFORMATION PROCESS. The displacement vector field that 
carries a deformable body from a configuration Xq to a neighboring con¬ 
figuration X is denoted by {du, dv, <5h’). The functions (3w, dv, 3w’) are to 
be regarded as variations of the functions (w, i\ w) (see Sec. 3-3) and not as 
total differentials of (w, l\ ir). In other words, du = ef, dv = €7], (5vf = 
where (f, //, '0 are arbitrary functions of (x, z) that satisfy the forced 
boundary conditions and e is an arbitrary infinitesimal. In the theory of 
plasticity only the incremental displacements (du, dv, ^w) have significance, 
since the zero state of deformation has no absolute meaning. Deforma¬ 
tions in the large may be regarded as integrated effects of infinitesimal 
deformations. 
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In the smaU-deformation theory the strains are determined by Eqs. 

( - ). Accordingly, the variations of the strain components due to the 
variations (6u, dv, dw) are 


= 5- (^w), 

ax 


^ ^ (3u), 

OX dy 


(a) 


If R IS any region within a deformable body and S is the surface en¬ 
closing region R, the external forces acting on the material in R consist of 
the tractwe forces due to stresses on S and the body forces acting on 
material in The work that these forces perform when the displacement 
( w, y, w) is imposed is denoted by 6W^. It will be supposed that equili- 
bnum conditions prevail during the displacement, and that the change 

[Eq (1-2)], dW, = dU-Q, where dU is the increase of internal energy 
and Q is the heat that flows into R while the displacement (<5«, dv 6w) 
is being performed. Also, by the law of kinetic energy (Sec. 1-3), dfV + 
o^i = 0, where is the work performed by internal forces in the region 

To formulate the expression for dW,, we let (/, m, n) be direction cosines 
of the outward normal to S. As in Sec. 4-2, the intensity of body force is 
denoted by (F^, Fy, F^. In view of Eqs. (4-17), 


3W. 


jj[0‘^x + 3u + + may -(- nr,^ dv 


+ -b mTy^ -f- na^ (5w] dS 
+ 


^UJ ^ Fy dv + F, dw) dx dy dz 

R 

Hence, by the divergence theorem [Eq. (4-23)], 

*5“ + T-, (5u -b F, dw) 


R 


d ^ 

+ ^ (<r» du -b r,y dv + r,, dw) + - (ry^ du + (T, do -b dw) 


+ ^ du + T,y dv -b cr, (3w) 


dx dy dz 
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Because of Eq. (a) and the equilibrium equations this reduces to 

— == bW, = JJJ 

R 

+ '^yz ^Yyz + hzx + '^xy ^yxy~\ dy dz 
The internal energy in region R is 


(4-30) 


u = JJJ Uo dx dy dz (b) 

R 

where is the internal energy per unit volume, called “internal-energy 
density.” If the deformation is adiabatic (Q = 0), bW^ == bU, and since 
this is true for any region R we obtain from Eqs. (b) and (4-30) 


dUo = ff^ Se^ + cr„ + o', (5€, + dy^^ (4-31) 

Equation (4-31) must be augmented by a term representing heat flow if the 
deformation {bu, bv, (5iv) is not performed adiabatically. 

Energy of Distortion. In the theory of plasticity it is convenient to 
express the components of stress in the following form: 

= ^x + *5. ^ 

'^yz ~ '^yz '^zx ~ '^zx » '^xy ~ '^xv (^"^ 2 ) 


*5 = K<yx + (^y + <=^z) 

Evidently, s = JJ3. The pressure is defined to be s. The matrix, 


1 

Q 

7* ^ 

' xy 

r '■ 
* xz 

Xyx 

< 

r ' 

* yz 

r ' 
L' zx 

-^zv 

^z\ 


is called the “stress deviator.” It is seen that a^.' + Cy ■+* cr/ = 0. 

When the body undergoes the infinitesimal strains ((Se^., b^y, bc^), the 
volumetric strain [Eq. (4-13)] is be = + b€y -f- be^. The increment of 

internal energy density due to the volumetric change is = s be =: 
s{b€^ + b€y + ^6,). The total increment of internal energy density is 
SUq = bU^^ -I- bU(f, The term bUQ^ is called the increment of internal 
energy density due to distortion. Its value is 

8Uo'^ = aj + a^' + aj Sy^^ -f dy^^ + dy^^ 

(4-33) 


4-5. STRESS-STRAIN RELATIONS OF ELASTIC BODIES. The 

equilibrium equations (4-24) and the symmetry requirements = r^y, 
= Tyg, are the only general restrictions on the stress tensor in a 
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Stationary body. Various other restrictions arise if special properties are 
ascribed to the material. The materials to be considered will be elastic, in 
the sense that the internal forces are conservative. Then, except for an 
additive constant, the total internal energy in a body is equal to the 
potential energy of the internal forces (called “strain energy”). The strain 
energy U is the volume integral of a strain-energy-density function C/q. 
The function Uq is obviously unaffected by a translation or a rotation of the 
body. However, it depends on the deformation; hence it depends on the 
strain tensor. Also, if the material is nonhomogeneous, Uq depends on the 
coordinates (a;, y, z). By considering that C/q depends on {x, y, z), we admit 
the possibility that the configuration for which the displacement vector 
vanishes (i.e. the initial state) will be a state in which the stresses do not 
vanish. This condition is unavoidable if there are residual stresses due to 
previous inelastic deformation. Also, we may wish to regard a prescribed 
state of deformation as the zero configuration for potential energy. For 
example, in buckling problems, the zero configuration may be considered 
as the unbuckled state immediately before buckling. 

Usually elastic deformations of solids do not cause significant changes of 
temperature. However, the strain energy density may depend on the 
prevailing temperature 0. Problems of thermal stress involving transient 
temperatures may often be analyzed with the assumption that the time rate 
of change of temperature is so slow that associated inertial effects may be 
disregarded. Then the stress distribution at any instant is the same as 
though the temperature distribution at that instant were maintained. 
Processes for which this type of approximation is admissible are said to be 
“quasi-stationary. ” 

In view of the preceding remarks, the strain-energy-density function 
generally depends on the strain components, the coordinates, and the 
temperature; that is, C/„ =/(e^, e,, y^^, x, y, z, 0). If the dis¬ 

placement vector (u, V, w) receives variations (3u, Sv, ^iv), the strain tensor 
takes variations de^, by^^, • • •, and the corresponding variation of is 


^ <5e, -P ^ <5.. -P ^ 

K de, de, dy,, 


(4-34) 


j_dUo. , dUo . 

+ ^ ^rzx + ~ 

Since Eqs. (4-31) and (4-34) are vaUd for arbitrary variations {bu, bv, dw). 


X ^ i Gy -— , O- — -P 


dU, 


06, 


de,. 


^ ^^0 _du„ 

^ “ r ■ 5 


= ^0 


(4-35) 
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Although Eqs. (4-35) have been derived for rectangular coordinates, they 
remain valid for any orthogonal coordinates (x, y, z). Furthermore, since 
rigid-body displacements have no effects on the stresses and strains, 
Eqs. (4-35) remain valid irrespective of the magnitudes of the translations 
and rotations of the particles, provided that the strains are small and the 
stresses are referred to the deformed coordinate system. For example, if a 
thin rod with axial coordinate x is bent into a loop, is to be interpreted 
as the normal stress on a cross-sectional element of the deformed rod. 
If the rotations are large, the derivatives of the displacement vector are no 
longer small, and the quadratic terms must be retained in the equations 
that define the strain tensor [Eqs. (4-3)]. However, this circumstance does 
not invalidate Eqs. (4-35) if the strains are small. If the strains are large, 
a generalization of Eqs. (4-35) is required (56, 61). 

4-6. COMPLEMENTARY ENERGY DENSITY.* For convenience, 
the following notations are employed interchangeably with the preceding 
notations for stress and strain: 


“• ~ ^3 

yyz yzx ^ 5 ’ yXV ^ ^6 

cr^ = 02, Ojj = 0*3 


(4-36) 


'^vz ^ 4 ’ '^zx '^xy — ^6 

The strain components may be regarded as the coordinates of a point 
in a six-dimensional space. The strain energy density Uq of an elastic body 
is a point function in this space. Equations (4-35) are expressed as follows: 


; / = 1, 2, • • •, 6 (4-37) 

According to the theory of real variables (28), Eq. (4-37) establishes a 
one-to-one correspondence between the stress tensor and the strain tensor 
in a neighborhood of the point = c^, provided that d^UJdei dej is 
continuous in a neighborhood of point and the Hessian determinant, 
det (d’^Uoldei d€^), does not vanish at point c^. Then, in a neighborhood of 
point Ci the inverse relation exists; that is. 


* * * 9 ('^) 

After this solution of Eq. (4-37) has been determined, may be expressed 
as a function of (cTi, erg, • • •, Og). 

* Through the courtesy of the Franklin Institute, the material in this article is extracted 
from the author’s paper, “The Principle of Complementary Energy in Nonlinear 
Elasticity Theory,” Jour. Franklin Inst., 256, 3, September 1953. 
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A. M. Legendre (1752-1833) showed that equations of the type in (4-37) 
with a nonvanishing Hessian determinant may be transformed into a 
conjugate form by the introduction of a new function To(cri, org, • * • , cr^), 
defined by 

'^o=-Uo+i<r,e, (4-38) 

fc =1 

With the present physical interpretation of the variables, the function Yq 
is called “complementary-energy density.” 

Differentiation of Eq. (4-38) yields 


aYo dUo ^4./ 

Also, the chain rule of partial differentiation yields 


Consequently, 


dCi jTr dCf 


dCTj. fcBl 0(X^ A:=l\ oe^l 


By Eq. (4-37), the second sum in Eq. (b) is zero. Also, 

^ =0 if and =1 if A: = f 

do'i da^ 

Consequently, Eq. (b) reduces to 


; / = 1, 2, • • •, 6 (4-39) 

Equation (4-39) is conjugate to Eq. (4-37); it is known as the ^‘Legendre 
transform” of Eq. (4-37). The derivation of Eq. (4-39) provides a proof 
that there is a function Tq which satisfies Eq. (4-39). This function may be 
determined by Eq. (4-38), although more expedient methods are some¬ 
times available. Temperature enters as a parameter in the formulas for XJ^ 
and Yq. 

For structures built of beams, struts, or torsional members, there may 
be only one significant component of stress, say Then, in view of 
Eq. (4-35), the function Uq depends on the single strain component €^. 
Consequently, by Eqs. (4-35), Oi depends on only. Figure 4-1 illustrates 
a typical form of the (cr^, e^) graph, called a “stress-strain curve.” By 
Eqs. (4-35), = dllQldej^; therefore, Uq = S^ide^. Consequently, Uq is 

represented by the area under the stress-strain curve (cross hatched in 
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Fig. 4-1). This area may be measured from an arbitrary abscissa; for 
simplicity, the fixed abscissa is taken to be = 0 . Since the product 
is represented by the area of a rectangle in the (a^, plane, Eq. (4-38) 
shows that the area above the stress-strain curve (shaded in Fig. 4 - 1 ) 


represents the function T^. How¬ 
ever, this graphical interpretation 
of To is applicable only if there 
is but one nonzero component of 
stress. 

It is assumed in some theories 
of plasticity that the increase of 
internal energy during an adiabatic 
deformation depends only on the 
final state of stress, and not on the 
path by which that state is attained, 
provided that the stresses increase 
monotonically during the loading 
(60,76). These theories do not dis¬ 



tinguish between inelasticity and Fig. 4.1 

nonlinear elasticity unless unload¬ 
ing occurs. Consequently, the concept of complementary energy finds 
applications in analyses of plastically deformed bodies. 


4-7. HOOKEAN MATERIALS. A Hookean material is defined by 
the condition that the strain energy density is a quadratic function of the 
strain components. Usually, the temperature 0, measured above an 
arbitrary zero (e.g. above ambient temperature), enters as a linear param¬ 
eter in the linear terms of the strain energy density. This condition is 
defined as a characteristic of a Hookean material; hence, with the notation 
of Eqs. (4-36), thestrain energy density of a Hookeanmaterial is represented 

by 

^0 = 12 2 - 2 + gi)^i + constant (4-40) 

/=! 


Equations (4-37) and (4-40) yield 

= - (cfi + gdl / = ],2, •••,6 (4-41) 

These equations are valid only if the strains are small, since Eq. (4-37) 
is subject to this restriction. For a nonhomogeneous material, the quanti¬ 
ties bij, C;, gi are functions of cc, y, z. 

The state of zero strain may be designated arbitrarily; if this origin is 
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changed, the strain components are changed by additive constants. 
Accordingly, for a homogeneous material, the state of zero strain can be 
chosen so that the constants are eliminated. Then, by Eq. (4-41), the un¬ 
strained state also becomes the unstressed state when 6 = 0. The constants 
are independent of the state of zero strain. Since = b^^, the most 
general Hookean material has 21 elastic constants bi^ and 6 thermal 
constants c^. If the origin of strain is chosen so that = 0 and if 6 = 0, 
the absolute minimum of occurs when = 0. Consequently, the 
quadratic form is always positive if all are not zero. 

In what follows, the constants g^ are taken to be zero. Then inversion 
of Eq. (4-41) yields 

= 2 ; i = 1, 2, • • •, 6 (4-42) 

^ =1 

The matrix is the inverse of matrix {b^^. Also, 

6 6 

ki ^ ^ij^j (4-43) 

i=l ^=1 

Substitution of Eq. (4-42) into Eq. (4-40) yields, with Eq. (4-43), 

6 6 

^0 = 12 + constant (4-44) 

t-=l 

The additive constant in Eq. (4-44) contains the temperature, but it does 
not contain the stress components; hence it is irrelevant. 

Equations (4-39) and (4-42) yield 

Tf'o = i 2 2 + 2 (4-45) 

i = 1 jf = 1 2=1 


If thermal strains are absent (6 = 0), Eqs (4-44) and (4-45) yield Yq = U^. 
Consequently, if there are no thermal strains, Eqs. (4-37) and (4-39) show 
that homogeneous Hookean materials obey the conjugate relations, 


’ 


^0 . 
da, ’ 


= 1, 2, • • • , 6 


(4-46) 


Crystals. Crystals conform most closely to the ideal behavior of a 
Hookean material. The atoms of crystals are arranged in regular arrays, 
called lattices. Crystals are classified according to the types of symmetry 
exhibited by their lattices (16). 

A given straight line is called an “/ 2 -fold axis of symmetry” of a crystal 
if a rotation of the crystal through the angle iTrjn about that axis brings 
the lattice into coincidence with its original configuration. Any line is a 
1-fold axis of symmetry, since a rotation through the angle 27r always brings 
the crystal back to its original configuration. 
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Crystals having only 1-fold axes of symmetry (that is, no symmetry at 
all) constitute the triclinic system. Crystals of this class have 21 elastic 
constants and 6 thermal constants c,-. 

The coefficients in Eq. (4-40) depend on the orientation of the co¬ 
ordinate axes {x, y, z) with respect to the lattice of the crystal, since C/q 
is invariant under coordinate transformations. The transformation of the 
coefficients under a given coordinate transformation may be determined 
by tensor theory. If a crystal is rotated through the angle iTrjn about 
an w-fold axis of symmetry, the coefficients b^^ are evidently unchanged. 
This condition determines the number of elastic constants for a crystal of a 
given class. 


For example, a crystal that possesses only a single 2-fold axis of sym¬ 
metry belongs to the monoclinic system. A rotation of the crystal through 
the angle tt about this axis leaves the elastic coefficients unchanged. If 
the axis of symmetry is the s-axis, the coordinate transformation corre¬ 
sponding to the specified rotation is x' = —x, y' = — Hence 
u' = — w, y' = — i’, Vi’' = H’, and, 


. du' 



1 

II 



, dw' 

4 - 

dv' 

^4 — ^ 

dy' 


dz' 

, _ d& 

4 - 

dll' 

dx^ 


dy' 


€2' = — = e. 

dy' 


25 




du' ^ 
3s'^ 


(a) 


If the primed quantities e/ are substituted for in Eq. (4-40), is un¬ 
changed. In addition, the coefficients b^^ and are unchanged. Hence 

(b) 


Replacing the primed quantities in Eq. (b) with unprimed quantities by 
means of Eq. (a) and observing that the resulting equation is true for all 
values of €,., we obtain b^^ = = b.^^ = = *34 = ^35 = ^46 = *56 = 0 

and = Cq = 0, Accordingly, crystals of the monoclinic system have 13 
elastic constants b^ and 4 thermal constants 

Crystals having face-centered or body-centered cubic lattices (51) possess 
three mutually perpendicular 4-fold axes of symmetry. This type of 
symmetry characterizes the regular system. For example, crystals of iron, 
copper, and aluminum belong to this class. By performing calculations 
similar to the preceding analysis of the monoclinic system we may show 
that crystals of the regular system possess only three elastic constants b^ 
and one thermal constant 
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Isotropic Materials. A material is said to be ‘'elastically isotropic” if 
its elastic constants are invariant under any rotation of coordinates; 
otherwise, it is “anisotropic.” On a macroscopic scale, metals are iso¬ 
tropic if their crystals are oriented at random. 

The strain energy density of an isotropic Hookean material depends 
only on the principal strains (e^, € 3 ). Accordingly, by Eq. (4-40), 

Uo = iJ, 2 - 2 (c) 

i s=l i =1 '/ = 1 

Since permutations of the quantities in this equation are irrelevant 
because of the isotropy, 

^11 ~ ^22 “ ^33 = ^ ”1“ 2G 

^23 ” ^31^“ ^12 ” ^ (4-47) 

“ ^2 ” ^3 “ ^ 

The constants X and G were introduced by Lame. In view of Eqs. (c) and 
(4-47), the strain energy density of an isotropic Hookean material is 

^^0 = + ^2 + ^ 3 )* + ^(^ 1 ^ + + «2 + € 3)0 (4-48) 

In terms of the strain invariants [Eq. (4-9)], this may be written as 

I/„ = iA/i® + G(V - 24) - c40 (4-49) 

Expressing 4 and 4 in terms of the strain components referred to any 
orthogonal coordinates (x, y, z) [see Eq. (4-7)], we obtain 

14 = P(ea, -h 6„ -H -I- G{t^ + e/ -j- e/) 

+ Wiyyz^ + yj + y„/) - c(e„ -I- e„ + 6,)0 (4-50) 

Equations (4-35) and (4-50) yield the stress-strain-temperaturc relations 
for Hookean isotropic materials: 

^£c -h c 6, (7y = Xe -j- 2G€y — cO 

a^ = Xe + 2Ge^- cd, = Gy,,., = Gy„ (4-51) 

’’’xv ~ ^ ~ "l" H" 

Since small-deformation theory is considered, the volumetric strain c has 
been substituted for 4 [see Eq. (4-13)]. 

For uniaxial tension ofa prismatic bar, O’ =a = 0 t =t —t —n 
0 = 0. Then, by Eq. (4-51), ’’ 

e _ {X + G)o-„ ^ 

* G(3A + 2G)’ ^~"“~^(32 + 2G) 

yyz Jzx ~ Yxu “ 0 
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In conventional engineering notations this result is written in the form, 

e' = = yx. = 0 (4-52) 

where E is Young’s modulus and v is Poisson’s ratio. Hence 


£ _ G(3/ -I- 2G) ^ _ A 

^ + G ’ ’’ 2(A -h C) 

j _ 2 Gv ^ £ (4-53) 

1 - 2t- 2(1 + v) 

Inverting Eqs. (4-51) and utilizing Eqs. (4-53), we obtain 

= ~ [^a, — v(cr„ -f- CTj)] -b kd 

^11 = “ [o'// — ’'(o'. -I- ffa,)] -f kO (4-54) 

^ [o-j - v(a^ -1- cr„)] -t- kO 


where 



k = (* 2’')c 

E 


(4-55) 


The constant k is known as the coefficient of thermal expansion. Equa¬ 
tions (4-45) superpose strains due to stress on strains due to temperature 
Substituting Eqs. (4-54) into Eq. (4-50), we obtain the strain energy 
density ofan isotropic Hookean body in terms of the stresses: 

^ ■+ - 2v(a„ff, + a,a^ -I- cr^a,,) 

+ 2(1-1- v)(tJ -I- rj -H r^/)] (4.56) 

Since Eq. (4-56) does not contain 0, the strain energy density is determined 
by the stresses alone. Of course, the temperature distribution may affect 
the stresses. Stress-free thermal expansion of a body contributes nothing 
to the strain energy. ® 

Equations (4-39) and (4-54) yield 

^ + 'T,,- + - 2)’(<t„(t, -I- -I- 

+ 2{\+ v){T,J + rJ -I- T,/)] + k0{a,, + (7„ + a,) (4-57) 
Equations (4-56) and (4-57) show that if 0 = 0, Uq = Tg. 
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The foregoing equations must be generalized slightly if the origin of 
strain is not chosen so that the constants gi in Eqs. (4-40) and (4-41) are 
zero. 

4-8. GENERALIZATION OF CASTIGLIANO’S THEOREM OF 
LEAST WORK. A variational formulation of boundary-value problems 
of elasticity in terms of the displacement components {u, v, w) is achieved 
directly by the principle of stationary potential energy. Because of its 
generality and because it evades the compatibility conditions, this method 
is particularly useful for studying large deflections or large strains of 
elastic systems. However, if approximation methods are used (e.g., the 
Ritz method, Sec. 3-11), the displacement vector must usually be deter¬ 
mined with high accuracy if it is to be used to compute the stresses. 
Consequently, when stresses are of primary interest*, a direct solution in 
terms of stresses may be preferable. Castigliano’s theorem of least work 
then becomes a guiding variational principle, provided that small-dis¬ 
placement approximations [Eqs. (4-14)] may be used. Since Castigliano’s 
researches were confined to Hookean bodies, he obtained only a special 
form of the theorem. 

Rectangular coordinates {pc,y,z) are adopted. Consider an elastic 
body or system that occupies a region R. Let the surface of the body be 5, 
and let the direction cosines of the outward normal to S be (/, m, n). The 
body may have cavities or holes. On the surface of a cavity, the normal 
to S is directed into the cavity. 

Let ( 0 - 3 ., cTj,, • * •, Tg,^) be the state of stress that satisfies the equilibrium 
equations, the compatibility equations, and the boundary conditions. Let 
the stress components receive variations • ■ • , that satisfy 

the equilibrium equations. Then, by Eq. (4-24), 

f (5r J + f {da,) + I- {drj = 0 (a) 

OX dy oz 

^('3Tj + ^(5r„) + £(5<r,) = 0 

The variation of the complementary-energy^ density is 
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The complementary energy T of the body is defined as the volume 
integral of the complementary-energy-density function To; hence 

T = JJI To da (4-58) 

n 

For a Hookean body in the absence of residual stresses and thermal strains, 
T is identical to the strain energy, for then Tq = 17o. With Eq. (b), Eqs. 
(4-39) and (4-58) yield 

+ Yyz ^r^z 
R 

+ Vzx + Yxy ^'^xv) dx dy dz (c) 

Since cr^, • * •, is the actual equilibrium state of stress, the corre¬ 
sponding displacement vector exists. Consequently, by Eq. (c) and the 
strain displacement relations (4-14), 

^ T = JjJ bu ^^x + ^<^y + + (>^i/ + ^z) ^^yz 

R 

+ {Us + W J -f (v^ -h Uy) dr^y'] dx dy dz 


This may be expressed as follows: 
<5T == ^ ^ 


+ -^(u dry^ -h /; <5cTy -h vv dry^) + ~ (w + v dr^y -f- w da^) 
dy dz 


dx dy dz 


“IfJ (“[al ^ dy dz 

R 


4- 


+ W 


:?-(<5r,,)-l-|-(<5T,,)-l-|(5(r,)]) 


-dx 


dy 


dx dy dz 


(d) 


In view of Eq. (a), the second integral in Eq. (d) vanishes. Hence by the 
divergence theorem [Eq. (4-23)], Eq. (d) may be expressed as follows: 

aT = JJ [(u ba^ -t- V dr^y ■+■ w 8t^^) 1 + (u 8ry^ + V d(Ty + w dry^m 


+ (u bTyy. + V 8T,y 4- w dS (e) 
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Let the stress vector on the surface S be p = i/,, + p, + Then, by 
Eqs. (4-17), Eq. (e) may be expressed as follows: 

^ JJ(“ + vdpy + w (3p,) dS ( 4 - 59 ) 

s 

Equation (4-59) expresses ST in terms of a variation of the boundary 
stresses that does not disturb equilibrium. 

Suppose that the boundary consists of two parts, a part Sj. on which the 
stress vector is given, and a part on which the displacement vector is 
given. Then bp^, 8p^) vanish on S^. Accordingly, the region of 
integration in Eq. (4-59) is reduced to S^. In region S^, 8u = bv = bw = 0, 
since (m, V, w) are prescribed on S^. Consequently, Eq. (4-59) may be 
expressed in the form dT = 0 , where 



+ + wPz) dS 


(4-60) 


In forming 5'F, we do not give variations to (u, v, w). The functional T is 
commonly called “complementary energy,” but, in accordance with the 
definition of the complementary-energy-density function, we shall refer to 
r as the complementary energy. 

The preceding derivation establishes the fact that any variation of stress 
that satisfies the equilibrium equations (a) and the boundary conditions on 
5*1 yields = 0. Consequently, 

Among all states of stress that satisfy the differential equations of 
equilibrium and the boundary conditions on S-^, that which represents the 
actual equilibrium state provides a stationary value to T. 

This is the general form of Castigliano’s theorem of least work. 

SokolnikofiF (75) has shown that under some conditions the state of 
stress that represents the actual equilibrium state provides an absolute 
minimum to Y. This is true if To is a quadratic function of the stress 
components in which the second-degree terms are a positive definite 
quadratic form. This condition characterizes Hookean bodies. The 
increment of due to the variation of stress may be represented in the 


ATo = <5T„ + id^To-b--- 


where ,5To is a linear form in (ba,, • ■ •, 8r,,), b^T, is a quadratic form in 
\ i ®tC. If Yq is a quadratic function of the stress components, 
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there are no variations beyond 6-To. By Eq. (4-45), 


=22 “a 




By virtue of Eq. (4-44), ba^ baj is positive definite (see Appendix A-1) 
Consequently, b^Y^ is positive definite. Hence is positive definite, 
since 


5“Y = dx dy dz 


Since 6Y vanishes for the equilibrium state of stress, AY = Accord¬ 

ingly, the following stronger but more special form of Castigliano’s 
theorem is obtained: 

Among all states of stress of a Hookean body M'hich satisfy the differ¬ 
ential equations of equilibrium and the boundary conditions on that 
which represents the actual equilibrium state provides an absolute 
minimum to Y. 

This theorem remains true even if there are thermal strains, since the linear 
terms in the complementary-energy density do not enter into the argument. 
For the same reason, the theorem does not require that the strains be 
measured from the unstressed state; any origin of strain is admissible. 
The theorem incidentally establishes the uniqueness of the equilibrium 
state of stress for a Hookean body. It is to be recalled, however, that 
small-displacement approximations have been used in the derivation of 
Castigliano’s theorem. 

Castigliano’s principle of least work is useful for deriving compatibility 
equations for the stress components, particularly if the material has 
anisotropic or nonlinear stress-strain properties. If the boundary condi¬ 
tions are entirely of the stress type, the region vanishes, and, by Eq. 
(4-60), Y = T. Then Castigliano’s theorem is expressed by the varia¬ 
tional equation, = 0, In any case, the equations of compatibility for 
stress components are determined by the condition = 0, since these 
equations are independent of the boundary conditions. Variations of the 
stresses are restricted to the class of functions that satisfy the equilibrium 
conditions. The equilibrium equations (4-24) may be treated by the 
Lagrange-multiplier method (Sec. 3-8), and the Euler equations for the 
modified complementary function T may be identified as the compatibility 
equations for the stress components. This method has been used as an 
alternative derivation of CawStigliano’s principle (120). It is also possible 
to represent the general solution of the equilibrium equations by means of 
the stress functions of Maxwell or Morera or by a combination of the two. 
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Then the variational equation (5T = 0 yields the compatibility equations 
for the stress functions (126). 

A simple illustration is provided by the theory of plane stress. In this 
case = 0, and the remaining stress components are in¬ 

dependent of z. Then, if there are no body forces, the general solution 
of the equilibrium equations is 

“ ^yy9 ^xx^ '^xy “ ^xy (0 

where F{x, y) is the Airy stress function. If the material is isotropic and 
Hookean and the temperature terms are discarded, = Yq, and Eq. 
(4-56) yields 

T = C/ = A j| [FJ + f’,/ - + 2(1 + v)Fj] dx dy (g) 

where h is the thickness of the plate. The Euler equation for this integral 
is = 0. This is the known compatibility equation of plane-stress 

theory for isotropic Hookean bodies. The same method could be used to 
obtain the compatibility equation of plane-stress theory for an aniso¬ 
tropic Hookean body, but a generalization of the strain-energy formula 
(4-56) would be required. 

Castigliano’s principle of least work may be used to obtain approximate 
solutions of elasticity problems by the Ritz method. This application of 
the principle has received relatively few applications, but it has important 
potentialities for stress-type problems. 

4-9. REISSNER’S VARIATIONAL THEOREM OF ELASTICITY. 
The principle of stationary potential energy is well adapted to elasticity 
problems that are formulated in terms of displacements. On the other 
hand, Castigliano’s theorem of least work is adapted to problems that are 
formulated in terms of stress. A variational theorem of elasticity that 
simultaneously provides the stress-displacement relations, the equilibrium 
equations, and the boundary conditions was developed by E. Reissner 
(138). In the form that the theorem is presented here, small-displacement 
approximations are required. A generalization of the theorem for finite 
deformations has been presented by Reissner (140). 

An elastic body is considered to occupy a region R, The surface S of 
the body is considered to be separated into two parts, and 5 * 2 , such that 
the stress vector is prescribed on 5^ and the displacement vector is pre¬ 
scribed on Sg. If (/, m, n) is the outward unit normal of surface 5, the 
stress vector {px^Pyr^Ps) on S is expressed in terms of the stress tensor by 
Eqs. (4-17). The forced boundary conditions on Si are py = 

Pz = Pz9 where (p^., py, pj are given functions on Sj. The forced boundary 
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conditions on 5, are u = ii, v = v, ir = \T\ where {il, vv) are given func¬ 
tions on S^. The complementary energy density Yq is regarded as a func¬ 
tion of the stress components. The body force, per unit volume, is 
(pF^, pFs), where p is the mass density. The following functional 
is introduced: 


-ft'’-"' 


+ + V.) + + Wj 


+ + “i/) — P("^x + Ofy + ~ ''f’o] 

- JJ(«A + 'A + "A) ds 

- JJ[(« - u)Px + (»’ — + (>'’ - w’)Ps] dS (4-61) 


Reissner’s theorem asserts the following: 

In the small-displacement theory of elasticity^ the equilibrium state of 
a body is such that bJ = 0 for arbitrary variations of u, v, vv, cr^, - • • ,T^y. 
The identical vanishing ofbJ ensures the satisfaction of the differential 
equations of equilibrium, the stress-displacement relations, and the 
boundary conditions. 

The fact that the equilibrium equations and the stress-displacement 
relations are satisfied follows immediately from the observation that these 
equations are simply the Euler equations for the triple integral in the 
formula for J. The double integrals in the equation for J are introduced 
to ensure the satisfying of the boundary conditions. 

For proof of the theorem, the functions u, i\ w’, o,,,, * • • , are given 

arbitrary variations <)u, 6i\ doy,, rW,,, • • •, Then the variation of J 
is 


J XU 


+ Crj,— bLl + - 


— pF^ bu — pF„ bv — pF. rilvv] dx dy dz 

— bu -b bv -f bw) dS 


>S'i 


— j' [Px + Pi, + Pz ~ ^'0 ^Px + ^Py 


-b (vv — vv) bp^] dS 


(a) 
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Equation (a) may be transformed by integration by-parts If q = iw the 
divergence theorem [Eq. (4-23)] reduces to 



dx dy dz 


R 


Setting u = PQ, we obtain 



jjjpQx dx dy dz - dx dydz+jjIPQ dS (4-62) 

^ ^ s 

- + h2y^^z_^_p\g da^ f \ a 


(aJ 

"*■ ■*■ ~ A) + (Ir^y + mOy -h nr,,, — dv 

Si 

+ (/t** + niTy, -f no, - py) dw'] dS 

~lf - d)^Px + iv - v) 6py -f (w - w) dp,'] dS 

Sz 

Since dJ vanishes for arbitrary variations du, dv, dw, da da ■•■ dr 

the following differential equations are obtained: “ 




ar. 


da. 


da, 


X ^ "y 


dr- 


(b) 




(C) 


Equations (b) are the stress-displacement relations; Eqs. (c) are the 
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equilibrium equations. The vanishing of the surface integrals yields the 
boundary conditions, 


la^ + 

= Px' 




l-^xv + 

= Py 

> 

on Si 

(d) 

h^z + mTyz + 

= A. 




U = U, V = v. 

W = 

w 

on Sg 

(e) 


Thus the condition dJ = 0 formulates the elasticity problem completely. 

An important practical advantage of a variational formulation of a 
problem is the opportunity that it provides to apply the Ritz approxi¬ 
mation procedure (Sec. 3-11). Reissner has discussed such an application 
of his theorem in connection with the problem of torsion of a uniform bar 
with end constraints (139). Naghdi has applied Reissner’s theorem to the 
general theory of elastic shells (129). 

4-10. CASTIGLIANO’S THEOREM ON DEFLECTIONS. The 
theorem discussed in this section is often called the “principle of comple¬ 
mentary energy.” A restricted form of this theorem that applies to 
Hookean bodies was derived by A. Castigliano in a thesis in 1873. In 
1889 it was generalized by Fr. Engesser, who substituted the complementary 
energy for strain energy. Engesser’s concept attracted little attention, and 
it was rediscovered by H. M. Westergaard (150) in 1942. In recent years 
it has been discussed by several investigators (2, 95, 100, 101). The deriva¬ 
tion presented here is taken from a paper by the author (120). 

Consider an elastic body or system B that is mounted so that rigid-body 
displacements of the entire system are impossible (Fig. 4-2). Let the 
surface of the body be S, and let the outward unit normal to S be 
n = i/ -I- j/w + k/7. Let the body be in equilibrium under the action of 
surface stresses and body forces. Certain point forces are included among 
the external loads. Contrary to the view that is adopted in the classical 
theory of elasticity, we consider a point force to be distributed on a small 
spot of surface S, so that excessive deformation, yielding, or rupture are 
precluded. The distribution of stress on the spot is unimportant; only 
the resultant force on the spot has significance. Consequently, the comple¬ 
mentary energy Y [see Eq. (4-58)] is regarded as a function of the con¬ 
centrated loads Fi, F 2 , * • •. Also ,T depends on the distributed loads on 
surface S and on the body forces, but the distributed forces will not enter 
explicitly into consideration. 

Suppose that the boundary consists of two parts, a deformable part 
Si and a fixed part S^. On the displacement vector vanishes because 



134 


ENERGY METHODS IN APPLIED MECHANICS 


of the constraints. The part may consist of a few small spots, commonly 
called “point supports.” Since the displacement vector vanishes on 
the region of integration in Eq. (4-59) reduces to S^, The variation of 
boundary stresses on is not restricted by equilibrium conditions, since 
equilibrium may be maintained by compensating reactions in S^. 



Consider a concentration of load on a small area Sq of region Si —the 
type of load that is ordinarily called a “point force.” Consider a variation 
of the surface stress that vanishes in the region Si — Sq, Then Eq. (4-59) 
yields 

+ vdp„ + w bp^ dS (a) 

St, 

Equation (a) may be simplified by the theorem of the mean for integrals 
(28). If f{x, y) and j>{x, y) are continuous real functions in a region A of 
the (x, y) plane and y) retains a constant sign in A, 

y) dx dy = iC JJ ^{x, y) dx dy (4-63) 

A A 

where K is the value of f{x,y) at some point in A. Accordingly, if 
((5/7^, dpy, (3/7 J all retain constant signs in Sq, Eq. (a) yields 

= WojJ hx dS -h ^ojj^Py ^Pz 

^0 So So 

where (wq, Vq, Wq) are the values of (m, v, w) at certain points in Sq. Setting 
qo = iwo + ]Vq H- kwo, we may write this result in vector notation: 

< 5 '^’ = qo • JJ < 3 p dS 

So 


(b) 
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The total load on the small area Sq is 


F-JJp.S 

Consequently, Eq. (b) yields 

= qo • 6F (c) 

Since (5F is arbitrary, we may let it be collinear with F. Then ^F = N SF, 
where N is a unit vector in the direction of F. Hence, by Eq. (c), 

dY = 8F= qp dF (d) 


where q^, is the component of the displacement vector qo in the direction 
of force F. Also, 


Therefore, by Eq. (d). 


dF 


dr 

dF 


This conclusion signifies the following: 

If an elastic system is mounted so that rigid-body displacements of 
the entire system are impossible and certain external point forces 
Fy, jp 2 ’ * ' * on the system, in addition to distributed loads and thermal 
strains, the displacement component of the point of application of 
force Fi in the direction of force F^ is determined by the equation 


Qi = 


dF, 


(4-64) 


This is the general form of Castigliano’s theorem on deflections. It is to 
be emphasized that the derivation of this theorem employs small-displace¬ 
ment approximations. 


Principle of Complementary Energy for Systems with Finite Degrees of 
Freedom. According to Eq. (1-13), the equilibrium configurations of an 
unchecked holonomic elastic system with generalized coordinates 
’ ’ ' ,Xn) are determined by the equations 


where U is the potential energy of internal forces and P, are the components 
of generalized external force. In this case the complementary energy is 
defined by 

r = -u + 2PA 

fr -1 


(4-65) 
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The Legendre transformation (Sec. 4-6) yields 

dr 

Equation (4-66) is a statement of Castigliano’s theorem for systems with 
finite degrees of freedom. Its similarity to Eq. (4-64) is to be noted. This 
principle is not limited to small displacements, but, for large displacements, 
the complementary energy of the system cannot be regarded as the sum 
of the complementary energies of its parts. Then the concept of a comple¬ 
mentary-energy-density function must be abandoned. 

Castigliano limited his investigations to the technically important case 
for which £/ is a quadratic form in the generalized coordinates. Then 
Eqs. (1-14), (1-15), and (4-65) yield f/ = Y. 

4-11. COROLLARIES TO CASTIGLIANO'S THEOREM. A theo¬ 
rem concerning the rotation produced by a couple follows immediately 
from Eq. (4-64). We again consider an arbitrary elastic body (which may 
represent an arch, a beam, a truss, etc.) that is mounted on rigid supports,* 



and that is subjected to external forces (Fig. 4-3). The body 

may also be subjected to distributed loads and temperature gradients, [f 
two parallel concentrated forces, F^ and F^, with opposite senses, act 
perpendicular to the ends of a straight-line segment of length a (Fig. 4-3), 

Eq. (4-64) shows that the rotation of the line segment due to the deforma¬ 
tion is 


6 = 


1 

Cl a 


♦If the 
body. 


body IS supported by springs, the supports may be regarded as a part of the 
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If Fi and are functions of a single scalar variable F, the chain rule of 
partial differentiation yields 


dF dF^ dF dF^ dF 



Fig. 4-4 


In particular, if f= F, this yields 


Consequently, 


dF aFi dF.^ 
a dF 


Since the equal and opposite forces and constitute a couple of 
magnitude M = Fa, this equation may be written 



(4-67) 


Equation (4-67) determines the angular displacement of the arm of a 
couple M that acts on an elastic body. 

Maxwell’s Law of Reciprocity. A reciprocal relationship between loads 
and deflections that was discovered by Clerk Maxwell is an immediate 
consequence of Castigliano’s principle. It is restricted in its scope to 
Hookean bodies without thermal strains. In this case U = T. 

Consider any Hookean structure that is subjected to two point loads 
Fi and F^ (Fig. 4-4). Then the strain energy t/ is a function of F^ and F^. 
By Castigliano’s principle, the deflection component at point 1 in the 
direction of force Fj^ due to the action of force Fg alone is 
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Similarly, the deflection component at point 2 in the direction of force Fg 
due to the action of force alone is 


^2 


djL 

dF, 


~0 


(b) 


For a Hookean body, the deflections are proportional to the loads, and 
the strain energy is accordingly a quadratic form in the loads. Therefore, 
in the present case 

U = + bF^F^ + cF^^ (c) 


where a, b, c are constants. Equations (a), (b), and (c) yield = bF^, 
q 2 = iFj. Consequently, if F^ = F^, q^ = q^. This conclusion may be 
expressed as follows: 

For a Hookean body, the deflection component at point 1 in the direction 
due to a load F at point 2 in the direction equals the deflection 
component at point 2 in the direction due to a load F at point 1 in 
the direction D^. 

This is Maxwell’s law of reciprocity. It may be illustrated by the solutions 
of elementary problems of mechanics of materials. For example, in Sec. 
2-2, the deflection of a simple beam of length L due to a concentrated 
lateral load Q at the point a: = c is shown to be 


2QI} . nirc . nnx 

— "ITTr Z ” sin — sin- 

TT*EI L L 


Since this equation remains unchanged if x and c are interchanged, the 
deflection of a simple beam at point x due to a lateral load Q at point c 
equals the deflection at point c due to a lateral load Q at point x. This 
statement may be regarded as a special case of Maxwell’s theorem. 
Incidentally, Sec. 2-2 shows that Maxwell’s law of reciprocity applies also 
for beam columns, since the only change in the above formula is the 
replacement of the term n* by k* — rn^, where r = PjP,. 

It is apparent from Eq. (4-67) that there is also a reciprocal theorem for 
couples and rotations. 


4-12. CASTIGLIANO’S THEOREM APPLIED TO TRUSSES. Ifa 
r'p subjected to tension or compression, the axial strain, 

by Eq. (4-39) is e - dTJda, where a is the tensile stress and Tn is the 
‘^^"sity. This relationship remains valid if the bar 
IS eated, since To is then modified appropriately. The total comple- 
mentary energy of the bar is T = ^LTo, where A is the cross-sectional 
area and L is the length. Also, the tension in the bar is iV = Aa. Hence 
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The members of a pin-jointed truss are subjected to tensions or com¬ 
pressions. The complementary energy of the truss is Y = ST^-, where 
is the complementary energy of the ith member, and the sum extends over 
all members. The truss may be subjected to various loads, and the mem¬ 
bers may be heated to different temperatures. If F is one of the loads, 
Eq. (4-64) shows that the component of displacement of the point of 
application of force F in the direction of force F is 




dT ^ dY, 


Since Y^ depends only on the tension in the /th member, this yields 

^ dN, BF 

By Eq. (4-68) dTJdNi is the extension e,- of the /th member due to the 
actual loads and thermal strains. Accordingly, if BNJdFis denoted by ni, 

q = (4-69) 

In many cases N.i is a linear homogeneous function of the external 
loads; that is, the superposition principle applies for the loads. This 
condition always applies for a statically determinate truss, if the deflections 
are small. In addition, it is generally valid for Hookean trusses. If Ni_ 
is a linear function of the applied loads, is a constant. Consequently, 
the relation = 9admits the following interpretation: if Ni is a 
linear homogeneous function of the applied loads, is the tension in the 
/th member if F = 1 and all other loads are removed from the structure. 

Relative Displacements of Joints. The reduction q of the distance be¬ 
tween two joints of a truss—say joints J' and —equals the displacement 
component of joint J' on the line J'J" plus the displacement component 
of joint J" on the line J"J'. Consequently, by Eq. (4-69) 

? = + "i") (a) 

If the tensions in the members are linear homogeneous functions of the 
applied loads, /?/ (or «/') is the tension in the /th member due to a unit 
load applied at joint J' (or joint J") in the direction J'J" (or the direction 
/V). Let us set /?/ + n^' = Then, if the tensions in the members are 
linear homogeneous functions of the applied loads, is the tension in the 
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ith member if the truss is loaded only by a unit tension between joints J' 
and J". With this definition of rii, Eq. (4-69) determines the reduction of 
the distance between joints J' and provided that the superposition 
principle applies for the loads. This conclusion follows from a comparison 
of Eq. (4-69) with Eq. (a). 

Symmetry Conditions. The foregoing theory is equally applicable to 
symmetrical trusses and unsymmetrical trusses. However, a slight modi¬ 
fication of the theory is advantageous if the truss and the external loads 
possess symmetry properties. 



Suppose, for example, that we wish to compute the reduction q of the 
distance between joints 2 and 5 of the truss shown in Fig. 4-5. By Eq. 
(4-69), q = where ei is the extension of the /th member due to the 

actual loads on the truss and is the tension in the /th member due to 
two external unit loads acting along the line 2-5 and tending to pull joints 
2 and 5 together. This interpretation of /// is legitimate, since the tensions 
in the members are linear homogeneous functions of the applied loads. 
By symmetry the reduction of the distance between joints 2 and 5 equals 
the reduction of the distance between joints 3 and 6. Accordingly, q is also 
given by the equation q = where ///' is the tension in the ith 

member due to a unit tension acting between joints 3 and 6. Therefore, 

? = = I'ZeM' + n") 

or 

q = 2^^.//,., where = J(/7/ + ///') 

Since the superposition principle applies, /?,. may be interpreted as the 
tension in the /th member caused by i-lb tensions acting simultaneously 
between joints (2, 5) and (3, 6) (see Fig. 4-7). Thus symmetry is preserved 
in the computation of the tensions n^. 

The extension of this idea to other symmetric trusses with symmetric 
loadings is self-evident. A truss may conceivably consist of several identical 
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parts with identical deflections, say s parts. Then loads of magnitude Ijs 
should be applied to the parts for the computation of the tensions rii. 

Analysis of Statically Indeterminate Trusses by the Maxwell-Mohr 
Method. Any part of a truss may be regarded as an isolated mechanical 
system (free body). By the principles of momentum and moment of 
momentum, necessary conditions for statical equilibrium of the isolated 
part are that the vector sum of the external forces on it vanish and that the 
moment of these forces about any fixed point vanish. If these conditions 
determine the tensions in the members uniquely, the truss is said to be 
“statically determinate;” otherwise, “statically indeterminate.” The ex¬ 
pression “statical determinacy” implies that the deflections are so small 
that the angles between the members are appreciably constant; otherwise, 
the internal forces cannot be determined without consideration of the 
deformation. 

To analyze a pin-jointed truss by the principle of stationary potential 
energy (Sec. 2-4), one need not distinguish between statical determinacy 
and statical indeterminacy. However, the tensions in the members of a 
statically determinate truss are obtained most directly by the balancing 
of forces and moments on isolated parts. If a statically determinate truss 
is analyzed by the principle of stationary potential energy, the tensions in 
the members are independent of the strain energy function. 

A statically indeterminate truss is rendered statically determinate if 
certain members are removed. The deleted members are said to be 
“redundant.” 

Let us temporarily consider the tensions in the redundant members of a 
truss to be independent variables; that is, let us suppose that we may 
assign arbitrary values to these quantities. We may imagine that this 
situation is realized by installation of turnbuckles in the redundant mem¬ 
bers. When the external forces and the tensions in the redundant members 
are given, the tensions in the other members may be determined by the 
balancing of forces and moments on isolated parts. 

We refer to the part of the truss that consists of nonredundant members 
as the “base structure.” This, itself, is a statically determinate truss. The 
increase of the distance between any two joints of the base structure may be 
expressed in terms of the external loads and the tensions in the redundant 
members by the method of complementary energy already discussed in 
this article. Accordingly, the extensions of the redundant members corre¬ 
sponding to given tensions in these members may be computed. Now, if 
the extension ^ of a redundant member is also expressed in terms of its 
tension N by the load extension relation of that member, we obtain an 
equation among the tensions in the redundant members. By writing 
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equations of this type for each of the redundant members, we obtain 
enough equations to determine all the tensions in the redundant members. 
This formulation of problems of statically indeterminate trusses was 
devised by Clerk Maxwell (1831-1879). It was later elaborated by Otto 
Mohr (1835-1918). The Maxwell-Mohr method introduces fewer un¬ 
knowns and fewer simultaneous equations than the method of stationary 
potential energy. 




strain x 1000 Strain x 1000 

Fig. 4-6 

Example. Deflection of a Symmetrical Truss. The members in the truss 
shown in Fig. 4-5 are each 100 in. long. Accordingly, the panels are 
equilateral triangles. The truss and the external loads are symmetrical 
about the vertical center line. The cross-sectional areas of the members 

^12 = ^24=^34= 1.5 in.2 

^23 “ ^13 ~ ^35 ” 1 

The stress-strain curve for any member is represented by Fig. 4-6. Since 
there is no unloading, the distinction between inelasticity and nonlinear 
elasticity is irrelevant. 

The reduction of the distance between joints 2 and 5 is required. The 
tensions in members 23, 24, and 35, as determined by the equations of 
equilibrium of the joints, are = 115,470 lb, = -115,470 lb, 
7^35 = 115,470 lb. Consequently, the stresses are 0*23 = 115,470 Ib/in.^, 
^ 24 = —76,980 Ib/in.^ 035 = 115,470 Ib/in.^. Hence, by Fig. 4-6, the 
strains are 633 = 0.0065 ,634 = —0.0041, €35 = 0.0065. Accordingly, since 
the members are 100 in. long, their extensions are e.yo = 0.65 in., ^.>4 = 
-0.41 in., ^35 = 0.65 in. 

Since the truss is statically determinate, superposition of tensions is 
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legitimate. Since the truss consists of two identical parts with symmetrical 
loadings, we apply tensions of magnitude | lb between joints 2 and 5 and 
between the corresponding joints 3 and 6 (Fig. 4-7). The tensions in the 
members due to these loads are 

«12 = 'hs = ^^34 == ^223 = fhi = 

-0.2887 lb, //35 = -0.5773 lb. 

By Eq. (4-69) the reduction d of 
the distance between joints 2 and 
5 is 

d = 2a 223^23 “h ^^24^24 + ^^35^35 _ 

Fig. 4-7 

The factor 2 appears in this equa¬ 
tion because of the symmetry relations, and « 24^24 == ^^ 46 ^ 46 * 

With the preceding numerical values, we obtain 

<5 = 2(-0.2887)(0.65) -b 2(-0.2887)(-0.41) H- (-0.5773)(0.65) 

Therefore, 6 = —0.51 in. The negative sign signifies that the distance 
between joints 2 and 5 is increased 0.51 in. 

Example of Maxwell-Mohr Method. In Fig. 4-Sa the numbers adjacent 
to the members of the truss represent relative values of EA. Only relative 
values of EA are needed for computation of the tensions in the members. 
The truss has one redundant member—say the diagonal AC. This mem¬ 




ber is conceived to be removed and replaced by its tension, F= 
(Fig. 4-8A). By statics the tensions in the other members are 

Kw = “4000 - 0.8/^, = -9000 - 0.6F 

= 5000, Njn = -0.6F, Ncj, = -0.8F 
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The extension of a member with tension N and length L is NL/EA, 
Accordingly, by Eq. (b) the relative extensions of the members are 


^AB = -192,000 - 38.4F, e^c = -162,000 - 10.8F 
esD = 1,200,000 + 240f, = -lO.Sf, eco = -38.4F 

By statics the tensions in the members due to a unit tension acting between 
joints A and C (Fig. 4-8c) are 

^AB “ ^*^9 ^BC — ^*69 ^BD — I9 ^AD — ""0.6, 

^CD — — 0.8 


6000# 




By Eq. (4-69) the reduction of the distance between joints A and C is 

= (-0.8)(-192,000 - 38.4F) + (-0.6)(-162,000 - 10.8F) 
+ (1)(1,200,000 -h 240F) + (-0.6)(-10.8F) + (-0.8)(-38.4F) 
= 1,450,800 + 314.4F 

In addition, the load-extension relation for member AC is = 240F. 
Hence, 

-240F== 1,450,800 H- 314.4F 

Therefore, F = = —2617 lb. Equation (b) now yields 

^AB = -1906 lb, Nbc = -7430 lb, N^n = 2383 lb, 

^AD = 1570 lb, Ncd = 2094 lb 

4-13. COMPLEMENTARY ENERGY OF BEAMS. If a straight 
cantilever beam is subjected to an external couple M at the end, the 
rotation of the end, by Eq. (4-67), is 0 = dHjdM. If the beam is uniform. 




DEFORMABLE BODIES 


145 


6 = L/jR, where R is the radius of curvature due to bending and L is the 
length of the beam. Hence 

T=Lr^ 

Jo R 

The integral in this formula is determined by the moment-curvature 
relation of the beam. For convenience, the following notation is intro¬ 
duced : 

/(M) = — (a) 

Jo R 

Then, for a beam that is subjected to uniform bending, T = Lf(M). 
Consequently, for nonuniform bending, the complementary energy in an 
infinitesimal length ds is /(M) ds. Therefore, if any beam is subjected to a 
bending moment M{s), where s is an axial coordinate, 

T = I ^/(M) ds (4-70) 

Jo 

This formula does not take account of shear deformation or axial forces. 

By Eq. (4-70) the complementary energy of a structure that consists of 
flexural members (e.g., a frame) is 

Y = 2//(M,) ds (b) 

where is the bending moment at any point in the ith member, and the 
integral extends over the length of the ith member. The sum extends over 
all members. If P is a force applied to the structure, the component of 
deflection q at the point of application of force P and in the direction of 
force P is, by Eq. (4-64), q = 9T/9P. Hence, by Eq. (b) 


By Eq. (a)/'(Af,) = 1/i?,., where Ri is the radius of curvature at an arbitrary 
point of the ith member due to the actual loads on the structure. Therefore, 
if dMjdP = 



(4-71) 


If the bending moments vary linearly with the external forces, nii is inde¬ 
pendent of the actual loads on the structure. We may then interpret 
to be the bending moment in the ith member if P = 1, and all other loads 
are removed from the structure. 
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Likewise, if a couple M is applied to the structure, Eq. (4-67) shows that 
the rotation of the arm of the couple is d = dTIdM. Hence, by Eq. (b) 


Setting dMjdM = rrii, we obtain 



ds 


(4-72) 


Example. Cantilever Beam with Parabolic Elasticity. A lateral load 
P acts at the end of a cantilever beam. The cross section of the beam 
is a rectangle of depth 2h and width b. The stress-strain relation is 
a = kV\€\ sgn €, where is a constant and sgn € (read “signuni e”) is 
defined as +1 if e > 0, — 1 if e < 0, and 0 if e = 0. By statics, the bend¬ 
ing moment is 

n 

M = 2h arj dr] 

Jq 


where rj is an ordinate in the cross section, measured from the neutral 
axis. Hence 



Since € = rjlR, this yields 


AbKh"-^ 1 25M^ 

R leb^K^h^ 


By Eqs. (4-71) and (4-72) 


25P- 

16 Jo 


ds 


(c) 


since M = Ps. Applying a unit vertical load at the free end, we obtain 
m = s, and Eq. (c) yields 

^ ~ 64b'W^ 


By applying a unit bending moment at the free end we obtain w = 1 and 
Eq. (c) yields 




4-14. UNIT-DUMMY-LOAD METHOD. Let P denote an external 
point force (or an external couple) acting on a Hookean structure. Let 
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the deflections be small, and let the deflection component of the point of 
application of load P along the line of action of P (or the angular displace¬ 
ment of the arm of the couple P) be denoted by q. Since the material is 
Hookean, 27 = T, Consequently, by Castigliano’s principle [Eq. (4-64) 
or (4-67)], q = dV\dP. 

If the structure consists of beams, columns, ties, and torque bars, its 
strain energy is determined by the formulas in Sec. 2-1. Consequently, if 
the tension, bending moment, shear, and torque in a member are denoted 
by 77, M, S, and 7, respectively, and if x is an axial coordinate along a 
member, 




^ = y JL ^ SSIdP T dTldP \ 

dP \ EA El GA GJ / 


where the sum extends over all members. 

It is shown in the theory of elasticity that the effects of various loads 
may be superimposed, provided that the strains and the rotations are 
sufficiently small and the elasticity is linear. Under these conditions, the 
quantities 77, M, S, and T are linear functions of the external loads and 
couples. Consequently, the derivatives dNidP, dMjdP, dSjdP, and dT/dP 
are constants. These constants are denoted by /?., m, s, and r, respectively. 
Accordingly, 


^[(nN . mM , ksS , tT\ 

“-^IXTA^Tr-^S-A-^Tjl 


dx 


(4-73) 


The significance of the constants is made clear by considering the load 
(or couple) P as acting alone. Then, since 77, M, S, and T are linear homo¬ 
geneous functions of the external loads and couples, 

77 =//7, M = mP. S==sP, T ^ tP 


Accordingly, m, //, s, and t are, respectively, the moment, tension, shear, 
and torque due to a unit load (or unit couple) P acting alone. Conse¬ 
quently, we have the following useful theorem: 

To determine the displacement of a given particle in a given direction 
{or the angular deflection of a given line segment)^ let a unit load act at the 
given particle in the given direction {or let the given line segment be the 
arm of a unit couple). Let the moments, tensions, shears, and torques 
in the various members, due to the unit load {or couple) be denoted 
respectively by m, n, s, and t. Let the moments, tensions, shears, and 
torques, due to the real loads on the structure, be denoted by M, 77, S, 
and T The required deflection q is then given by Eq. (4-73). 

This theorem is limited to small deflections of linearly elastic structures 
that consist of beams, ties, and struts. The structure may contain curved 
members, provided that the curvatures are not so great that the elementary 
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formulas of mechanics of materials for straight members cease to be 
applicable. Many applications of the foregoing theorem are given in the 
book by Van Den Broek (88). 

Example. Angular Deflection of a Member in a Frame. For the frame 
shown in Fig. 4-9, Li = 40, Lg = 20V2, = 20, = 20, 

= ^2 = ^3 = = Ag = 2, /4 = /g = 3. The angular deflection q of 

member 2 is required. 


1 



The tensions, moments, and shears in the various members, due to load 
F, as determined by statics, are 


N^ = 2F 

II 

0 

II 

0 

= -2V2F 


Co 

^9 

II 

0 

N3 = 2F 

^3=0 

5g = 0 

= -2F 

Mi = Fx 

Si = F 

iV5 = 0 

II 

s, = - 


Since the angular deflection of member 2 is required, we place a unit 
couple on this member; that is, we impose equal and opposite forces of 
magnitude V2/40 at the extremities of the member. The tensions, mo¬ 
ments, and shears m the various members, due to this couple, are 


= ~h 
ih = V2/40 

Kg = 0 

«4 = 2^0 
Kg = 0 


= 0 = 0 

Wa = 0 ^2 = 0 

mg = 0 = 0 

m4 = 0 s’i = 0 
Wg = 0 5g = 0 
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Since the in’s and are zero, Eq. (4-73) reduces to 

EoAcf 

Consequently, q = ^(FlE)(3 4- V2). The negative sign indicates that 
the angular deflection is clockwise, since the unit couple was taken counter¬ 
clockwise. 


4-15. ANALYSIS OF STATICALLY INDETERMINATE STRUC¬ 
TURES BY THE UNIT-DUMMY-LOAD METHOD. A structure is 
essentially unchanged if we remove the redundant members or redundant 
supports and replace them by external forces and moments that are 
identical to the forces and moments that were imposed by the deleted 
parts. These forces and moments are initially unknown, but we may 
denote them by * * * • ^n^y derive formulas for the linear and 

angular deflections of various parts of the simplified statically determinate 
structure that carries the prescribed loading and the statically indetermi¬ 
nate reactions, 7^2^ * ‘ * • These deflections, of course, are functions of 
i? 2 , * ■ •. Accordingly, by setting the deflections equal to zero, we 
obtain equations that determine ‘ ■ The procedure is best 

illustrated by examples. 

Example. Beam with a Statically Indeterminate Reaction. For the 
beam shown in Fig. AAQa, the reaction R is regarded as a statically inde¬ 
terminate quantity. The right-hand support is conceived to be removed, 
but the force R is retained. We compute the deflection of the free end of 
the beam for the loading shown in Fig. 4-106. Subsequently, R is deter¬ 
mined by the condition that this deflection is zero. 

The bending moment for the loading shown in Fig. 4-106 is 

M = Rx — Iwx^ 


To apply the unit-dummy-load method, we consider the moment due to a 
1-lb load applied at the free end (Fig. 4-lOc). This moment is m = x. 
Neglecting the effect of shear, we then have, by Eq. (4-73), 


Hence 


^ = f " dx = — { {Rx^ — dx 
Jo El El Jo 

_ RI^ wL* 

^ 2EI ^EI 


Since R is the reaction of a fixed support, = 0. Therefore, 

R = %wL 
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(c) 

Fig. 4-10 


Example. Internal Forces and Moments in a Ring. A large ring is 
loaded as shown in Fig. 4-11. The bending moment and the tension are 
required at the point where the load F is applied. 

Since the stress distribution is sym¬ 
metrical about the vertical center line, 
we need consider only half the ring. 
In addition, since a rigid-body dis¬ 
placement has no effect on the 
stresses, we let the lowest point of 
the ring be clamped (Fig. 4-12a). It 
is clear that the angular deflection 
and the horizontal displacement at 
the topmost point of the ring are zero. 
By symmetry the shear at the top¬ 
most point is JF. 

It is assumed that the strain energy 
Fig. 4-11 is primarily due to bending. Since 

the radius of the ring is large com¬ 
pared to the thickness, the strain energy of bending is determined by the 
straight-beam formula. 




DEFORMABLE BODIES 


151 


Figure AAla shows that the bending moment due to the applied loads is 
M = Mo + N^R{\ - cos 6) - \PR sin (9, 0 < 6 < 

M = Mo + N^RH - cos 6) - \PR, in <0<n 


If 



(a) (6) (c) 

Fig. 4-12 


To compute the horizontal deflection q at the top, we apply a unit 
dummy horizontal load at this point (Fig. 4-126). The moment is then 
m = iR(l — cos 0). Hence, since g' = 0, Eq. (4-73) yields 


_ r ^£m ^ f — cos 0) dd = 0 

J E! El Jo 
or 

I''m(1 - cos 0) d0 = 0 (b) 

To compute the angular deflection a at the top, we apply a unit moment 
at this point (Fig, 4-12c). The moment at any point is then m = 1. Hence, 
since a = 0, Eq. (4-73) yields 



(c) 

(d) 
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Substitution of Eq. (a) into Eqs. (c) and (d) yields 

fjT riT r7r/2 rv 

Mo dd + NoR (1 - cos 6) dd - ^PR sin d dd ^ ^PR d(9 = 0 
•JQ Jq Jq JttI2 


'n- 

( 1 - 

Jo 


Mq cos 6 dd + NqR (1 — cos 6) cos 0 dd 


These equations yield 


- jpii f" 

Jo 


sin 6 cos d dd 


- IprI^ 

Jir/2 


cos 6 dd = 0 


No = — , Mo = — 
277 4 


PROBLEMS 

1 . Determine the principal strains, the direction cosines of the principal axes of 

strain in the undeformed medium, and the volumetric strain corresponding 
to the strain components, €«; = 5, €y = 5, = 6, = -2 V2, =; 2^2, 

yxy ” 2. 

2. Determine the principal strains, the principal axes of strain in the undeformed 
medium, and the volumetric strain corresponding to the displacement vector, 
u = X ~ 2y, V = 3x w = 5z. 

3. For plane stress, = 0. Also, <t^, r^y are independent of z. 

Let (x, y) and (f, rj) be two sets of plane rectangular coordinates, and let the 
angle between the ^ and rr-axes be d. For plane stress, express 

in terms of Oy, r^^y by balancing forces on a differential prismatic element. 
Hence prove that the following expressions are invariants: 

“Pxy 

^X 4” 

'Pxy 

4. The stress components are = 2, Cy = = -2, = 8, = -1, 

Tfljj, = 3. Determine the principal stresses and the direction cosines of the 
axes of principal stress. 

5. The stress components are g^ = 0, Gy = 0, = -10,000, = -5000, 

Tga, = 5000, T^y = 5000. Determine the principal stresses and the direction 
cosines of the axes of principal stress. Hence determine the maximum 
shearing stress. 

6. The stress components are «Ta; = 3000, Gy = —6000, g^ = 15,000,7^,3 = 1000, 
'^zx = 0, Ty;y = 2000. Determine the stress vector, the normal stress, and the 
shearing stress on a plane whose normal has direction cosines (|, |, J)- 

7. Specialize the strain-displacement relations and the equilibrium equations 
for any orthogonal coordinates to obtain the corresponding relations for 
cylindrical coordinates. For spherical coordinates. 

8. By means of Eq. (4-50) express the potential energy of an isotropic Hookean 
body that is in equilibrium under the action of body force (pF^;, pFy, 
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temperature 6(^, y, z), and surface forces in terms of the displacement 
vector (ju, v, w), where (x, y, z) are rectangular coordinates. Hence derive the 
differential equations for (w, v, w) by the principle of stationary potential 
energy. 

9. Prove that crystals of the regular system possess three elastic constants and 
one thermal constant. Derive the expression for Uq. 



10. The bars in the truss shown in Fig. P4-10 have the following cross-sectional 
areas: Ai = 1 in.^ — 2 in.^ A^ = | in.^ A^ = A^ == in.^. The 

elastic behavior of a bar is represented by the stress-strain relation 
cr = 200,000e-Ib/in.^. Compute the vertical deflection of the right-hand 
joint. 



11. The numbers adjacent to the members of the symmetric truss (Fig. P4-11) 
denote the cross-sectional areas (in.^). Calculate the horizontal displace¬ 
ments of the end supports and the vertical displacement of the center joint, 
using the stress-strain diagram of Fig. 4-6. 
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12 . Solve the problem of the pentagonal truss (Sec. 2-4) by the Maxwell-Mohr 
method. 

13. Solve Prob. 21, Chap. 2, by the Maxwell-Mohr method. 



14. The numbers adjacent to the members of the truss (Fig. P4-14) denote 
relative values of EA. Compute the tensions in the members by the Maxwell- 
Mohr method. 

15. By Castigliano’s theorem, derive a formula for the deflection at the center of 
a simple Hookean beam of rectangular cross section with a single load at the 
center, taking shear deformation into account. 

16. A simple beam with rectangular cross section of depth h and width h carries a 
concentrated load P at its center. The stress-strain relation of the material is 
a = Neglecting shear deformation, derive a formula for the deflection 
at the center by Castigliano’s theorem. 

17. The uniform elastic semicircular beam is loaded by a vertical force P, as 
shown in Fig. P4-17. By the unit-dummy-load method, determine the 
horizontal displacement at the free end. 

18. A beam that carries a uniformly distributed load has immovable hinge 
supports at the ends and at the center. Derive a formula for the center 
reaction, taking shear deformation into account. 

19. The width of the spring is 2 in., and P = 3 x lO'^lb/in.^ (Fig. P4-19). 
Calculate the horizontal and vertical deflections of the free end and the 
angular deflection of the free end by the unit-dummy-load method. Consider 
only strain energy of bending and use the straight-beam formula for strain 
energy. 
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200# 




20. A steel piston ring with 3.3-in. mean diameter and 0.125-in. square cross 
section has 0.375-in. gap at the ends. What tangential force at the ends will 
close the gap ? 



21. For the tapered Hookean cantilever beam (Fig. P4-21) / — (a.r + 
where a and b are constants. By Castigliano’s theorem, derive a formula for 
the deflection of the free end, neglecting shear deformation. 

22. Assuming that the shear q is proportional to |sin 0\ and that equilibrium 
exists (Fig. P4-22), derive formulas for the bending moment and the tension 
at the point at which the load is applied. Neglect shear deformation and 
suppose that the material is Hookean. Also, assume that the shear q acts at 
the centroidal axis. 

23. A uniform semicircular arch that is hinged at the ends carries a vertical 
concentrated load P at the top. Calculate the horizontal reactions at the 
ends. 

24. The uniform semicircular member (Fig. P4-24) is clamped at the left end and 
is loaded by a force P perpendicular to the plane of the semicircle at the 
mid-point. The right end is free. The torsional stiffness is GJ and the 
flexural stiffness is El. Derive a formula for the deflection at point A in 
the direction of force P. 
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P 



P 



25. The symmetrical arch is defined parametrically by = x{s), y = y(s), where 
s is arc length measured from the top (Fig. P4-25). The arc length of the 
entire arch is 2L. The stiffness Elis constant. By Castigliano’s theorem or 
the unit-dummy-load method, determine the bending moment Mq and the 
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tension A^q the top. Consider only strain energy of bending. Express the 
integrals in terms of L, h, x, and Iy.x, where (^, y) are the coordinates 

of the centroid of the right half of the curve, and 



26. The uniform semicircular Hookean bar is clamped at one end, and it is 
subjected to torque Tq at the free end. (The vector Tq in Fig. P4-26 represents 



torque in accordance with the right-hand-screw rule.) The flexural stiffness 
is El and the torsional stiffness is GJ, By the unit-dummy-load method, 
determine the twist and the displacement at the free end. 


P 



^ --^— -^ 

Fig. P4-27 


27. By the unit-dummy-load method, determine the end moments Mq, and 

the end reactions ^or the clamped beam (Fig. P4-27). Neglect shear 

deformation and suppose that the material follows Hooke’s law. 

28. Using the strain-energy formula for a ring [Eq. (2-28)], derive the formula 
for curved beams corresponding to Eq. (4-73). Use the formula to determine 
the end deflection of the curved cantilever beam of Sec. 3-6 by the unit- 
dummy-load method. 



158 


ENERGY METHODS IN APPLIED MECHANICS 


29. = <^1/ = 0's = 0, = 'Tzx = = T > 0 

Determine the principal stresses and the maximum shearing stress. Deter¬ 
mine the direction cosines of the principal axis for which the corresponding 
principal stress is tensile. 

30. Let (a;, z) be curvilinear coordinates such that the coordinate lines coincide 
with the lines of principal stress. Obtain the differential equations of equi¬ 
librium for this case. 




Theory of plates and shells 


This function (strain energy) being known, we can immediately apply the 
general method given in the Mecanique analytique, and which appears to 
be more especially applicable to problems that relate to the motions of 
systems composed of an immense number of particles mutually acting 
upon each other. One of the advantages of this method, of great 
importance, is that we are necessarily led by the mere process of cal¬ 
culation, and with little care on our part, to all the equations and 
conditions which are requisite and sufficient for the complete solution of 
any problem to which it may be applied. 

GEORGE GREEN 


5-1. THE VON KARMAN THEORY OF FLAT PLATES. In the 
initial state two of the surfaces of a flat plate are parallel planes, called the 
“faces” of the plate. The distance between the faces is called the thickness 
of the plate. A plate is distinguished from a block by the fact that the 
thickness is small compared to the dimensions parallel to the faces. The 
plane midway between the faces is called the “middle plane” of the plate. 
It is convenient to adopt rectangular coordinates (x, y, c), such that the 
x~ and 2 /-axes lie in the middle plane. 

In the classical theory of flat plates the quadratic terms in the strain 
tensor are neglected. This approximation fails to account for an effect 
that often contributes materially to the resistive action of plates—the 
so-called “membrane effect,” by which the tensions in a deflected plate 
provide components that react the applied lateral load. An improved 
theory was introduced by von Karman (86) who suggested that quadratic 
terms in and Wy be retained in the strain tensor [Eqs. (4-3)] but that other 
quadratic terms be dropped. It appears reasonable to drop from the 
formula for since occurs also to the first degree in this formula 
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[Eqs. (4-3)]. The same argument applies for and in the formulas 
for €y and and for v^Vy in the formulas for 

yyz^ Yzx^ yxv‘ "The other quadratic terms in u and v are dropped because 
they have about the same magnitude as the squares of the strain compon¬ 
ents and the terms that have already been discarded. On the other hand, 
Wjp and Wy are the slopes of cross sections of the deformed middle plane; 
apparently, they may be quite large compared to the strain components. 

It will be convenient to denote the displacement of an arbitrary point 
(a;, y, z) in the plate by (w, u, w) and to denote the displacement of the 
corresponding point {x, y, 0) of the middle plane by (w, v, w). Likewise, 
(€«!» S’ * ■ ■ ’ yxy) denote the strain components at any point (x, y, z) 
and S’ ‘‘» O denote the corresponding strain components 
at the point (a;, y, 0). After discarding all quadratic terms from Eqs. (4-3), 
except Wy^, we obtain 

«*=*«» + i V’ 

I a I 

yyz "J" ^zs yzx ^z ^a!» yxy ~ ^x ^x^y 

To determine how u and v vary through the thickness, we introduce the 
tentative assumption, = 0. This assumption is obviously inadmissible 
in the stress-strain relations. However, the variation of w through the 
thickness has little effect on u and v. Consequently, the most expeditious 
assumption is used; namely, = 0 or w, = 0. This signifies that w = vi>. 

If there are no external shearing forces applied to the faces of the plate 
and the material is isotropic, and vanish at the faces, since = 
Gy^z and = Gy^^. Since the plate is thin, y^^ and y^^ are then small 
everywhere. Accordingly, it is assumed that = y^^ = 0. The relations 
7 »z = yza = «z = 0 signify that lines normal to the middle plane remain 
straight and normal under the deformation. This condition is analogous 
to Bernoulli’s hypothesis that cross sections of a beam remain plane and 
normal to the centroidal axis; it is known as the “Kirchhoff assumption” 
in the theory of plates. 

With Eq. (a), the assumptions y^^ = y^^ = e. = 0 yield 

u = u — zw^, V = v — zw^, w = w (5-1) 

and 

= ey- yxy = ^xy “ (5-2) 

where 

= “« + \^x^ =^y + W^Wy (5-3) 

The shearing stresses and have already been neglected. In the 
stress-strain relations is also neglected, since it has about the same magni¬ 
tude as the external pressures applied to the faces of the plate. In other 
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words, a state of plane stress is now assumed. Restricting attention to 
isotropic elastic plates, we obtain from Eqs. (4-54) 


^x = - (^x - + kd 

h 


= p + kd, = ZSL 


(5-4) 


Inversion of these equations yields 


« - ^ Ekd 


1 - 
E 

1 - 


(«!/ + »'€*) — 


1 — r 

Ekd 
I — V 


'’’xy ^Yx 


(5-5) 


By Eq. (4-56), the strain-energy density is 


^0 - — [o-*® + cr/ - 2va^a„ -|- 2(1 -)- r)T^/] (5-6) 

If an irrelevant additive constant containing 0 is discarded, Eqs. (5-5) and 
(5-6) yield 

^0 = YZTy - 2(1 + v)(e„ -f e„)kO] 

(5-7) 

The strain energy of the entire plate is 


U 




where h is the thickness of the plate. Integration with respect to z is 
facilitated by the following notation: 


Cm p/2 

= k6 dz, 0^ = zkO dz (5-8) 

J-hl2 

When Eqs. (5-2) and (5-7) are substituted into the preceding formula for 
U, the strain energy separates into a sum, U = U,,, + -f 6/„ where the 
membrane energy is linear in h and the bending energy is cubic in h. 
The term Uq represents the part of the strain energy that results from 
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heating. If (7, h, and v are considered to be constants, the result of integra¬ 
tion with respect to s is 

73 ^ JJ+ 2ve„ey 4- i(l - v)ej] dx dy 
"" 12(1 - v) if -f 2(1 - v)wj'] dx dy (5-9) 

~ 1 _ y if + i'^xx + dx dy 

By means of Eq. (5-3), e^, e^, are expressed in terms of m, v, w. 

If a lateral distributed load pix, y) is applied to the plate, the potential 
energy of the load is 


a 


-If' 


wp dx dy 


The total potential energy of the plate is K = 17„ -|- £4 + The 

Euler equations for the integral V are the equilibrium equations of the 
plate, expressed in terms of u, v, w. By Eq. (3-20), these equations are 

^ (Sx + ve.,) + - I') ^ ^ 

^y h dx 

K1 - r)+ 1 (e^ + = 

03: dy h dy 


V®V^v -H (0oVV + ^ 


(5-10) 


, 12 r- 

+ l(ex + ve^)w^ 4- (e, + ve,)w,, -f (1 - r)c„,w,,] 

where 

_ 

12(1 - 1^) 

The constant D is called the “flexural rigidity” of the plate. The last of 
Eqs. (5-10) has been simplified with the aid of the first two equations. 

A rectangular element of the plate with dimensions dx and dy is subjected 

S ^ w ^ 5-1). The tractions 

ai’ Ny^ are expressed in terms of the stresses by means of the 

statical relations 





Ny = 


pi/2 

J-hl2 


Gy diz. 


N = N 

xy ^^yx 



dz 


(5-11) 
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Hence, by Eqs. (5-2) and (5-5), 



Fig. 5-1 

Equations (5-10) and (5-12) yield 

^ = 0 4- ^ 

dx dy ’ dx dy 


(5-12) 


(5-13) 


-F -- VX = P + + N,w„ + 2N,,w,, (5-14) 

1 — V 


The general solution of Eq. (5-13) is 


N = F N = F N = —F f5-l^'> 

where Fix, y) is an arbitrary function known as the “Airy stress function” 
(57). Hence Eq. (5-14) yields 
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A second relation between the functions i^and wis obtained immediately 
Equations (5-12) and (5-15) yield 


^ i^yy '^^xx) "I" 

^xy ^xx^yy 

Eliminating and e.j^y by means of Eqs. (5-17), we obtain 

V2V2F + + Eh{w^^w^^ - m;^/) = 0 (5-18) 

Equations (5-16) and (5-18) are the fundamental relations in the von 
Karman theory of plates. The temperature term in Eq. (5-18) was intro¬ 
duced by Gossard, Seide, and Roberts (114). 

Strain Energy of Bending. The formula for the strain energy of bending 
[Eqs. (5-9)] may be written as follows: 




hey + Oo = 

N F 

G G 


Equation (5-3) yields 


dy^ dx^ dx dy 




+ - 2(1 - - w^/)] dx dy (5-19) 


The expression K = Wy,^Wyy — is an approximation for the Gaussian 
curvature of the deflected middle surface (Sec. 5-6). It satisfies Euler’s 
equation of the calculus of variations automatically [Eq. (3-20)]; hence 
it contributes nothing to the differential equations of the plate [Eqs. (5-10)]. 
This circumstance reflects the fact that K may be transformed into a line 
integral on the boundary (121). However, K must not be discarded from 
Eq. (5-19) indiscriminately, since it may contribute to the natural boundary 
conditions. If the edge of the plate is clamped, there are no natural 
boundary conditions, and then K may be dropped. Furthermore, the 
Gauss-Bonnet theorem of differential geometry shows that K contributes 
nothing to the natural boundary conditions if the edges of the plate are 
geodesics on the deformed middle surface (121). In particular, if the plate 
IS polygonal and the edges remain straight when the plate is deformed, K 
is irrelevant. This case was noted by Nadai (59). 
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Fig. 5-2 


simply by integration of the stress-equilibrium equations (4-24) with 
respect to 2 . Neglecting body force, we obtain, for example, from the first 
of equations in (4-24), 


^ p/2 

dx 


(Taj dz *4- 


dy 


.r 

J dz 


^ 

h 

jL 

Fig. 5-3 

The last integral is 

1/2 3 h/2 

=0 

h/2 dz -hl2 

Hence, with Eqs. (5-22), Eq. (a) yields 

BN, I dN,, ^ Q 
dx dy 

Similar results are obtained from the second and third of the equations in 
(4-24). The moment-equilibrium equations are obtained if the first two 
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equations in (4-24) are multiplied by 2 : and then integrated through the 
thickness. Integration by parts must be used to evaluate two of the inte¬ 
grals. The complete set of results is 


dx 


dx 


dx 


c 

1 

dN^ 

dj^ 

dy 

dx 

dy 

'^ + p = 0 
/ 



\ 

o 

II 

1 

dMy^ 

dMy 

dy 

dx 

dy 


(5-23) 


Equations (5-23) are purley statical; they are equally valid for elastic 
plates and plastic plates. The boundary conditions, == 0 at 

s = ±/z/2 have been used for deriving Eqs. (5-23), but, by a slight genera¬ 
lization, this restriction could be eliminated. However, Eqs. (5-23) are 
not strictly valid unless the plate is flat in the deformed state. Consequently, 
as they are usually used, these equations are approximations. 

Eliminating and Qy from Eqs. (5-23), we obtain 


dx^ dxdy df 


(5-24) 


Equation (5-24) is the moment-equilibrium equation. 
Equations (5-2) and (5-5) yield 


E Eke Ez , . , 

- (^x “b i _ 1 2 (^®* 


1 -r* 
E 


\ — V \ 


O'- = --; (^y + ’’«*) - - 7*^2 


1 - v" 


I — V 1 — 




Hence by Eqs. (5-22) 


^iy^xx "b ^VV.yy) 


Edj_ 

1 — r 


Ff) 

My - - D{Wyy + vw,,) - (5-26) 

I — V 

^xy ~ ^yx ~ 

Substitution of Eqs. (5-26) into Eqs. (5-24) again yields Eq. (5-20). 

If there are no boundary forces in the plane of the plate and 6=0, 
Eq. (5-21) yields F = 0. Then, by Eq. (5-15), N^^Ny = N^y = 0, and, 
by Eqs. (5-12), = Cy = e^y = 0. By Eqs. (5-25) the stresses are then 

determined if w is known. With the boundary conditions, Eq. (5-20) 
determines w. 
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5-3. BOUNDARY CONDITIONS IN THE CLASSICAL THEORY 
OF PLATES. Suitable boundary conditions for a free edge of a plate 
were first derived by Kirchhoflf in 1850 by a variational procedure. 
Earlier boundary conditions of Poisson were inconsistent with the fourth- 
order differential equation of the classical theory. 


y 



Consider a rectangular plate of length a and width b (Fig. 5-4). For 
generality, the edge y bis considered to have a flange that is symmetrical 
with respect to the middle plane of the plate. Since, in the small-deflection 
theory, the effects of the membrane tractions N^y are uncoupled 

from the effects of bending, the membrane energy will be taken as zero. 
Also, the temperature 0 is set equal to zero. Hence by Eq. (5-19) the total 
potential energy of the plate and the flange is 


'^=\ I + Wyyf - £>(1 - — pv/] dx dy 

Jq Jo 


+ 


iEI r b) dx + IGJ 


r 

•/o 


b) dx 


(a) 


The last two integrals represent the strain energy of the flange [see Eqs. 
(2-8) and (2-17)]. Note that 6) is the twist of the flange per unit 
length. 

The terms in Eq. (a) that represent the strain energy of the flange do not 
enter into the part of the first variation of V that is expressed by a double 
integral. Consequently, the Euler equation of the problem is not affected 
by the presence of the flange. Accordingly, Eq. (5-20) determines the 
deflection of the plate (with = 0). The natural boundary conditions 
are determined by Eqs. (3-21) and Eq. (a). Let us suppose that the forced 
boundary conditions are 

(a) Edges a; = 0 and x = a; w = = 0 (clamped edges). 

(b) Edge y = 0; iv = 0 (simply supported edge). 
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In view of these conditions, the variation rj, with its derivatives and 
Yjy, vanish on the edges a; = 0 and x = a. Also because of the forced 
boundary conditions, rj and vanish on the edge y = 0. Hence, by 
Eqs. (3-21), the natural boundary condition for the simply supported edge, 
2 / = 0, is dF/dWyy = 0 or Wyy + = 0. As might be expected, Eqs. 

(5-26) show that this is equivalent to the condition My = 0. Because of 
the forced boundary condition, vanishes on the edge 2 / = 0. Conse¬ 
quently, the natural boundary condition for the edge y = 0 reduces to 

To obtain the natural boundary conditions for the flanged edge, we must 
augment Eqs. (3-21) by terms that come from the line integrals in Eq. (a). 
By Eq. (a), the first variation of the strain energy of the flange is 


SUf = € pi 
•lo 


(EIw^xVxx + GJWxvVxy) dx 

Since the flange is attached to the plate, it conforms to the boundary 
conditions of the plate at a; = 0 and x ^ a. Hence rj, and rjy vanish 
at the ends of the flange. Consequently, integration by parts yields 


ra ra 

SUj. = €Elj nWxxxx dx - eGJ dx (b) 

•/O •'0 

Appending terms from Eq. (b) to Eqs. (3-21) and noting that the integrals 
in Eq. (d) of Sec. 3-9 are taken in the opposite sense to the integrals in 
Eq. (b) above, we obtain 

(i7j ^ d dF\ . 


Vv 


(- 




—] = 


where F denotes the integrand of the double integral in Eq. (a). Since rj 
and rjy are arbitrary, these equations yield the natural boundary conditions 
for the flanged edge: 

El 

^UVU "h (2 ^XXXX ”0 f^*" 

^yy + '^^xx - — ^xxv = 0 lOE 


y ^ b 
y ^ b 


(5-27) 


If the flange is absent, El = GJ = 0, and Eqs. (5-27) reduce to the natural 
boundary conditions for a free edge of a plate: 

^\yy + (2 - v)w^^y = 0 for y^b 
+ '^^xx = 0 for y ^b 

Equations (5-28) were derived by Kirchhoff by the present method. 


(5-28) 
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It is natural to assume, as Poisson did, that the boundary conditions at 
a free edge y are My = 0, Qy = 0, and = 0. However, in 
general, it is impossible to adapt the solution of Eq. (5-20) to three bound¬ 
ary conditions. The fact that Kirchholf obtained only two boundary 
conditions for a free edge is consistent with the differential equation of the 
classical theory of plates. In view of Eqs. (5-26), the second of the equa¬ 
tions in (5-28) means that = 0 at a free edge, y ^ b. This condition 
might have been anticipated. Similarly, the second of the equations in 
(5-27) means that torque in the flange is “fed in” by bending moments in 
the plate. However, the first of the equations in (5-28) is not a result that 
might have been easily anticipated. 

By Eqs. (5-23) and (5-26), 


Qx "h Q'j/ ^O^ccxv "h 

Quantities and Vy are defined as follows: 


y = 0 ^ 

oy 


y ^ Q \ 

OX 


(5-29) 


(5-30) 


By Eqs. (5-26) and (5-29), Vy = -D[Wyyy + (2 - v)w^^y\. Accordingly, 
the first of the equations in (5-28) means that Vy vanishes on the free edge, 
y^^b. 

By an ingenious mechanistic argument, Thomson and Tait (86) con¬ 
cluded that the true transverse shear intensity on an edge of the plate 
parallel to the ar-axis is Vy rather than Qy. The boundary condition for a 
free edge, Vy = 0, is thus rendered plausible. However, the transverse 
shear intensities on cross sections of the plate perpendicular to the x- or 
2 /-axes are still to be regarded as Q^ or Qy. The argument of Thomson 
and Tait generally requires that lateral point loads be introduced at the 
corners of the plate to react the edge shears. Actually, the theory of 
transverse shear in plates lies outside the scope of the classical theory, since 
the initial assumption = 0 signifies that Q^ = Qy = 0. It is 

reasonable to reintroduce the shears and Qy through the equilibrium 
equations (5-23), since these equations were derived without the assump¬ 
tion Tg., = = 0. Nevertheless, puzzling inconsistencies arise from this 

procedure, as shown in Sec. 5-4. 


5-4. SIMPLY SUPPORTED RECTANGULAR PLATES. According 
to the discussion at the end of Sec. 5-1, the strain energy of bending of an 
isotropic polygonal plate with fixed edges is 

Ui, = + Wjy)® dx dy 


(5-31) 
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The term is dropped from Eq. (5-19) because it neither 

contributes to the Euler equation nor to the natural boundary conditions, 
provided that the edges of the plate remain straight. 

Let the edges of a simply supported rectangular plate lie on the lines 
X = 0, X = a, y = 0, and y b. The deflection of the plate may be 
represented by a double sine series: 

^ ^ . niTTX . mry 

w = 2 J sm-sin (5-32) 

w = ln = l CL b 


This series automatically satisfies the boundary condition w = 0. Also, 
it satisfies the condition that the bending moments vanish on the edges 
(y^xx = 0 for a; = 0 or a: = a and Wyy = 0 for 2 / = 0 or 2 / = ^). 

Introducing Eq. (5-32) into Eq. (5-31), we obtain the integral of a 
quadruple series. However, the integrals of the cross products are all 
zero, and only the integrals of the squared terms need be considered. 
Integration yields 

oo 00 / 2 *i2\2 

2 R + yO (5-33) 


The potential energy of the external forces is 


Q 


=-// 


pw dx dy 


where p{x, y) is the lateral distributed load. Hence, by Eq. (5-32), 


= 1 ?t = 1 V 


sm -— sin —dx dy 
a b 


(5-34) 


In the small-deflection theory forces in the plane of the plate have no effect 
on bending. Consequently, if there is no bending caused by heating, the 
deflection w may be computed with the understanding that the total 
potential energy is K = C/j, H- fl. The coefficients are determined by the 
principle of stationary potential energy, dVjdai^ = 0. Differentiating, and 
subsequently replacing (/,y) by (m, w), we obtain 


a 


tnn 



p sin (mTTx/a) sin (mrylb) dx dy 


TT^ab D{m^la^ -f n^jb^f 


(5-35) 


Equations (5-32) and (5-35) are a general solution of the deflection 
problem for simply supported elastic isotropic rectangular plates with 
arbitrary distributed loads, since p{x, y) is arbitrary. This solution was 
first derived by Navier. Many solutions of special problems of simply 
supported rectangular plates are discussed by Timoshenko and Woinowsky- 
Krieger (86). 
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For example, a particularly simple solution is obtained if 


. TTX . Try 

p = Pq sin — sm ~ 
a b 


Then Eqs. (5-32) and (5-35) yield 


. TTX . Try 

W = ■■ ■ ; - --r-;: Sin — Sin ~ 

TT^Dia^ -f b^f a b 



i 4 


Fig. 5-5 


(5-36) 


Equations (5-26), (5-29), (5-30), and (5-36) yield 

^ p^ab^ TTX . Try 

Orr = — ^ - r cos — sin — 

Tr[a^ + h^) Cl b 

'^y = r/flV a + (2 - vm sin ^ 
* 71 (a* + a 


at y = h 


(5-37) 


Equation (5-37) is inconsistent with the equilibrium requirement for a 
strip of the plate.* For example, if the strip 1234 is regarded as a free 
body (Fig. 5-5), the integral of the load p over the face of the strip must be 
balanced by the shears Vy on the edges 23 and 14 and by the shears Q,. on 
the cross sections 12 and 34. By symmetry, the shears on the edges 23 and 
14 are equal. Accordingly, without performing the integration, we can 
see that the equilibrium condition for the strip is not generally satisfied, 
since the integral of Vy over the segment 23 contains the factor [a* -F 
(2 — v)b\ whereas and p are independent of v. The inconsistency 
must be attributed to the initial assumption, = Ty^ = 0, upon which 
the classical theory of plates is based. In many cases, the classical theory 
is adequate for determining the deflection u’ and the stresses 
However, calculations of the shears Vy, Qy and the shearing 
stresses ^^st be viewed with caution. 

* This fact was called to the author’s attention by M. C. Stippes. 
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5-5. SHEAR DEFORMATION OF PLATES. The example in Sec. 5-4 
demonstrates that the classical theory is not entirely satisfactory for 
determining the transverse shears in a plate. An improved small-deflection 
theory for moderately thick plates that yields consistent results for the 
transverse shears was developed by E, Reissner (136, 137). This theory 
permits Poisson’s three boundary conditions, My = 0, My^ = 0, Qy = 0, 
on a free edge, y = b. Since it is a small-deflection theory, it employs the 
linear strain-displacement relations [Eqs. (4-14)]. The plate is accordingly 
conceived to be flat in the deformed state. 

The boundary conditions on the faces of the plate are taken to be 
O', = 0 at 2 = hjl and = —p{x, y) zX z --hjl. Also, = 0 

on either face. It is assumed that 0 *,^, and r^y are linear functions of 
This approximation is also used in the classical theory. By Eqs. (5-11) and 
(5-22), 



(5-38) 


Body forces will be neglected. Then, by substituting Eqs. (5-38) into the 
equilibrium equations (4-24) and simplifying the results by Eqs. (5-23) and 
the boundary conditions, we obtain 



(5-39) 


These equations satisfy the boundary conditions stated above. 

By means of Eqs. (5-38) and (5-39), the complementary energy of the 
plate may be expressed in terms of Ny, etc. Temperature terms will 
be included, since they introduce no significant complications. Equations 
(4-57), (4-58), (5-38), and (5-39) yield, after integration with respect to s, 

T = ^ + iV/ - 2vN,N, + 2(1 + v)Nj 

+ (yph + 2Ee^){N^ + JV„)] dx dy 

+ ^ IJ[M/ + M/ - 2vM^M, + 2(1 + v)Mj + -|(1 + v)h^- 
X (Qj^ + 2/) - iivph^ - 2Ed^m, + M„)] dx dy 


(5-40) 
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Additive terms that do not contain Ny, Qy, My, or M^y 

are not included in Eqs. (5-40), since they are irrelevant. The terms 0o and 
01 are defined by Eqs. (5-8). 

According to the generalized form of Castigliano's theorem of least 
work (Sec. 4-8), the quantity T* that is to be rendered stationary is obtained 
by appending to the complementary energy T a certain line integral on the 
boundary of the plate. However, this line integral does not affect the Euler 
equations for the double integrals. Consequently, it will be disregarded.* 
The first and second integrals in Eq. (5-40) may be treated separately. 

When Aj,, Ny, N^y are expressed in terms of an Airy function F(x, y) 
by Eq. (5-15), the first integral in Eq. (5-40) becomes 

JJ + 2(1 + v)Fj 

+ (vph + 2E6o)(F^_^ + Fy J] dx dy 

The Airy function ensures that the equilibrium equations for Ny, N^y 
are satisfied. The Euler equation [Eq. (3-20)] for the preceding integral is 

V2V2F + -b E6q) = 0 (5-41) 

or 

+ Ny + \vph 4- E6^) = 0 (5-42) 


Because p appears in Eq. (5-41), there is a slight coupling between the 
lateral load and the tractions Ny, N^y. This coupling does not appear 
in the classical small-deflection theory. 

The shears and Qy in Eq. (5-40) may be eliminated by the equilibrium 
equations [Eqs. (5-23)]. The moment-equilibrium equation [Eq. (5-24)] is 
treated by means of a Lagrange multiplier 2,{x, y) (see Sec. 3-8). Hence 
the second integral in Eq. (5-40) is replaced by 

T = - IvM^M, + 2(1 + v)Mj - {\vph^ - 2Ed^) 


X (M, + M,) + id + + ^f)[ 


/9^M, axV 


dx dy 


Writing the Euler equations [Eq. (3-20)] for this integral and simplifying 


* Reissner included the line integral in order to obtain natural boundary conditions. 
He also used the line integral to interpret a Lagrange multiplier. However, certain 
approximations (136, 137,110) concerning the displacement vector at the edge of the 
plate are required in this procedure. Reissner did not include Nj., Ny, and Nj.y in his 
theory. Also, he did not include temperature terms. 
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the results by means of the equilibrium equations (5-23) and (5-24), we 
obtain 

— vMy + Edi — ^ovph^ — ~ + 14* = 0 

OX 


My - VMy, + E6, - hvph^ - i(l + V)li^ + Uyy = 0 (S^S) 

oy 


(I + V)M,y - Ml + + P*. = 0 

Equations (5-23) and (5-43) yield 


M I I h^dQy, _ -{K^ + vK:) 

^ 1 — r 10(1 — r) 5 dx 2(1 — v'^) 

^ \ — V 10(1 — v) 5 dy 2(1 — 

h^ldQ, 8Q,\ _ -A,, 

"" mdx dyl 2(n-r) 


(5-44) 


With the boundary conditions, the six differential equations (5-23) and 
(5-44) determine the functions My, M^y, Q^, Qy, 2. 

By Eqs. (4-54), (5-38), and (5-39), the strains are given by 



^3 

-f 2vp + Eke 



+ 2vp—+ EkO 



llMy, _ \2vM„ _ 

/i® /i® 2h / 


12M„ _ \2vM^, _ 3vp\ 
/j» A® 2A/ 



(5-45) 
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By the strain-displacement relations [Eqs. (4-14)], 






dx dz ’ ** 

^ ^ 


dy^, de^ 
dy dz 


dx dy 


dz 


Hence, by Eqs. (5-45), 




^ 3(1 + V) dQ, _ 12vM^ ^ 


h dx 

12(1 -t- r) dQ^ ^ 
dx J 


2h 


z^-Ek 


dz 


Ew = _ 12My 12vMx I 2^ 

"" h dy ^ ^ 2h 


_ 12(1 + v) dQy 6v£ 

dy /i®. 


^-Ek^l 

dz 




Defining the flexural rigidity D as in Eq. (5-10), and noting Eqs. (5-23), we 
may write these equations as follows: 


M,+ D(l + v)k^ + 
oz 


vpy? 
8(1 - v) 



do. 

dx 


= -D(w^^-f vw„) 

M, + i)(l+»)tr + -:^(l-t“) (5-16) 

dz 8(1 — v) I hV 4\ h^] dy ^ 



(dQy 

+?&,] 

\ h‘l 

\ dx 

dy) 


Reissner (136, 137) identified the quantity GXjEffl as the mean value of 
the deflection w. This relationship reconciles Eqs. (5-44) and (5-46), 
except for the temperature term, provided that the mean value of 1 — 4a®//!® 
is taken to be f. However, according to the usual definition of the mean, 
this value should be f instead of |. The temperature terms in Eqs. (5-44) 
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and (5-46) are in agreement if the temperature is a linear function of z. 

Letting w denote the deflection of the middle plane, we obtain from 
Eqs. (5-46), 


+ D{1 -h v)kd' + 
M, + D(1 + v)kd' + 

^xy 


yph^ 


8(1 - v) 

4 dx 

vph^ 


8(1 - V) 

4 dy 



00 

dy) 


D(Wyy “h ^Wjjjgj) 

-D(l - V)W^y 


(5-47) 


where 0' denotes the value of ddjdz at 2 ; = 0. 

Equations (5-47) were derived by Goodier (110). They are consistent 
with the initial assumptions, and they may be used instead of Eqs. (5-44). 
With the boundary conditions, Eqs. (5-23) and (5-47) determine the 
functions A4, My, M^y, Qy, w. Goodier remarked that if 2 = ±/z/2 
Eqs. (5-46) reduce to the classical equations (5-26), except for the tempera¬ 
ture term, which he did not discuss. 


5-6. GEOMETRY OF SHELLS. The theory of curved shells has be¬ 
come important for the design of pressure vessels, submarine hulls, ship 
hulls, airplane structures, concrete roofs, containers for liquids, and many 
other structures. It includes the theories of flat plates and curved beams 
as special cases. Shell analysis entails problems of stress concentration, 
elasticity, buckling, creep, and plasticity. Practical results can be obtained 
only with the aid of approximations, yet the subject has proved to be very 
sensitive in this respect, particularly in problems of buckling. 

The theory of shells rests on geometry and mechanics of materials. 
Some preliminary geometrical relations are presented in this article. Most 
of the proofs are omitted; derivations may be found in texts on differential 
geometry (79). 

A surface is defined by equations of the type X = X{x, y), Y = Y(x, y), 
Z = Z{x, y), in which {X, Y, Z) are rectangular coordinates and {x, y) 
are parameters called “surface coordinates.” If i, j, k are unit vectors 
along the X-, T-, Z-axes, the point {X, Y,Z) is located by the vector 
T z= iX + iY + kZ. Accordingly, the surface is defined by the vector 
equation, r = t(x, y). A line on the surface on which only x varies (or 
only y varies) is called an a;-coordinate line (or a ^/-coordinate line). Since 
dr = r^; (ate -h dy, the vectors r^. and Xy are tangent to the x and y 
coordinate lines, respectively. Accordingly, the x- and ^-coordinate lines 
are orthogonal to each other if, and only if, = 0. In this case the 
surface coordinates are said to be “orthogonal.” 
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The distance ds between points with the surface coordinates (x, y) and 
{x + dx,y + dy) is determined by ds^ = dr • dx. Hence, for orthogonal 
surface coordinates, 

ds^ = dx^ + dy"^ (5-48) 

where 


^2 ^ r, • = JT/ + 7^2 + 2^2 


The area of any part of the surface is evidently determined by 


area 



AB dx dy 


For orthogonal surface coordinates, the magnitudes of the vectors r, 
and Xy are A and B, respectively. Therefore, the unit vector normal to the 
surface is 


n = 


AB 


(5-50) 


The positive sense of the surface normal is determined by this equation; 
it naturally depends on the identification of the parameters x and y. 

The following differential expression, known as the “second fundamental 
form,” is important in surface theory: 


e dx^ + Ifdxdy + g di/ = —dx • dn (5-51) 


For orthogonal surface coordinates, the coefficients e, f, ^ are determined 
by 



Y,. 

Xxx 


Xx„ 

Yxy 

Z-xy 


Y. 

Zx 

Xx 

Yx 

Zx 




AB 


X, 

Yy 

Zy 


Xy 

Yy 

Zy 



(5-52) 


The extreme values of the curvatures of normal plane cross sections of 
the surface at any point are denoted by l/rj and 1/rg. These quantities 
are known as the “principal curvatures” of the surface at the given point. 
The directions of the cross-sectional curves corresponding to and are 
called the principal directions at the given point. It is shown in differential 
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geometry that the principal directions are orthogonal. Consequently, the 
surface may be covered by two orthogonal families of curves which every¬ 
where have the principal directions. These curves are called “lines of 
principal curvature.” For a surface of revolution they are the meridians 
and the circles of latitude. 

It is shown in differential geometry that the lines of principal curvature 
coincide with the coordinate lines if, and only if, the coordinates are 
orthogonal and / = 0. In this case 



These equations affix signs to the principal radii of curvature, and 
They signify that or is positive if the corresponding center of curvature 
lies on the negative side of the tangent plane of the surface, the positive 
side of the tangent plane being the side toward which the surface normal 
n is directed. For example, for a sphere of radius a, ^ ^ a if n is 

directed outward, but ^1 = ^ 2 = —a if n is directed inward. 

If the lines of principal curvature are coordinate lines (that is, if r^. • = 

/ = 0), a theorem of Rodrigues is expressed as follows: 


^ —^ —-L?£. 

dx dx ’ dy dy 


(5-54) 


The product K = 1 /(^ 2 ) is known as the “Gaussian curvature” of the 
surface. If the surface coordinates are orthogonal, K satisfies the following 
differential equation of Gauss: 


-KAB =^ 
dx 



(5-55) 


This equation shows that K is determined by A and B. The functions A 
and B do not change if the surface is bent without straining, since ds does 
not change [see Eq. (5-48)]. Therefore, by Eq. (5-55), K does not change 
if the surface is bent without straining. In particular, 0 for any 
developable surface, since a developable surface may be formed by bending 
a plane. 

The functions A, B, also satisfy two differential equations of 

Codazzi. If the coordinate lines coincide with the lines of principal 
curvature, the Codazzi equations take the following form: 
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Dupin proved that the surfaces of a triply orthogonal system intersect 
each other on their lines of principal curvature. This theorem shows that 
if two orthogonal families of surfaces are given we generally cannot 
construct a third family that is orthogonal to both of them; the construc¬ 
tion is impossible unless the original two families intersect on their lines of 
principal curvature. 

In shell theory a special type of curvilinear coordinate system is usually 
employed. The middle surface of the shell is defined by X == X{x, y), 

Y = Yix, y), and Z = Z(x, y), where 
(X, Y, Z) are rectangular coordinates 
and (x, y) are surf^ace coordinates. 
The normal distance from the middle 
surface is denoted by ±,z. Positives: 
is measured in the sense of the posi¬ 
tive normal n of the middle surface. 
To any set of values of {x, y, z) there 
corresponds a point in the shell. 
Hence (x, z) are curvilinear space 
coordinates; they will be called 
“shell coordinates.” The surfaces = 
Fig. 5-6 constant is parallel to the middle sur¬ 

face in the sense that it lies at a 
constant distance from it. The exterior surfaces of the shell are represented 
by s = ±hl2, where h is the thickness of the shell. lfh = constant, the 
exterior surfaces are coordinate surfaces. 

If the shell coordinates are orthogonal, the coordinate lines on the 
middle surface must be lines of principal curvature, as we can see from the 
aforementioned theorem of Dupin. Conversely, if the coordinate lines 
on the middle surface are lines of principal curvature, the shell coordinates 
are orthogonal, as the following argument shows. 

Figure 5-6 represents a cross section of a shell. The position vector of a 
point on the naiddle surface is r, and the position vector of the correspond¬ 
ing point at distance 2 from the middle surface is R. From Fig. 5-6, 

R = r -f ns (a) 

Hence, by differentiation, 

-t- 11 ^ 2 , = Fj, + n,„3 (b) 

Since the coordinate lines are lines of principal curvature, the Rodrigues 
formulas apply [Eq. (5-54)]. By Eq. (b). 
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By Eqs. (5-49), and Also, • n = * n = 

= 0. Consequently, since = dR* dR = (R^, dx +Rydy + dzy^, 
Eq. (c) yields 

ds^ = dx^ + dy^ + dz^ (5-57) 

where 

p = B(\+y^, y=l (5-58) 

The factors a, y are the Lame coefficients [see Eq. (4-27)]. Equations 
(5-56), (5-57), and (5-58) are basic geometric relations in the theory of 
shells. 

Equation (c) shows that the vectors R^. and Rj, are parallel to the vectors 
and r^, respectively. Accordingly, all a:-coordinate lines (or all jy- 
coordinate lines) that intersect a given straight normal N to the middle 
surface have parallel tangents at their intercepts with line JV. 

5-7. EQUILIBRIUM OF SHELLS. Figure 5-7a represents a differ¬ 
ential element of a shell, cut out by surfaces x = constant and y = 
constant. The variables (x, z) are orthogonal shell coordinates. Accord¬ 
ingly, the coordinate lines on the middle surface are lines of principal 
curvature. By Eqs. (5-58) and (5-57), the elements of area of the cross 
sections (Fig. 5-la) are 

dAy. = oc dx dz ^ a(^1 + "“j 
dAy = ^ dy dz = 3(^1 + dy dz 

where and are the principal radii of curvature of the middle surface. 

Let Ny. be the tensile force on a cross section per unit length of a y- 
coordinate line (Fig. 5-7^?). Then the total tensile force on the differential 
element in the a;-direction is N.j,B dy. Hence 

p/2 

Ny,B dy = dy\ dz 

J-h/2 

where h is the thickness of the shell. Therefore, 



Similarly, the tension Ny, the shears N^y and the transverse shears 0^, 
and Qy, the bending moments and My, and the twisting moments 
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and My^ are defined (see Figs. 5-76 and 5-1 c). The complete set of relations 

B J-h/2 J-ji/2 \ r^I 

] rh /2 rh /2 I \ 

~ ~A dz = \ a‘j,( 1 H- \ dz 

A J-h/2 J-h/2 \ r^/ 

= o ^'^xv dz=\ J 1 + -1 dz 
B J-h /2 J-h /2 \ rj 

1 rh/2 p,/2 / ^ \ 

= - aT^„ dz = T I + — \ dz 

A J-h/2 J-h/2 \ rJ 

\ r*/® / z \ 

Qx = ~ \ ^Txz dz = T^J 1 + —1 dz (5-59) 

B J-h/2 J-hj2 \ r^/ 

I rh/2 p/2 / g\ 

Qy = - \ a.Ty^ dz = T^Jl H-1 dz 

A J-h/2 J-h/2 \ r-J 

1 T'*/® / z\ 

Af!C = - = z(l+—j(T^dz 

B J-/1/2 J-h/2 \ rJ 

1 p/2 p/2 / 

^y = -\ <^<^y dz =\ Z 1 + - <T,, dz 

A J-h /2 J-h /2 \ r-J 

1 r*/® / z\ 

^^* 1 / = - dz = \ zi I + - jTy^ dz 

B J-h/2 J-h/2 \ r<J 

1 / 2;\ 

^i/;r = - c/a; = zl 1 -f - dz 

A J-h/2 J-h/2 \ r-^/ 

The positive senses of forces and moments are shown in Fig. 5-7. 
Equations (5-59) are also valid for flat plates, with \lf\ = 1/^2 = 0. 

Equation (5-59) shows that M,j,y is not exactly equal to My^, unless 
i\ = /* 2 . Equation (5-59) yields the following general relationship: 


^ = Nyx - Nxy (5-60) 

^1 ^2 

The element of the shell shown in Fig. 5-la may be subjected to external 
forces caused by gravity and by external pressures and shears applied to the 
outer and inner surfaces of the shell. Since the area of the element dx dy 
of the middle surface is AB dx dy, the resultant external force on the ele¬ 
ment of the shell will be denoted by PAB dx dy. The vector P is the result¬ 
ant external force per unit area of the middle surface. It is a function of 
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the coordinates (x, y) of the middle surface. The vector P is considered 
to act at the middle surface of the shell, and it is resolved into components 
Py, PJ along the {x, y, z) coordinate lines. Often the component P^ 
is denoted by p or q, since usually it results from normal pressures on the 
faces of the shell. 

In addition to the external force PAB dx dy, an external couple R^P dx dy 
may act on an element of the shell. It is assumed that the couple results 
only from the shearing stresses on the external surfaces of the shell. Hence 
= 0. Also, 


Likewise, 


ABR^ = —cf.^ZTy^ 


hl2 

9 

-]il2 




71/2 

-ft /2 ’ 


ABRy = a.jizTy.^ 


hl2 

-hl2 


ABPy = 


7»/2 

- ft /2 


We obtain the equilibrium equations for N,., Ny, N,.y, Ny^, Q^., Qy by 
integrating the differential equations of equilibrium through the thickness. 
Consider, for example, the first of the equations in (4-29). The first term 
is dldx(^aj. Integrating this expression with respect to s between the 
limits —hjl and hjl, and utilizing Eqs. (5-59), we obtain 


pi/2 2 ^ rh/2 o 

r- (^o'J = T- (BN^) 

J-h/2dX OXJ-hf2 OX 

Similarly, for the second term, 

pi/2 3 3 rh/2 3 

— (aT^„) dz = — \ oi.Ty,y dz=— (XN„J 

J-hi2dy dy ^-n/z dy 


For the integral of the third term, we obtain 

|/i/2 


I 


7./2 g 

— (a/Sr^,) dz = 

7i/2 OZ 


= ABP^ 


-h/Z 


The fourth integral obtained from Eqs. (4-29) is 


doi 
-h/z oy 


dz 


By Eq. (5-58), this is equal to 



dz 
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Hence 




dz 



dz 


With the Codazzi equation (5-56), this yields 


J-M 


dz 



i!dL 

%^yi 


dz 


Hence by Eqs. (5-59) 


M 

dy 



dz 




dz 


= N 

xy 


dA 

dy 


Applying Eqs. (5-58) and (5-59) to the fifth terra in Eqs. (4-29), we obtain 


Pj"^x 
J-Ms dz 






dz 


ABQ, 

ri 

Finally, by Eqs. (5-56), (5-58), and (5-59), the integral of the sixth terra in 
Eqs. (4-29) is 




dxJ-h/z\ TyJ 


dx 


With the foregoing results, the first of the equations in (4-29) yields 

(BIVJ -I- 1 - (AN,,) + nJ^-N,^-^ ^ + ABP, = 0 
OX dy dy dx 


Similarly, the second and third equations in (4-29) yield the equilibrium 
equations for forces in the y- and s-directions. 
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The equilibrium equations for moments are obtained by multiplying 
the first and second equations in (4-29) by s and integrating through the 
thickness. Considering the first of these equations and noting Eqs. (5-59), 
we obtain the following integrals: 

rh/2 a p fA/s 9 

J-h/2 dx OX J-hl2 OX 

rh/2 g 9 p/2 9 

I ^ ~ ^ I ^ (^-^ya) 

J-hi 2 dv oy J-hi 2 oy 


d 

— {(z^^/)dz = — dz + ABRy 

az J-h/2 


The last result is obtained by integration by parts. It yields 


* :r + \ '^xz dz 


-h/2 dz 


hl 2 dz 


-Oi + yjpT,,dz+ABR 


rhf 2 

.= -A i5. 

J-liH 


dz + ABR^ 


= -ABQ^ + ABRy 


9a ^ 

^ 2 "^xy dz 
-hiz oy 


'dA , d/AV 
■dy dy\rj I 


/u zdA\ , p/2 / , 3 \ ^ ^ dA 

- .^\^ + --:rFxvdz =— 2 1 + - )t-„ dz = M„. — 


-h /2 \dy dy 


dy J-h/z \ 


rh /2 3 ^ n/z rgg g 

2 ; —CT^d 2 ;— z — + z— \ loy dz 
•l-h/z dx J-m Ldx dxXr^/J 

p/^ (dB ,zdB\ . dB r"/2 / g \ 

+ TjA"" J_„r(‘+ 7 )°’ * ■ 

Hence by Eqs. (4-29) the first equilibrium equation for moments is 
£ (BM.) + £ (AMy^) + Ky^-My^^- ABQ, + ABRy = 0 
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Similarly, the second of the equations in (4-29) yields another moment 
equation. The complete set of equilibrium equations is 

f (BN,) + f {AN,,) + N„^-N,^+ + ABP, = 0 (5-61) 

OX oy oy ox 

f {BNJ + f (AN,) + N„ ^-N,^+ ^ + ABP, = 0 (5-62) 
OX oy ox oy 

m.) + {AQ,)N,- — N, + ABP, = 0 (5-63) 

f (BMJ -F f (AM,,) + mJ^ - - ABQ, + ABR, = 0 (5-64) 

ox oy oy ox 

|- (BM J f (AM,) + ABQ, -ABR, = 0 (5-65) 

OX oy ox oy 


These equations are supplemented by Eq. (5-60), which is an identity. 
The shears and Qy may be eliminated by Eqs. (5-64) and (5-65). 
Equations (5-60) to (5-65) apply also in the theory of flat plates. If 
curvature due to bending is negligible, = l //*2 = 0 for a flat plate and 
(rr, y) may be any orthogonal coordinates on the middle plane. Equations 
(5-61) and (5-62) are, accordingly, generalizations of Eq. (5-13). Relations 
equivalent to the preceding equilibrium equations were derived by Love 
(51). Various specializations of the equilibrium equations, with applica¬ 
tions to engineering structures, are discussed in the book by Flugge (25). 


5-8. STRAIN ENERGY OF SHELLS. For shell coordinates (y = 1), 
the strain-displacement relations [Eqs. (4-28)] are approximated as 
follows: 


1 / , (XyV 

a \ p 

e =i(h}L+v 


, , i L 




w„ , B,v 

y„- = — + V, — — 


(5-66) 


yzx = H- 

a a 


I £» _ _ (X.yll ^x^y 

oc ajS ajS AB 
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The discarding of quadratic terms except those involving and is not 
always a legitimate approximation. Nevertheless, it has been done in 
nearly all investigations of large deflections of shells. In small-deflection 
theories all quadratic terms in the strain-displacement relations are 
neglected. 

As in the classical theory of flat plates (Sec. 5-1), we assume that the 
transverse shearing stresses, and vanish. The assumption = 
= 0 yields = 0. 

In comparison to u and v, the normal displacement w does not vary 
much with z. Consequently, we assume that vi^ = w(x, y). By Eqs. (5-66), 
the equations = 0 may be expressed as follows: 



+ ^ = 0, 



With Eqs. (5-58), these equations yield 



Hence by integration 



u=^ + y), V = ^ + ^g(x, y) 

A Jj 

The additive functions, / {x, y) and g{x, y), are determined by the condi¬ 
tions K = M and u = y if 3 = 0. Accordingly, with Eq. (5-58), there results 

u = — zwj, V = B-\pv - zwy), w = w (5-67) 

Equation (5-67) determines how the displacement vector varies through 
the thickness. 

The strain components are now determined by substituting Eq. (5-67) 
o Eqs. (5-66). Thus we obtain 


1 d / xu-zwA ccy/ ^v- zwA , oyv , 

(X dx\ A J a I / a 2A^ 



_ jg 9 / ^y - g 9 / au - 

a.dx\ / pdy\ aA / AB 


These equations, which express the strain components at any point in 
terms of the displacements of the middle surface, are geometrical; they are 
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not contingent on elastic or isotropic behavior of the material. Equations 
equivalent to those in (5-68), with quadratic terms omitted, were derived 
by Love (51). He also proposed that Eqs. (5-68) be linearized in 2 :. Then, 

^ "f" ^^ 2/1 yccy ^xy ^^xy (5-69) 


Here, ey, e^y) are the values of (e^, y^y) on the middle surface of the 
shell. The factors Ky, are closely related to the changes of curva¬ 
ture of the middle surface caused by bending. Setting 2 = 0 in Eqs. (5-68), 
we obtain ^ „ 

_u^ vAy w Wat 

A AB^ 2A^ 


^ Vy I I W I W/ 

■ “ 2B^ 


B AB 


v^. . Uy _ _ BJ ^ WjgWy 


(5-70) 


_^ I ^_ 

~ A B AB 


Ab'^ AB 


Equations (5-70) is a generalization of Eq. (5-3) which was derived for flat 
plates. 

The factors Ky, K^y) are obtained from Eqs. (5-68) and (5-69) if the 
2 :-terms are expanded to first powers by the binomial series. The first-order 
effects of u and v on Ky, K^y represent changes of curvature due to the 
circumstance that the elements of a surface are usually bent if the surface 
is deformed into itself. For example, if a surface element of a cone is 
displaced along a generator, it must be bent to remain in the original conical 
surface. Also, if a surface element of a cylinder is rotated about its normal, 
it must be bent to remain in the original cylindrical surface. These effects 
are quite small compared to the bending that results from the normal 
displacement w. Consequently, m and v will be discarded from the formulas 
for K^, Ky, Also, the bending effect of w results mainly through the 
derivatives w^., Wy, Wyy, There is a slight bending that depends 

explicitly on w; it remains if w is constant. For example, a spherical shell 
experiences changes of curvature if iv is a nonzero constant, since the radius 
of the sphere is changed. However, this effect is quite small. Consequently, 
w will be discarded from the formulas for Ky, K^y, although the deriva¬ 
tives of w will be retained. Accordingly, 




Adx\A/ AB^ 
B^w^ _ 2 ^ 

A^B BdyXBl 


^ 2 ^ B 


AB\ A 






(5-71) 


B 
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The stress-strain relations for a flat plate [Eqs. (5-5)] remain valid for a 
curved shell. Accordingly, if the terms zjr^ and zlr 2 in Eqs. (5-59) are 
disregarded, Eqs. (5-12) expresses the quantities iVa-, Ny, N^y in terms of 
^xy For a curved shell, Cy, e^y are determined by Eqs. (5-70). 
Likewise, when zjr-^ and 2/^3 are discarded from Eqs. (5-59), we obtain 
with Eqs. (5-5), (5-8), and (5-69) 

Mj, = D(k^ + VKy) — 

1 — v 
Ff} 

M, = D(k, + VK^) - —^ (5-72) 

1 — 7^ 

^xy ^yx "" h 

The quantities k^, Ky, K^y are determined by Eqs. (5-71). Equations (5-72) 
is a generalization of Eqs. (5-26) which was derived for flat plates. After 
Afa,, My, M^y are determined by Eqs. (5-72), the shears Qy may be 
obtained from the equilibrium equations (5-64) and (5-65). 

The formula for the strain-energy density Uq that was used for flat plates 
[Eq. (5-7)] remains valid for curved shells. The volume element of the 
shell is dx dy dz. In view of Eq. (5-58), this will be approximated by 
ABdxdydz, Then, 

rc rni% 

U — \ \aB dx dy\ U^dz 
JJ J-h/2 

When Eqs, (5-7) and (5-69) are substituted into the preceding equation, 
the strain energy separates into a sum of three terms, U = + Uj, + Uq, 

where the membrane energy is linear in h and the bending energy 
is cubic in h. The term Uq represents the part of the strain energy that 
results from heating. Again, the notation in Eq. (5-8) is used. Then, if G 
and V are considered to be constants, integration with respect to z yields 

+ id - '^)exv^']hAB dx dy 

JJ + i(l - dx dy 

JJ[(e* + ey)6o + (/Cj, + Ky)di2AB dx dy (5-73) 

By means of Eqs. (5-70), (5-71), and (5-73), the strain energy is expressed 
as a functional of w, v, w. 

The stress-strain-temperature relations [Eqs. (5-5)] remain valid for 
curved shells. Also, Eqs. (5-12) remain approximately valid. If there are 
no tangential external forces and equilibrium exists, the principle of 
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Stationary potential energy requires that the strain energy U satisfy the 
Euler equations of the calculus of variations for u and v. With Eqs. (5-12), 
these conditions yield the equilibrium equations for tangential tractions. 
The results agree with Eqs. (5-61) and (5-62), except for the terms con¬ 
taining and Qy, which have been lost because of the approximations. 

Various refinements of the theory of shells have been developed (102, 
124, 129), and many of them possess particular merits, but the foregoing 
theory, which is essentially that of Love (51) is attractive because of its 
comparative simplicity and adaptability. D. O. Brush (96) has shown that 
many recent studies of elastic shells are based on equations that result 
immediately from Eqs. (5-73) by variational methods. The von Karmdn 
theory of large deflections of flat plates (Sec. 5-1), the eigenvalue theory of 
buckling of plates (84), the Donnell equations for large deflections of 
cylindrical shells, the equations of Reiss, Greenberg, and Keller for snap- 
through of shallow spherical caps (135), and the equations of Seide (144) 
for buckling of conical shells may all be obtained in this way. It is appar¬ 
ent that the equations of this article 
reduce to the flat-plate equations of 
Sec. 5-1 if l/rj = l //*2 = 0; in fact, 
the present theory is a natural 
generalization of the theory of large 
deflections of flat plates. When the 
equations in Secs. 5-7 and 5-8 are 
applied to fiat plates, the coordi¬ 
nates are arbitrary, except for the 
requirement of orthogonality. 

5-9. AXIALLY SYMMETRIC 
SHELLS. The middle surface of 
an axially symmetric shell may be 
generated by rotating a plane curve 
about an axis in its plane. A cross 
section of the surface by a plane 
perpendicular to the axis of sym¬ 
metry is a circle. A cross section 
of the surface by a plane that con¬ 
tains the axis of symmetry is called a “meridian.” The cross-sectional 
circles and the meridians are the lines of principal curvature on the surface. 

Figure 5-8 represents an axially symmetric surface. The Z-axis is the 
axis of symmetry. Any plane that contains the Z-axis intersects the surface 
in a meridian. The angle 6 that this plane forms with the FZ-plane is 
called the longitude of the meridian. As surface coordinates, we adopt 
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the longitude d and any coordinate x that locates a point on a meridian. 
The radius of the cross-sectional circle with coordinate x is denoted by r. 
Accordingly, the equation of a meridian is r = r{x), Z = Z(x). 

It is seen from Fig. 5-8 that the equations of the surface are 

X = r sin 6 , Y = r cos 6, Z = Z(x) ( 5 - 74 ) 

Therefore, ds^ = dx^ + in which 

A = A{x), B = r ( 5 - 75 ) 

The positive normal n of the surface is directed outward. 

One principal curvature is the curvature of a meridian. The center 
of curvature corresponding to lies on the Z-axis. Consequently, with 
the notation of Fig. 5-8, 

r^ = rcsc(f> ( 5 . 76 ) 

Also, ds = d<l), where ds is an element of arc length on a meridian. 

Sometimes, coordinates may be chosen conveniently so that 4> = then 
A = Ti- However, for generality, we shall not fix the coordinate *. From 
consideration of an infinitesimal triangle with hypoteneuse on a meridian, 
it is apparent that 

— = Acos^ (5-77) 

Accordingly, since B = r, the equilibrium equations for tangential trac¬ 
tions, obtained by specialization of Eqs. (5-61) and (5-62), are 

(rJV,) + A^-ANoCOs<f, + ^ + ArP, 

OX do 

£ (rN^) + ^ ^ + ^^ 0 * cos (!> - 1 - AQa sin ^ + ArP^ 

If X = tf>, Eqs. (5-78) are equivalent to those derived by Fliigge (25), 
except for the terms containing and which he neglected. 

If the loading is axially symmetrical, = 0, = P„ = 0, and 

dNjdd = 0, Then the second of Eqs. (5-78) is satisfied automatically. 

Cylindrical Shells. Circular cylindrical shells are included among axially 
symmetric shells. The coordinate x is conveniently taken to be distance 
along a generator. Then A = I and B = a, where a is the radius of the 
middle surface. In addition, l/r^ = 0, /-g = r = a, and <!> = 90°. If there 
are no tangential external forces and and Q„ are neglected, Eqs. (5-78) 
reduce to 

dx a do ’ dx a dO 


= 0 

(5-78) 

= 0 


( 5 - 79 ) 
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Here, the distinction between and is disregarded. The general 
solution of Eq. (5-79) is ° 

= N.-o'g, (5-80) 

where F{x, 6) is an arbitrary function, called the “Airy stress function ” 
By Eqs. (5-70) 


By Eqs. (5-71) 


a 2a2 

= + + » 
a a 


^6 — — 


^xd — ^xO 

a 


(5-81) 


(5-82) 


Accordingly, if thermal effects are disregarded and there is an internal 
pressure p{x, 6), the total potential energy, determined by Eqs. (5-73), is 


+ 2 v ( u , + + .|(1 _ + £« + 


+ 2v(u^ + 


12(1 - v) 


lf_' 
— v). 


-l-ll + Z5. 

a 2a^ 


Wxx“ + ^4 + 2vWxx -j + 2(1 — v) — pvv) dx dd 


(5-83) 

If the integrand in Eq. (5-83) is denoted by 7, Eqs. (5-12) and (5-81) yield 

N 0 dJ . - w- 

8w~ a 


~ = 4. V dJ _ Gh^ 

dwo - 6(1 - v) 




dJ Gh^ 


dJ Gh^ 


WflO , 

—r + vw. 


dwxo 3 ’ dwgo 6(1 - v)an *7 

Consequently, in view of Eq. (5-79), the Euler equation for w is 

^ + — W^^gg + — Wggg^ -|-2 — p _|_ 

+ I ^ W.w„; D - (5-84) 
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Equation (5-84) was derived originally by Donnell (103) by balancing forces 
and moments on an element of a deformed shell. It has played an impor¬ 
tant role in theories of buckling of cylindrical shells. The terms N^q, 
and Nq on the right side of Eq. (5-84) result from the nonlinear terms in 
Eqs. (5-81). Consequently, these terms do not appear in the small- 
deflection theory of cylindrical shells. 

If w is constant, Eq. (5-84) yields N^ja = p. This result agrees with the 
elementary theory of a thin cylindrical shell with uniform internal pressure 
p. Since Noja is a tensile stress, the positive sense of p must be outward. 

If an infinitely long cylindrical shell is subjected to uniform external 
pressure q, the buckling pattern is independent of x. Consequently, since 
NqIu = p — —q,Eq, (5-84) yields 

I 2 /\ T 2 

^eeee “h ^ 

The general solution of this equation is 

w = Asinkd + B cos kd + C6 + Ci 

Since w has period 2tt, C = 0 and k is an integer. The value k = 1 
corresponds to a rigid-body displacement. Consequently, the buckling 
pressure is determined by k = 2. This yields 


AD 



Actually, this result is too high. The correct buckling pressure, determined 
by the theory of buckling of rings (84), is = SDjd^. The error occurs 
because of the approximations (125). However, there is reason to believe 

that Donnell’s equation gives more 
accurate results when multiple wave 
patterns occur in the buckled form, as 
in the case of short cylindrical shells 
buckled by hydrostatic pressure. 

Example—Cylindrical Tank. A ver¬ 
tical cylindrical tank with constant 
^ wall thickness h is filled with liquid 
with specific weight y (Fig. 5-9). The 
height of the tank is L. The axial 
coordinate x is measured from the 
bottom. If the tank is open at the 
top, the pressure at ordinate x is 
p=^y{L- x). 



Fig. 5-9 
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Because of axial symmetry, i? = 0, N^q = 0, and all partial derivatives 
with respect to 6 vanish. The first of Eqs. (5-79) reduces to dNjdx = 0. 
Since the boundary condition at the top is = 0, this equation shows 
that vanishes everywhere. Consequently, by Eqs. (5-12), + ve^ = 0. 

If quadratic terms in Eqs. (5-81) are neglected, this yields = —vwla. 
Hence by Eqs. (5-12) 

No =- (a) 

a 

Accordingly, when quadratic terms are neglected, Eq. (5-84) yields 

, Eh p . 

^XXXX ^ Pi 

a^D D 

Equation (b) may be integrated readily when the preceding linear expres¬ 
sion for p is introduced. The solutions of this equation are discussed in 
detail in the book by Timoshenko and Woinowsky-Krieger (86). The four 
arbitrary constants in the general solution may be adapted to the two 
forced boundary conditions (w = iVa. = 0 at ri; = 0) and the two natural 
boundary conditions = 0 at a; = L). The natural boundary 

conditions signify that the bending moment and the shear are zero at the 
top edge. They may be derived by applying the variational procedure to 
the potential energy integral which results from Eqs. (5-83) when simplifi¬ 
cations due to axial symmetry are introduced. 


5-10. CIRCULAR PLATES. A circular plate may be regarded as a 
special case of an axially symmetric shell. If polar coordinates (r, 6) are 
adopted, A = 1 and B = r. In addition, l/r^ = = 0 and </> = 0. By 

Eqs. (5-59), N^q = Nq^, and = ^or- The equilibrium equations for 
tractions in the plane of the plate are obtained immediately from Eqs. 
(5-78): 


dN 


or r 


dd 


+ 




dr 


dd 


rQ 


+ Pr = 0 


+ Po = 0 


(5-85) 


Only axially symmetric loading is considered. Then v = 0, Py = 0, and 
partial derivatives with respect to 0 vanish. By Eqs. (5-70), 


e, = 


By Eqs. (4-71) 


= -, c\o = 0 

r 




Kq = 


r 


KrO = 0 
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Accordingly, if A is constant, Eqs. (5-73) yield 

Um = 7^^^ f + iO® + — + 2vu{u^ + dr 

1 — J L r J 

U, = .D|(rw,/ + 2vw,w„) dv, D = 

If thermal strains are absent, Eqs. (5-72) yield 
M,.-D{w, + ’-f) 

JWfl = — D^^'+ vH.„i 
F is neglected, Eqs. (5-64) and (5-87) yield 


(5-86) 


(5-87) 


Qr=-Df 

dr 


i£{r 

-rdr\ dr/- 


(5-88) 


As an illustrative application of Eqs. (5-86), we consider a simply 
supported circular plate that carries an axially symmetric distributed 
load p(r) and a concentrated load F at the center. If small-deflection 
approximations are used, U^ = 0. In addition, if there is no heating, 
Ug = 0. By Eqs. (5-86) the total potential energy is 

{Dlr(w"y + r-\w'f + 2rw'w"] - 2pwr} dr - Fw„ 

m which primes denote derivatives with respect to r. The deflection at the 
center is denoted by Wq. 

The term 2w'w" may be integrated directly. Accordingly, the preceding 
equation takes the following simpler form: ° 

V= -Fwg -b :rvD(w')| -b nj\Dlr(wr + r’^w')^] - 2pwr} dr (a) 

noilt P*^tes that >v' is defined at a 

Eantr IccTT*^ ^ logarithmic 

gu anty Accordingly, m the present case, vv'(O) = 0. Furthermore 

w Ir has a loganthmic singularity. Accordingly, the integrand in Eo fa) 

Thevariation\(r)isrestricted 
tnat the integrand in dFis also proper. Then, r}'(0) = 0. 
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By adding a variation 97 to w in Eq. (a), deducting V, and retaining only 
the part of AK that is linear in rj, we obtain 


dV = —Ftiq + iTTvDw'fj' 


+ Itt 


I [2)(rwV 
^0 


+ r — pr?]'] dr 


Integration by parts yields 

dV = —FrjQ + 2TrD{vw' + rw")r]' — 27TD(rw'" + w" — r~^w')Yj\ 


Jo 


+ 277- [D(rw"" + 2w'" - + r-^w') - pr']rj dr = 0 


Accordingly, the Euler equation is 


w"" + ? w"' - 4 w" + -4 w' = - 

r r^ r^ D 


(b) 


Integration of Eq. (b) is facilitated if the equation is written in the follow¬ 
ing form: 


l_d 
r dr 


d 

r — 
dr 


.rdr\ drJ. 


D 


(5-89) 


If the plate is simply supported at the edge, the forced boundary 
condition for the edge is w = 0 at r — a. The condition w'(0) = 0 may 
also be regarded as a forced boundary condition. The preceding expression 
for dV yields the following natural boundary conditions: 

vw' + rw" = 0 at r = a (c) 

lim (rw"' + w" - i w'j = — (d) 

r-.o\ r 1 1-nD 

In view of Eqs. (5-87) and (5-88), these conditions mean that the bending 
moment at the edge is zero and the shear balances the force F. 

For example, suppose that the distributed load p is zero. Then the 
general solution of Eq. (5-89) is 

w = A + Br^ + Cr^ log r + C' log r (e) 

in which A, B, C, C are constants of integration. Differentiation of 
Eq. (e) yields 

w' = (2B + C)r + ICr log r + — 

r 


w" = 2B + 3C + 2C log r - —, 

r r 
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Hence 


rw'" + w" - - w' = 4C 
r 


Accordingly, Eq. (d) yields C = FK^ttD). The condition w'(^) = 0 yields 
C' = 0. This condition might also be derived from the fact that w remains 
finite when r = 0. 

Equation (c) now yields 


B = 


-F / 3 + v 
ISttDxI + V 


+ 2 



The forced boundary condition (w = 0 at r = a) yields accordingly 


Consequently, by Eq. (e) 


Fa^(3 + v) 
167tD(1 + r) 


w = 


F 3 + V 

ISttDLI + V 


(a^ — r^) — 2r^ log - 
r- 


(5-90) 


It is apparent that lim w" = — oo; that is, the radius of curvature at 

r-*-0 

the center of the plate is zero. This circumstance illustrates a characteristic 
difference between plate theory and beam theory. In plate theory the 
I second derivative of the deflection function is discontinuous at a point of 
I concentrated load. In beam theory the second derivaltive remains con¬ 
tinuous, but the third derivative is discontinuous at a point where a 
concentrated load is applied. 


PROBLEMS 

1. A rectangular elastic isotropic plate of constant thickness is heated. The 
temperature is d{x,y). By the principle of stationary potential energy, 
derive the differential equations for the displacement components (w, v). 
The edge a; = is free; derive the natural boundary conditions for that 
edge by the variational method. 

2. A rectangular elastic plate has edges simply supported at a? =0 and x = rr. 
The edges y = ±b are free. The load isp = Pq sin x. Set w = f{y) sin x and 
obtain the solution of Eq. (5-20) that satisfies the boundary conditions. 
Let 0=0. 

3. Suppose that the flange (Fig. 5-4) carries a distributed lateral line load q(x). 
Determine the natural boundary conditions for the flanged edge. 

4. A simply supported rectangular elastic plate carries a constant lateral 
pressure porn, square region of width 2c that has sides parallel to the edges 
of the plate and center at the center of the plate. Outside this square, there 
is no load. Determine the deflection w(x^ y) in the form of a double sine 
series. Use small-deflection theory. 
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5. A circular elastic disk of constant thickness is subjected to a temperature 
distribution 6(r), There are no external loads. The edge of the disk is free. 
Derive the differential equation and the natural boundary condition for the 
radial displacement u(r). Note that w(0) = 0. 

6. A circular elastic membrane of constant thickness h and radius a is subjected 
to a lateral pressure p(jr). The membrane is so thin that bending energy is 
negligible. The membrane has no initial stress. Using Eqs. (5-86) (large- 
deflection theory), derive the differential equations for u and w. 

7. An isotropic elastic conical shell with constant thickness h and total vertex 
angle la is subjected to axially symmetric pressure p{x)^ where x is distance 
along a generator from the vertex. Using small deflection theory, derive the 
strain-energy equation. 

8. A circular elastic plate is supported by a post at the center, and the edge of 
the plate is free. The plate carries an axially symmetric load p(r). Using 
small-deflection theory, derive the natural boundary conditions for the free 
edge. 

9. A rectangular elastic plate with simply supported edges is subjected to the 
temperature distribution d = where i? = constant. There are no external 
loads. Using small-deflection theory and employing Eqs. (5-9), (5-32), and 
(5-33), determine the coefficients ^^y principle of stationary potential 
energy. 

10. Derive the strain formula for curved beams [Eq. (c). Sec. 2-3] from the 
corresponding formula for curved shells [Eqs. (5-68)]. 

11. Show by means of the Codazzi equations that the Lame coefficients for shell 
coordinates satisfy the following relations of H. Lamb: 

^ ~ Und ^yf^z “ f^^yz 

(Subscripts denote partial derivatives). 

12. Determine A, B, a, /?, l/r^, 1/^2 for a circular conical shell with total vertex 
angle la. Let x be distance along a generator from the vertex. 

13. Determine a, 1 1 //-g for a spherical shell of radius a. Let x = </) = 

colatitude. 

14. Determine A, B, a, /?, 1 /rg, n for an elliptic cylindrical shell with middle 

surface defined by = « cos 6, 7 = 6 sin 0, Z = x. Let x x, y = 0. 

15. Derive Eqs. (5-62), (5-63), and (5-65). 

16. The terms and Qy in Eqs. (5-61) and (5-62) are frequently neglected. 
With the aid of the Gauss equation (5-55), show that whenPjc — Py — Qx — 
Qy = 0 and the Gaussian curvature K is constant Eqs. (5-61) and (5-62) 
are satisfied automatically by 

= B-^Fyy -h A-^B-^BJF^ - B-^ByFy + KF 
Ny = A-^F^^ - A-U^F^ -f A-^B-^AyFy -f KF 
N^y = ^A-^B-^F,y + A-^B-^AyF^ + A-^B-^B^Fy 

where F(x, y) is an arbitrary function (generalized Airy stress function). 
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17. Specialize the equations given in Prob. 16 for a spherical shell of radius a 
referred to spherical coordinates (^ = < 5 ^, 2 / = 0 ). 

18. Let (X, Y) be rectangular coordinates in the middle plane of a flat plate. Set 
X c cosh X cos y,Y = c sinh x sin y. Prove that the coordinates (x^ y) are 
orthogonal and that the x- and ^/-coordinate lines are hyperbolas and ellipses, 
respectively, with foci at the points (±c, 0). Determine A and B and write 
the general solution of the equilibrium equations for Ny, N^y by means 
of the equations given in Prob. 16. 

19. Specialize Eq. (5-68) for spherical shells. Let a; = 2 / = 0, where <l> is 

colatitude. 

20. Specialize Eqs. (5-68) for conical shells. Let x be distance along a generator 
from the vertex and let 2 / =0 be longitude. 

21. Specialize the strain-energy expression for cylindrical shells [Eqs. (5-83)] for 
the case of axially symmetric loading and small deflections (quadratic terms 
neglected). Hence derive the differential equations and the boundary 
conditions for a semi-infinite cylindrical shell that is subjected to constant 
shear = Qq and constant bending moment = Mq at the free end, 

X = 0 

22. A simply supported isotropic elastic circular plate of radius a carries a 
uniform lateral pressure p. Determine the deflection w(r). Compare with 
the approximate solution obtained in Prob. 20 , Chap. 3 . 

23. Solve Prob. 22 for a plate with a clamped edge. 



6 Theory of buckling 

If the system is influenced only by internal forces, or if the applied forces 
follow the law of doing always the same amount of work upon the system 
passing from one configuration to another by all possible paths, the 
whole potential energy must be constant, in all positions, for neutral 
equilibrium; must be a minimum for positions of thoroughly stable 
equilibrium; must be either an absolute maximum, or a maximum for 
some displacements and a minimum for others when there is unstable 
equilibrium. 

KELVIN AND TAIT 


6-1. INTRODUCTION. The theory of buckling deals principally with 
conditions under which equilibrium ceases to be stable. The theory of 
stability (Sec. 1-11) is accordingly an essential preliminary to this chap¬ 
ter. 

In the theory of buckling we consider a class V of unbuckled configura¬ 
tions, corresponding to a range of values of a real parameter p. Ordinarily, 
unbuckled configurations are characterized by geometric symmetry. 
Occasionally, it happens that there is only one unbuckled configuration, 
particularly if the mechanical system consists of rigid members. However, 
the class F need not be defined explicitly; the essential thing is that to 
each value of p in the range of interest there corresponds a single configura¬ 
tion in class F. Usually p designates the external load on the system. 
However, this is not essential. For example, in problems of thermal 
buckling, p may denote temperature. 

In the classical problem of buckling the configuration in class F is stable 
if p is small, but it is not stable when p is large. The problem is to determine 
the value of p for which the configuration in class F ceases to be stable. 
This value is called the “critical value” of j?; it is denoted by/^cr- Friedrichs 
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(106) suggested that be called the “Euler buckling load” or “Euler 
critical value,” since it is analogous to the critical load that Euler deter¬ 
mined for columns. Modern buckling theory treats many practical 
questions besides the determination of for example, the degree of 
stability before p^.^ is attained, effects of geometric imperfections, effects 
of inelastic action or other anomalies in behavior of materials, and 
nonlinear response of imperfect systems to impulsive loads (119). 

Euler’s classic investigation of columns in 1759 stimulated the 
study of numerous special column problems. Poincare (131) 
developed the fundamentals of a general theory of buckling. 
He observed that the equilibrium points corresponding to all 
values of the parameter p constitute a path in configuration 
space, since the equilibrium configuration X corresponding to 
any value ofis a function of p alone. It may happen that 
the path X = X(p) possesses “forks” or “bifurcation points.” 
Ordinarily, the unbuckled form, represented by the stem of 
the path, becomes unstable at a bifurcation point. Accordingly, 
the critical value of p usually corresponds to the first bifurca¬ 
tion point on the path of equilibrium configurations. 

However, not all buckling is of the bifurcation type. This 
fact is illustrated by a mechanism devised by Ziegler (152). The 
two bars shown in Fig. 6-1 are rigid. The joints are friction¬ 
less, but they contain springs, so that the restoring moment is 
proportional to the angular deflection of a hinge. The force 
P always remains collinear with member AB. It is easily seen 
that the only possible equilibrium configuration is the straight 
vertical position shown in Fig. 6-1. Furthermore, this form is 

Fig. 6-1 an equilibrium configuration irrespective of the magnitude of 
force P. Nevertheless, Ziegler has shown that there exists a 
critical load P^j., dependent on the spring constants and the lengths and 
mass distributions of the bars, such that the slightest lateral push will 
cause the system to execute large nonlinear oscillations if P exceeds P^,j.. 
If P is less than P^p infinitesimal initial velocities cause only infinitesimal 
oscillations about the vertical configuration. 

The peculiar nature of Ziegler’s mechanism stems from the fact that the 
external force is nonconservative; that is, the work performed by the 
constant load P depends on the path described by point B. For a conserva¬ 
tive system, the theory of stability developed in Sec. 1-11 may be used to 
determine the buckling load. 

In practice, the mere existence of stability provides no assurance of 
safe design. What is important in engineering is the degree of stability. 
Von Karman and Tsien (118) noted that some structures—particularly. 
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shell-like structures—may experience states of weak stability such that 
small blows or other disturbances cause them to snap into badly deformed 
shapes. This condition, known as “snap-through,” is characterized by a 
dip in the load-deflection curve. The theory of snap-through is essentially 
nonlinear, since it entails the study of buckled forms. Degree of stability 
may be measured by the amount of external work of lateral forces required 
to produce snap-through. The fact that snap-through can often be pro¬ 
duced with very little supplementary work suggests that the Euler critical 
value is almost unattainable in some cases. 

6-2. POSTBUCKLING BEHAVIOR OF A SIMPLE COLUMN. 
Poincare’s bifurcation concept usually serves to determine the buckling 
load of a conservative holonomic system. If the equilibrium configurations 
corresponding to all values of the load parameter p are determined, the 


y 



Fig. 6-2 


bifurcation points appear automatically. All equilibrium configurations 
may be determined by the principle of stationary potential energy. 
Consequently, there is no fundamental need for a special theory of 
buckling of conservative systems. In fact, recognition of the importance 
of snap-through and imperfections has led to greatly increased emphasis 
on the practical significance of po'stbuckling behavior. However, with 
the exception of a few cases in which axial symmetry exists, buckled forms 
of plates and shells do not submit to mathematical analysis without the 
use of drastic approximations that reduce the systems to a few degrees of 
freedom. However, the study of buckled forms of elastic columns is 
tractable. This theory, known as the problem of the “elastica,” was 
introduced by Euler. Love (51) devoted a chapter to the problem, and 
Schleusner (73) has written a book on the subject. In this article a simple 
case is discussed from the standpoint of the principle of stationary 
potential energy. 

Suppose that a column is hinged at its ends, that one end remains at the 
origin, and that the other end lies on the a;-axis (Fig. 6-2). The form of the 
buckled column is represented parametrically by the equations x = x{s)^ 
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y = y{s\ in which s denotes arc length on the centroidal axis. Since 
dx^ + dy^ = 

(x'f + {yj -1 = 0 (a) 

in which primes denote derivatives with respect to s. 

The forced boundary conditions are 

^(0) = 2/(0) = 0, y{L) = 0 (b) 

The potential energy of the external forces is 

Q = -F[L - x(L)] (c) 

The strain energy is given by Eq. (2-7). Consequently, aside from an 
additive constant and a constant factor, the total potential energy is 

V = k^x{L) + i + {y"f\ ds (d) 

where = FjEL It is necessary to minimize V in the class of regular 
functions that satisfy the forced boundary conditions and the auxiliary 
differential equation (a). 

Since a:(0) = 0, 

x(L) = 1 x' ds 
Jo 

Consequently, Eq, (d) may be written: 

V = J f\x"f + (y"f + 2k^x'] ds (e) 

Jo 

The general solution of Eq. (a) is 

x' = cos 6, y' = sin 0 (f) 

where 6 is a function of s. The variable 0 may be identified as the angle 
between the tangent to the deflection curve and the jc-axis. Equations 
(e) and (f) yield 

y=l\ [W + 2it’'cos0]ds (g) 

Jq 

Giving 0 a variation dd and integrating by parts, we obtain 

bV= 6' dd — f (0" + k^s'm 0) 60 ds (h) 

0 Jo 

Since the variations of 0 at the end points are arbitrary, Eq. (h) yields the 
natural boundary conditions, 

0'(O) = c'CL) = 0 (i) 

These conditions mean that there is no bending moment at either end. 
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Since 66 is an arbitrary function of s, Eq. (h) yields the following Euler 
equation: 

0" + ^t^sine = 0 (j) 

Thus the problem is reduced to the determination of the solution of Eq. 
(j) that satisfies the natural boundary conditions [Eq. (i)]. One solution is 
0 = 0. However, if k is large enough, there are other solutions. 

To integrate Eq. (j), set 6' = w. Then 

du du dd du 

ds d6 ds dd 

Consequently, Eq. (j) yields 

- 2B cos 0 = C 


By Eq. (i), C = —2k^ cos a, where a is the value of 6 at the end 5 = 0. 
Hence 

— = --/c^2(cos 6 — cos a) W 


The negative sign of the square root is chosen because ddjds is obviously 
negative. Equation (k) yields 


s 


— 

^ •^o^2(cos 6 — cos oc) 


+ Ci 


The constant Q is determined by the condition 6 = a when 5 = 0. 
Hence, since s = L/2 when 6 = 0, 


=V2r. .=f 

•^0 ycos 6 — cos oc V sin^a/2 — sin^ 0/2 


( 1 ) 


The integral in Eq. (1) is transformed to the standard form of an elliptic 
integral by the substitutions, sin a/2 = n, sin 6/2 = a sin <^. Thus we 
obtain 


kL 


- 

0 ^ 


d(f> 


0 \l\. •— sin^ <j> 


(m) 


The integral in Eq. (m) is tabulated for various values of a in tables of 
elliptic integrals. However, for small values of a, the solution is obtained 
readily by a binomial expansion of the integrand. Thus we obtain 


Hence 


rjr/2 

kL= 2 I (1 “1" sin^ -I- sin^ (j> -1- sin® <j6 -1- * * ■) d(j> 

*J0 

kL = ^[1 + (if + (1)2 + (A)2 a® + • • •] (n) 
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Equation (n) shows that if kL <7t there is no solution other than 
6 = 0. However, if kL > tt, there are deflected equilibrium forms of the 
column. Consequently, a bifurcation point occurs at kL = tt, that is, at 
i?’ = Thus the Euler buckling load is obtained as a 

bifurcation point. 

If a = 30^ a = sin 15° = 0.25882. Then Eq. (n) yields kL = 1.01747r. 
Therefore, if a = 30°, FjF^^ = 1.035. This result indicates that a column 
will sustain only a very small increment of load above the Euler buckling 
load, particularly if yielding results from severe bending. 

6-3. BUCKLING OF CONSERVATIVE SYSTEMS WITH ENUM¬ 
ERABLE DEGREES OF FREEDOM. The theory of stability presented 
in Sec. 1-11 may be used to determine the buckling load of a conservative 
holonomic system with finite degrees of freedom. The class T of un¬ 
buckled configurations lies on the path X = X{p) that represents all 
equilibrium configurations. For small values of p, the configuration in class 
r is stable, but for large values of p it is unstable. Consequently,. if 
d^V is positive definite for p < p^j. and d^V is indefinite, negative definite, 
or negative semidefinite* for p > p^^, the buckling load is p^y,. 

By Eq. (1-27), The coefficients are functions of p. 

A necessary and sufficient condition that d^V be positive definite is that 
the determinant D of matrix and all its principal minors be positive 
(Appendix, Sec. A-1). Consequently, we may expect that the buckling load 
is the smallest load for which Z) or a principal minor of D vanishes. 
Usually it is unnecessary to examine a sequence of minors of D, since D 
itself vanishes before any of its principal minors. 

To be more precise, we require that the functions a^^ip) be analytic in 
a range rr of the variable p that covers the range of interest. Analyticity 
signifies that the functions a^^ip) admit power series expansions with 
nonzero intervals of convergence about any point in tt. Analytic functions 
have the following pertinent properties: (a) They are continuous in tt. 

(b) The sum or product of any two of them is again an analytic function. 

(c) An analytic function that is not identically zero vanishes at only a 
finite number of points in any closed subinterval of tt. Any branch of an 
algebraic function that is continuous in tt is analytic. The class of con¬ 
tinuous algebraic functions includes many cases of physical importance. 

The following theorem is proved in the Appendix (Sec. A-5): 

If the functions a^j^p) are analytic in tt, if stable equilibrium exists when 
p <X {where X is some constant in tt), if the equation D(p) = 0 

* The terms “positive definite,” “negative definite,” etc., are defined in the Appendix 
(Sec. A-1). 
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possesses a minimum root in tt, and if D changes its sign from positive 

to negative as p passes through Pq, then Pq is the buckling load p^^. 

The hypotheses of this theorem are illustrated by a graph of D versus p 
that crosses the ^[7-axis from above to below at p^. 

Example. Buckling of a Linkage. A column consists of three rigid 
struts, as shown in Fig. 6-3<3. All hinges contain springs such that the 
moment resisting an angular deflection 6 is proportional to 0. The spring 



- L -> 

Fig. 6-36 


constants for the hinges are k^ and fcg, as indicated in Fig. 6-3a. The 
hinges are frictionless and they are free to rotate either way. 

The straight form of the linkage is obviously an equilibrium con¬ 
figuration. However, if the compression load Fis large, this configuration 
is unstable. To determine the buckling load, we consider the system in a 
deflected form, as indicated by Fig. 6-3i. The angles oc and /? are adopted 
as generalized coordinates. The strain energy of the hinges is 

U = ik^oc^ + ikij3^ + — y)^ + ^k^i/S + y)^ (a) 

Also, 

m . o n . n — m 

sin a = — , sm p = ~ , sin y =- 

a a 1.5a 

where m and n are the deflections of the joints (Fig. 6-36). Consequently, 

sin y = §(sin ^ — sin a) 

Writing y as a power series in a and by means of this equation, we obtain 
the following approximation, which is correct through the second-degree 
terms in a and ^: 


Y = «) 


(b) 
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Equations (a) and (b) yield 

U = (4^1 + f- ¥* 2 ^^ (c) 

The length L (Fig. 6-3i) is 

L = a cos a. + a cos /? + f <3 cos y 
Consequently, to second powers of a and /?, 

L = fl(l - ia2) + a(l - + Ml - (d) 

The potential energy of the external forces is 

D = ^F(ia - L) 

With Eqs. (bl and (d), this yields 


= —fFh(a2 + + fFfla/? (e) 

The total potential energy of the buckled linkage is V ^ U + 
Consequently, by Eqs. (c) and (e), 

V = + ft*2 - ^Fd)(a^ + i52) + (IFa - ¥*2)oc/? (f) 

A power-series expansion of V has the form 

F=Fo + (5F+id2K4-*-- (g) 


where Vq is a constant, dVisa, linear form in (a, /?), d^Visa. quadratic form 
in (a, /?), etc. Since Eq, (f) represents F as a quadratic form in (a, /?), 
Fq = 0 and dV = 0. Actually, V contains cubic and higher degree terms 
in (a, /?), but these terms have not been derived, since Eqs. (c) and (e) are 
second-degree approximations. Accordingly, Eq. (f) is really an exact 
formula for The fact that dV vanishes verifies the hypothesis that 
the straight form of the linkage (defined by cx = = 0) is an equilibrium 

configuration. 

Identifying (/zj, with (a, /3) and noting that is linear in F [hence 
analytic; see Eq. (f)], we conclude from the preceding theorem that the 
buckling criterion is that the determinant of coefficients in Eq. (f) vanish; 
that is, 

D = (4*1 + ff*2 - 1^^)' - {\Fa - ¥* 2 )' = 0 (h) 

The solutions of Eq. (h) are 


gF — k-^ 1^2 

aF = f *1 + 1*2 


(i) 

(j) 
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The smaller value of F obtained from these two equations is the buckling 
load F,,. Hence Eq. (i) applies if 3^1 < Ik^ and Eq. (j) appHes if > Ik^. 

To verify that Eqs. (i) and (j) provide the buckling load, we must show 
that D > Oif F < F^^ and £) < 0 if where B is some con¬ 

stant. This condition is easily seen to be true, since the graph of D versus 
aF is the parabola shown in Fig. 

6-4. The parabola cuts the hori- ^ 
zontal axis, as shown in Fig. 6-4, 
if 3&1 Ik^. However, if 3A:i.= 

7^2, the parabola is tangent to the 
horizontal axis at the point Fa = 

(10/7)fci. In this case it is easily 
shown that 6^ V is positive definite if 
Fa < {I0p)ki and negative definite 
if Fa > {lQp)ki, Consequently, if 
3k^ = 7^29 the buckling load is 
determined by Fa = (10/7)fci. 

Only Eq. (i) is obtained if, at the outset, we make the assumption 
a = jS. On the other hand, only Eq. (j) is obtained if we make the 
assumption a = —jS. Accordingly, the linkage buckles symmetrically if 
3/:^ < 7k^, and it buckles antisymmetrically if > Ik^ (Fig. 6-5). 



Symmetric buckling 




Antisymmetric buckling 

Fig. 6-5 


Example. Column Supported by Elastic Foundation. As a second ex¬ 
ample, we consider a column with hinged ends that is supported laterally 
by a continuous distribution of springs. The spring resistance in an 
interval dx is dx, where jS is a constant. The deflection of the column 
due to buckling is represented by 




210 


ENERGY METHODS IN APPLIED MECHANICS 


The Strain energy of the elastic foundation is 

Uf = 4^ Ty* = T 5 

Jo 4 n=l 


(I) 


The strain energy of bending and the potential energy of the axial load are 
given by Eq. (2-18) and Eq. (d) of Sec. 2-2. The sum of these energy 
expressions is the increment of potential energy due to buckling; it does 
not include the strain energy due to direct compression before buckling. 
Also, because of quadratic approximations, the formula for AKis correct 
only to second-degree terms. Accordingly, 


d^V 


^ " /TT^E/n' 

"n4\ 2L® 


, i3L wW\ 




(m) 


Since 6V vanishes, the straight form of the column is an equilibrium 
configuration, although it need not be stable. 

Evidently, 5^ V is positive definite if all coefficients in Eq. (m) are positive; 
it is indefinite if any coefficient is negative. Consequently, the buckling 
load is the smallest load for which a coefficient in Eq. (m) is zero. 
Therefore, 


P 


cr — 


TT^EIn^ 

B 



(n) 


The positive integer n in Eq. (n) is to be chosen to minimize 
The half wavelength of the buckled form is Ljn = /. Hence, Eq. (n) 
may be written 


P 


cr 


tt^EI 


For an infinitely long column, / is to be chosen to minimize Therefore, 
for an infinitely long column, 

-Per = 2^'eIP 
I ='rr^ElJp 


6-4. GENERAL PRINCIPLES OF BUCKLING OF CONSERVA- 
TIVE SYSTEMS- For a conservative system with finite degrees of 
freedom, the second variation d^V of the potential energy is defined as in 
Sec. 1-11; for a system with infinitely many degrees of freedom, is 
interpreted as in the calculus of variations (Sec. 3-2). The second variation 
occupies a dominant place in the sufficiency theory of the calculus of 
variations (6), In fact, the theory of buckling of conservative systems lies 
properly in that branch of mathematics. However, the available results 
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in the sufficiency theory of the calculus of variations are adequate for only 
the simplest buckling problems. Consequently, buckling problems are 
often treated by means of approximations that reduce continuous elastic 
structures to finite degrees of freedom. Although this method is effective, 
there is usually no feasible way to estimate the accuracy of the results. 

At the buckling load, d^V ordinarily changes its character from positive 
definiteness to negative definiteness, negative semidefiniteness, or in¬ 
definiteness. Consequently, we may anticipate that is positive semi- 
definite when p = With the hypothesis that the coefficients in 
S^V are analytic functions of it has been proved (Appendix, Sec. A-5) 
that d^V is necessarily positive semidefinite at the buckling load. Con¬ 
sequently, if /? = there exist nonzero virtual displacements for which 
= 0, but there is no virtual displacement for which d^V <0, This 
conclusion may be written in a slightly different form by means of the 
relation K = £/ + O, where U and Q are the potential energies of internal 
and external forces, respectively. Also, Q = — where is the work 
performed on the system by the conservative external forces. Con¬ 
sequently, if /? = there exist nonzero virtual displacements such that 
(526^ = ( 52 but there is no virtual displacement such that 
If /? < for all nonzero virtual displacements. Kelvin 

and Tait (42) expressed the buckling criterion in the form AC/ = AIKp 
where AU and AIV^ denote the increments of U and corresponding to 
an infinitesimal virtual displacement. Timoshenko (84) employed the 
criterion AI7 = APF^ to solve many practical buckling problems. How¬ 
ever, since <5K = 0 for the prebuckling configuration and second-degree 
approximations were used to compute AU and AW^, the condition 
fP^U = was actually applied. In 1891 Bryan (98) applied the criterion 
^ 2(7 = ^ 2 )^^ |.Q investigate buckling of plates. 

It is to be emphasized that if /? = p^^ the relation b^U — b^W^ is not 
true for all virtual displacements; it is valid only for special virtual dis¬ 
placements that coincide with the actual buckling pattern. Consequently, 
the criterion b^U = has often been applied in an approximate way 
by means of estimations of deflection functions that represent the buckled 
form. The relation has also been applied in an exact manner (84) by means 
of the condition that the load parameter /? shall have the minimum value 
that is consistent with a nonzero solution of the equation b'^U = b'^W^. 

Criterion of Trefftz. Trefftz (146) restricted attention to the case in 
which the external forces are constants. Then, if no internal constraints 
are assumed (such as inextensionality of center lines or center planes), 
AW/\s 2 i linear functional of the virtual increments of the displacement 
vector. Consequently, b^W^, vanishes identically, and the stability criterion 
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reduces to the condition that be positive definite. Therefore, when the 
buckling load is reached, dW becomes positive semi-definite; that is, the 
minimum value of d^U is zero, and this value is attained for some nonzero 
virtual displacements Trefftz set d^U Q, and he observed that the 
condition that Q possess a nontrivial minimum signifies that the variational 
equation = 0 be satisfied identically for certain nonzero values of the 
functions h^. Variations of Q are effected by adding arbitrary variations 
to hi. The equation dQ = 0 yields linear homogeneous differential 
equations (the Euler equations of the calculus of variations). Also, the 
resulting natural boundary conditions are homogeneous; in other words, 
if certain functions satisfy the natural boundary conditions (or the 
differential equations), the products of those functions with arbitrary 
constants also satisfy the natural boundary conditions (or the differential 
equations). Thus the variational theory leads to the same linear eigenvalue 
problem as the approach by way of the differential equations of equi¬ 
librium. In the theory of buckling of shells the variational equation dQ = 0 
has occasionally been used to determine the tangential components of 
displacement after an equation containing a few undetermined parameters 
has been assumed for the normal displacement. 

The condition that 0 is naturally not essential in Trefftz’s 

theory; the foregoing argument applies more generally if 6^V ^ Q. 

Bounds of the Buckling Load. The set of unbuckled configurations is 
denoted by F. If p < ^he value of F is a relative minimum at the 
point Xq in F that corresponds to p. Therefore, in configuration space 
there exists a deleted* neighborhood N of point such that AK > 0 for 
all points X in V where AV denotes V(X,p) — V(Xq,p). On the other 
hand, if p^j. > p, there exist points X in any deleted neighborhood of Xq 
such that AK ^ 0. 

Let S denote the entire configuration space. If we introduce arbitrary 
assumptions about the nature of the deformation, we effectively constrain 
the system to a subset S' of points in space S. We consider the case for 
which F lies in 5'. This is the usual type of approximation; the assump¬ 
tions restrict the deformations that accompany buckling, but they do not 
restrict the unbuckled form. 

Let N' be the points of neighborhood N that lie in S'. Let be the 
buckling load, computed with the assumption that the system is constrained 
to S'. The load is defined in the same way as the true buckling load 
Pf.j., but the configuration space is taken to be S'. If p^.^ > p^./ and p 
lies in the range/?,/ <;? < p^^, AK > 0 for all points X in N. Hence 
AF > 0 for all points X in N', since N' is a subset of V. However, this 

* See Sec. 1-1 for definition of a deleted neighborhood. 
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conclusion conflicts with the definition of pj, for, when < p, the 
point Xq does not provide a relative minimum to V in S\ Consequently, 
the inequality Pcr> Pci is impossible. 

In other words, if the deformations that accompany buckling are assumed 
to lie in a designated class the computed load for which the unbuckled 
configuration ceases to be a configuration of minimum potential energy is 
generally too high; it cannot be too low. 

Unfortunately, no equally versatile method for establishing a lower 
bound for the budding load has been devised. Trefftz (147) suggested 
that a lower bound is obtained if the class of admissible deflection functions 
is enlarged (e.g. by relaxation of boundary constraints or continuity 
requirements), and the problem is then solved exactly. For example, the 
buckling load of a plate with one or more hinged edges is a lower bound 
for the buckling load of the same plate with all edges clamped. Another 
procedure that is sometimes applicable is to simplify the expression for 
6^V while simultaneously weakening the positive definite character of d^V 
(e.g. by discarding certain terms that are essentially positive). If the 
simplified problem is solved exactly, a lower bound for the buckling load 
is evidently obtained. This method has been used successfully in the theory 
of buckling of rings (93). 

Shear Effect in Columns. As an illustration of the preceding theory, 
the reduction of the buckling load of a pin-ended column because of shear 
deformation is considered. The slope y’ is the sum of the slope ^ due to 
shear and the supplemental slope y' — P due to bending. In view of Eqs. 
(2-15) and (2-19), the second variation of the total potential energy is 

=Q = i f\EI(y" - - Piy'f] dz 

Jo 

The Euler equations for the integral Q are 

- n + Py" = 0 

EI(y"' -^■') + Xp = 0 

Equation (a) yields 

Eliy" — + Py = az + b 

The end conditions y — 0 and y" — = 0 yield a = b = 0. Hence 

EI(y" -p')+Py = 0 (c) 

Equations (b) and (c) yield 


(a) 

(b) 



214 


ENERGY METHODS IN APPLIED MECHANICS 


Hence, by Eq. (c), 


Equation (e) yields 


y” + 


1 - P/A 


= 0 , 


y = Asm mx + B cos inx. 


/c2 = 


_P 

E[ 


9 

m 


1 - PjX 


(e) 

(f) 


The constant B is zero because «/ = 0 at a: = 0. Also, since */ = 0 at 
X = L, sin mL = 0. Therefore, m = ir/L. This yields 



(g) 


Solving Eq. (g) for P, we obtain 


P = Per = 


Pe 

1 + PJX ’ 



(h) 


The constant P^ is the Euler critical load if shear deformation is neglected. 
This fact is apparent from Eq. (h), since P^^ = P„ if A = oo. 


6-5, BUCKLING OF SIMPLY SUPPORTED COMPRESSED RECT¬ 
ANGULAR PLATES. Buckling of plates was first analyzed by G. H. 
Bryan (98) in 1891. The following treatment is similar to his. A homo¬ 
geneous isotropic elastic rectangular plate of constant thickness h has two 


y 



edges coinciding with the x- and y-uxss (Fig. 6-6). All edges are hinged. 
The plate is subjected to uniform compressions and N„. For con¬ 
venience, positive and Ny are considered compressive. This is opposite 
to the sign convention in Chap. 5. 
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The displacement vector of the middle plane before buckling is denoted 
by (w, V, H’). By Eqs. (5-3) and (5-9), the strain energy of the plate corre¬ 
sponding to arbitrary functions (u, v, w) is 

U = jj |(Mj, + + (Vy + iWy^f + 2v(Uy, + ^^)(Vy ^ y^) 

+ 4(1 - V){Vy, + Uy+ WyWyf 

+ ^ + Wyy^ + IVWyyyWyy H" 2(1 - 1')W^/]| dX dy (e) 

The decrease of the distance between the particles initially at points 
( 0 , y) and (a, y) is 

m(o> y) - “(‘'i y)-- \ 

Jo 

Consequently, the potential energy of the external load is Jj’iVjjMj, dx dy. 
Similarly, the potential energy of Ny is determined. Accordingly, the 
total potential energy of the external forces is 

o =iJ (Uy,Ny, + VyNy) dx dy (b) 

If (w, V, H’) receive variations i(x, y), rjix, y), !^{x, y), U and Q receive 
increments AU and A£^. As in Chap. 3, we write 

AU=dU+ idW +•-, AO = 5a + + “ • 

Since £2 is linear in u and v, 5^£2 = 0. For the prebuckling configuration, 
Uy = 0, y-g = 0, and w = 0. Hence by Eq. (a) 

S^U = II + Vy^ + Vyiy^ + Iv^^rty H" vu 

+ yvy^J" + 4(1 - ’')(»?»+ 

+ + 2(1 - v)W^ dx dy (c) 

The equilibrium relation, dV = 0, merely yields the prebuckting con¬ 
figuration. This may be obtained immediately, however, from Eqs. (5-17): 

= ^ (N. - vNy), Vy = ^ (Ny - vNJ (d) 

Eh En 

Equilibrium is stable if 6^U is positive definite, since = 0. Equation 
(c) shows that t and rj can never contribute a negative amount to 
Consequently, to determine the range of load intensities (iVa., for 
which equilibrium is stable, we must set f = 77 = 0. Bryan assumed this 
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condition from the outset. Eliminating u and v from Eq. (c) by means of 
Eq. (d), and dropping | and yj, we obtain 


b^U = + 2(1 - 

- dxdy 


(e) 


where D is the flexural rigidity defined in Eq. (5-10). Evidently, b^U 
is positive definite if Ny. and Ny are small, but it becomes indefinite if they 
are large. 

Bryan represented ^ by a double sine series [Eq. (5-32)]. Accordingly, 
Eq. (e) yields 


b‘^U = ^21 




. bN^ 2 aN,. o 
I- - - ^ 


(f) 


Apparently is positive definite if, and only if, all terms in Eq. (f) are 
positive. Consequently, buckling occurs when any term in Eq. (f) equals 
zero. Supposing that NyjN^ = r = constant, we may express the critical 
value of Ny, in the form 

(N,)or=fc^ (g) 


Letting ajb = c, we obtain from Eq. (f) 

(m^ -f 


k = min 


c\nr -|- n®c“r) 


(h) 


Equation (h) means that the positive integers m and n are to be chosen to 
minimize k. If Ny = 0, r = 0 and n = 1. Then m is the nearest positive 
integer to c. 


6 -6. BUCKLING OF A UNIFORMLY COMPRESSED CIRCULAR 
PLATE. Another case treated by Bryan (98) is the buckling of a circular 
isotropic elastic plate due to uniform radial compression. The postbuck- 
ling behavior in this case has been investigated by Friedrichs and Stoker 
(107). 

It is assumed that the plate buckles symmetrically. The radial and lateral 
displacements of the middle plane are denoted by u{r) and w{r), where r 
is the radial coordinate (Fig. 6-7). The radius of the plate is a. By Eqs. 
(5-86), 



' 2 

r{u^ + + “ + 2vu{u^ + Jw 

' r 



+ D(rWj.r + - dr 

r 


(6-1) 
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As for a rectangular plate (Sec. 6-5), the tangential components of dis¬ 
placement that accompany buckling are zero, since they merely augment 
the membrane energy and increase the buckling load. Also, as for a 
rectangular plate, Q is a linear functional 
of the tangential displacements; hence 
= 0. Therefore, stability exists if 
d^U is positive definite. Since, for the 
prebuckling configuration, w = 0 Eq. 

(6-1) yields 


Eh 

.1 — v‘ 


(rti^ + vu)^; 


= 277 P 
•lo 


dr (a) 



Fig. 6-7 


where ^(r) is the variation of vv. 

Before buckling, N^. = Nq = N and Cq — u^. Hence by Eqs. 
(5-17) 

-(1 - v)Nr 

u = —i— , w = 0 (b) 


Eh 


Elimination of u from Eq. (a) by means of Eq. (b) yields 

Q^d^U = 27rD -h + ;C" + 2vUr) dr (c) 


where, for brevity, = NjD, 

According to Trefftz’s theory (Sec. 6-4), = 0 at the buckling load. 

A symmetry condition which may be regarded as a forced boundary con¬ 
dition is = 0 at r = 0. The Euler equation for the integral Q is 

drdi, dr^di„ 

where F denotes the integrand in Eq. (c). Consequently, 


dr d^„ 

where C is a constant. Equation (d) yields. 


^^rrr ”1” ^rr "h 



(d) 


(e) 
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Since vanishes at the center of the plate, only one natural boundary 
condition is obtained at the center. Letting ^ take a variation (5^ and 
integrating by parts as in Sec. 3-2, we obtain the natural boundary con¬ 
dition, 


lim 

r-+0 



C + Cr + 


rrr 


= 0 


Accordingly, the constant C in Eq. (e) is zero. Therefore, with the sub¬ 
stitution = (f), we obtain 

+ (aV2 — 1)^ = 0 (f) 


It may be noted that (/> is the slope of a radial section of the buckled middle 
surface. Equation (f) is Bessel’s differential equation of the first order. 
The solution, which is regular at the center, is (7) 


<f> = (g) 

where is Bessel’s function of the first order and A is a. constant of inte¬ 
gration. Equation (g) satisfies the center condition (/> = 0. 

If the plate is clamped at the edge, the forced boundary conditions at 
r = are (/> = 0 and ^ = 0. If it is simply supported, the forced boundary 
condition at r = is ^ = 0. In this case the natural boundary condition, 
obtained from 5Q = 0, is r(f>^ + v<l> = 0 at r = The boundary con¬ 
dition ^ = 0 is irrelevant, since it merely determines the constant of inte¬ 
gration when the equation is integrated. 

For the clamped plate, the boundary condition </» = 0 yields = 0. 
Choosing the first positive zero of /j, we obtain = 3.832, whence 
N,, = HMDjaK 

For the simply supported plate, the boundary condition = 0 

yields, with Eq. (g), 

c(.aJQ((xa) = (1 — v)Ji{ixa) 

If V = 0.30, the smallest positive root of this equation is aa = 2.049, 
whence 


LATERAL BUCKLING OF BEAMS. There are many problems 
of lateral buckling of beams, since the types of loading, the end supports, 
and the cross-sectional shapes are innumerable. In this article a special 
case is treated. An elastic beam of length L with a symmetrical cross 
section (Fig. 6-8) is considered bent by couples applied at the ends. A 
uniform axial compression may be superimposed. The ends of the beam 
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are hinged; the hinge lines lie in the plane of symmetry. * An approxi¬ 
mation that reduces the beam to a system with two degrees of freedom is 



The following notations are used (Fig. 6-8): 

h, depth of cross section between centroids of flanges, 
thickness of web. 

Cc, Ci, distances from neutral axis to centroids of compression and 
tension flanges, respectively. Since there may be a thrust force 
in addition to the bending moment, the neutral axis need not 
coincide with the centroidal axis. 

Ac,Ai, cross-sectional areas of compression and tension flanges, re¬ 
spectively. 

/g, li, moments of inertia of cross sections of the compression and 
tension flanges about the ^-axis. 

ly, moment of inertia of the entire cross section about the 2 /-axis. 

Jc, torsion constants of the compression and tension flanges. 

L, length of the beam. 

V, Poisson’s ratio. 

compression strain in the compression flange that causes buckling. 
The compression stress in the compression flange that causes 
buckling is 

/i, /g, moments of inertia of the cross section about principal axes 
through the centroid. 

J, torsion constant for the entire cross section. 

Mqj., critical bending moment. 

w, lateral deflection of web (in 2 J-direction) due to buckling. 

It is assumed that 

w = {a + by) sin — (a) 

Lj 

where a and b are constants. This assumption conforms to the condition of 

hinged ends. Also, it conforms to the observation that the cross sections 

* By the introduction of a suitable effective length, other end conditions may be 

admitted (84). 
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are rotated and translated without distortion. With Eq. (a), Eqs. (5-9) 
yield the following formula for the strain energy of the web: 


+ abh -f 
4U 


'h^ 2(1 - v)l} ' 

.3 _ 




(b) 


This quantity is denoted by id^Uy) because it is quadratic in a and b. 
The curvature of the compression flange due to sidewise bending is 


Rc 




\v-h 


= - (n -h hh) sin — 

Ju jL 


Hence the strain energy of the compression flange due to bending is 

Similarly, the strain energy of the tension flange due to bending is 



The twist of either flange, per unit length, is 

irb ttx 

= — cos — 

L L 


Hence, by Eq. (2-17), the strain energy of the flanges due to twisting is 


iG(J, + Jd 




^ 2 ira; 

cos — 
•lo L 


dx 


4L 


The web buckles inextensionally if the cross section is symmetrical 
about the y-axis, since otherwise the strain energy of buckling would be 
augmented by membrane energy and the buckling load would be increased.* 
Collecting the preceding results, we obtain the following formula for the 
second variation of the strain energy; 




-1- abh + 


-3 7T^ . 


b^ 


+ =#<“ +W + + (0 


More general results for a beam with an off-center web were derived by the author 
(123). Goodier has investigated the stability of any cylindrical or prismatic clastic bar 
subjected to pure bending (112). 
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Potential Energy of External Forces. The potential energy of the ex¬ 
ternal forces is 

Q^—jea^dA (d) 

where is the compression stress and e is the reduction of the distance 
between the ends of the longitudinal fiber on which the stress acts. 
The incremental contraction Ae that occurs at buckling consists of two 
parts, = A^e + A^e, in which A^e is the contraction caused by incre¬ 
mental strain of the fiber and A^e is the contraction caused by bowing of 
the fiber. Since A-^e contributes nothing to the second variation of the 
potential energy, it is irrelevant. The contraction caused by bowing is 

do 

in which v is the deflection in the y-direction. The y-component of deflec¬ 
tion of a fiber of a flange results from twisting of the flange. Consequently, 


. . 4 ! 

V = —bz sin — 

L 

With Eqs. (a) and (e), this yields 

^,e = —lbh^ + {a + byf■] (f) 

4L 

Since the prebuckling stress u* varies linearly with y, we may write 
_ cj), where X is a constant. Therefore, by Eqs. (d) and (f), 

= - — f IbV -b (a -H byf^iy - c<) dA 
4L J 

Here is written instead of Ci, since the foregoing equation merely 
gives the increment of Q due to buckling and this is of second degree in a 
and b. Neglecting variation of stress throughout the depth of a flange, 
we may write the preceding equation as follows; 

J 52 Q ^ _ ^0 r \bh^ + («-!- bhfl dA 

“ 4L ^if 4L ^cf 

- — fV ■+ by)\y - Ct) dy 
4L Jo 
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Here, the notations l/and cf on the integrals denote “tension flange” and 
“compression flange.” Evaluating the integrals, we obtain 

^ I (/I - 2c,) + 

4L IL2 -I 

+ [y(21i-3c,) + 2ftcA ab 

+ Oh - 4c,) + A'c,^, - c,/, + cj, (g) 


Denoting the compression strain in the compression flange at which 
buckling occurs by e,, we introduce the following dimensionless parameter: 


2 = ^ 


In view of the definition of K, 2. = hKlE. Since d^V = d^U + Eqs. 
(c) and (g) yield 

+ 2axzab + (i) 

If ail, ^re modified by the respective factors, ILjOr^Eh^), ILjOr^Et?), 

and ILIOr^Etf), the following dimensionless formulas are obtained: 


+ h) 


h^n 12(1 - v^)hn 2h 


-qi-2'-! 

2h\ h 


+ ^0-4,) 


TT^I, , Jc + Jt , 
^22 = 77 ^ + + 


h^J} 2(1 + v)h^ 12(1 - TT^h^ 


1 I 2(1 - v)I} ' 
— 0.0 


3_47* 






™ 24(1 - v^)hD 6h 


The buckling criterion is that the determinant of the matrix (ai^) shall 
vanish; that is, 

011022 = Ol2^ (k) 
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Doubly Symmetric Beam. For a doubly symmetric cross section, Aq = 
and If. = If Also, for pure bending, Cf. = = hjl. Then Eq, (j) yields 

approximately 


a 


'JT^Iy 

h^l} 


. J ( t . A,\ 

h^I}^ 1{\ + v)h^ h^l 

a J±4.d£\ 

2h^J} Aeh ^ ftV 

Hence, by Eq. (k), 


TT^Iy 

h^l} 


'ifL + J 1 = ilV + ^ ii/L + dcV 

2(1 + V)h^} 4h*L^ °\6h hV 


0 ) 


(m) 


For a beam with flanges, the moment of inertia of the cross section of the 
web about its vertical center line is ordinarily negligible. Consequently, 
If. Moreover, the moment of inertia of the cross section of the 

beam about its horizontal centroidal axis is 


Hence, Eq. (m) yields 


, _ , hh 


rrh 


ILL 


L 41} ' 2(1 + >')J 


+ 


hJ 


\4 


Accordingly, the critical bending moment is 


Mer = 


ttE 


V 1 


'A[ 


L2(1 + 


v)J 


1 + 


(1 + v)t7^I}1i 

2j3 . 


'A 


(6-2) 


This result agrees with the classical formula for the critical bending moment 
of a doubly symmetric I-beam (84). 


Example. Buckling of a T-Beam. Equation (6-2) applies only for beams 
with identical flanges. If the flanges are unequal, we use Eqs. (j) and (k). 
For example, a beam with the cross section shown in Fig. 6-9 is considered. 
The beam is subjected to pure bending, so that the flange is placed in 
tension. The length L is taken to be 30 in. Elementary numerical calcu¬ 
lations yield 


Ct = 0.167, 

^c = 0, 

At = 0.0600, 

V = 0.30, 
<312= —0.0090€ 


= 0.833, 

Jt = 0.0000180, 

It = 0 . 0200 , 

flu = 0.000219, 


Ii = I„ = 0.0200, 4 = 0.0075 

t = 0.030 
h = 1.000 

022 = 0.0000104 - 0.003ee 
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By Eq. (k), 

219(10.4 - 3000e,) = 81 X 

The positive root corresponds to bending for which the flange is placed in 
tension; its value is = 0.00262. Consequently, = 0.0000236J?. 
This agrees very closely with the result obtained by Goodier’s theory (123). 

Equation (6-2), which applies only 
for beams with equal flanges, gives 
about twice the correct result in 
the present example. 

6-8. TORSIONAL-FLEXURAL 
BUCKLING OF COLUMNS. 
Thin-walled columns with cross 
sections in the forms of the letters 
7, C, if, T, Z, etc., are commonly 
used in engineering structures. It 
is observed that twisting often accompanies the buckling of such a column. 
To explain this phenomenon, H. Wagner (149) presented a theory of 
torsional buckling in 1929. However, he disregarded the bending effect. 
In 1937 R. Kappus (117) developed a more general theory that accounts 
for the combined effects of bending and twisting. Subsequently, several 
investigators have presented theories of torsional-flexural buckling from 
different points ofview (111, 112,113, 116, 127). The following derivation 
is taken from an article by the author (122). 

Beginning with the general equations of the theory of elasticity, we 
consider a prismatic or cylindrical bar with a simply connected cross 
section. The bar is referred to rectangular coordinates (x, 2 ), so that the 

2 -axis is the centroidal axis. The ends of the bar lie at 2 = 0 and 2 = L, 
Modes of buckling are considered for Which the transverse stresses 

3-re zero. Then = €y = — and ya,y = 0. Consequently, by 
Eq. (4-50), 

V+AU = 4g||J[2(1 + + yj + yJ2 dx dy dz (a) 

where AU is the increment of strain energy due to buckling. 

Initially, u = v€x, v = vey, w = — € 2 , where e is the axial compression 
strain before buckling. Accordingly, we set u = vex + v ^ vey -t- rj, 
w “62 -h where ^{x, y, 2 ), rjix, y, 2 ), ^(a:, y, 2 ) are variations of the 
displacement components. Substituting these relations into Eqs. (4-3) 
and neglecting € in expressions of the type 1 -|- e, as well as all quadratic 
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terms in e, we obtain 

= -e + + S.') 

Yxz ~ ^3 "b ^a; “b VzVx “b 

Yvz “ ?!/ “b "b "b Vv^Z “b Si/Sz 

With Eq. (a), these expressions yield 

6^u = + ’j/) 

+ + (^2 + ^aj)^ + dx dy dz (b) 

Since Cl depends linearly on the displacement vector, d^Cl = 0. Con¬ 
sequently, buckling occurs when S^U ceases to be-positive definite. 

Observations of torsional buckling suggest that the cross sections are 
translated, rotated, and warped when buckling occurs. The warping is 
represented by the function To represent translation and rotation of the 
cross sections in their planes, we set 

I = a + 72 /, r} = ^-yx (c) 

where a, j3, y are functions of s alone. 

Temporarily regarding f and 97 as known, we determine t to minimize 
d^U. The second integral in Eq. (b) is denoted by A. The first variation of 
this integral, corresponding to a variation of $ is 

bK = 2|jJ[2(1 + v)U bl, + <3L + iVz + U 5U dx dy dz 

Transformation of this integral by integration-by-parts [Eq. (4-62)] 
yields 

bA = - 2 JJI4- + 2(1 4- b'C dz dy dz 

4- 2JJ[Z(f, 4- 'Q + + Q + 2(1 4- v)n^J b^ dS (d) 

where (/, m, n) are the direction cosines of the outward normal to the 
surface of the bar. The surface integral extends over the lateral surface 
and the ends of the bar. On the end faces / == /w = 0, and on the lateral 
surface « = 0. 

The volume integral in Eq. (d) must vanish for all variations 6^. Con¬ 
sequently, 5 is a solution of the differential equation, 

+ tyy + 2(1 4- = 0 (e) 
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The lateral surface of the bar is free from constraint. By Eq. (d), the natural 
boundary condition for the lateral surface is 

/(a' + y'y + Q + w(/S' - y'x + Q = 0 

or 

^ _ A [a'y _ + ^2)] (f) 

an as 

where di^jcln is the directional derivative along the outward normal to the 
lateral surface, and d/ds denotes the derivative with respect to arc length on 
the periphery of the cross section. 

If the column is clamped at the ends, the end conditions are a = /3 = 
y = ^ = 0. If it is loaded by point forces at the centroids of the end 
sections and rotation of the ends is prevented (pin-ended case), the 
quantities (a, y) again vanish at the ends and Eq. (d) yields the natural 
boundary condition = 0 for the end sections. 

Pin-Ended Column. For the pin-ended column, it is assumed that 

a = a sm — , p = 6 sin —, y = c sin — CS) 

L L L 

where 6, c) are constants. These functions satisfy the end conditions 
^ =z n ^ 0, A solution of Eqs. (e) and (f) that satisfies the natural end 
condition = 0 is 

C = F(x, y) cos — (h) 

L 

where F(x, y) is a solution of the differential equation 

F,^ + Fy,-2il + v)j^F = 0 (i) 

with the boundary condition 

^ ^[ay — bx + \c{a?‘ + y®)] (j) 

an L ds 


The function F(x, y) is determined uniquely by Eqs. (i) and (j). Evidently, 
F{x, y) is a homogeneous linear function of (a, b, c). 

Equation (b) now yields the following expression for d^U if an irrelevant 
factor i^EjlL is removed: 


d^U = —e[yl(a^ + t®) + dx dy + 




2(1 + V) 
(b — cx) + 

7T . 


dx dy (k) 
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Here, A is the cross-sectional area of the column and is the polar 
moment of inertia of the cross section about its centroid. Accordingly, 
d^U is a. homogeneous quadratic function of (a, b, c); that is, 

521/ = + ^22^^ + ^33^^ + 2 ^ 23 ^^ + + la^^ab (1) 

Relation to the Kappus Theory. The Kappus equations are obtained if 
the last term in Eq. (i) is neglected. This appears to be a reasonable 
approximation,* since L is ordinarily large compared to the dimensions of 
a cross section. It is convenient to introduce the substitution. 


Fi^, y)= — ^ \_ax + by cT(a;, j/)] 

Li 


(m) 


Then, if the last term in Eq. (i) is neglected, 

and the boundary condition is 

(FV 1 if , 2 , 2^ 

dn 2 ds 


in) 


(o) 


In view of Eqs. (n) and (o), the function T is identified as the warping 
function of the Saint Yenant torsion theory (51). The solution of Eqs. 
(n) and (o) contains an arbitrary additive constant. This loss of uniqueness 
results from the discarding of the last term in Eq. (i). The additive constant 
must be chosen to minimize d^U. This condition is satisfied if the mean 
value ofY is zero; that is. 




IY dxdy = 0 
The expression for d^U [Eq. (k)] now becomes 


(P) 


d'^U = -e[(a® + b^)A + cVj + JJ (ax + by + cY)^ 


+ 


— [(Y, - y)^ + (Y„ Y x)^]) dx dy 
2(1 + v) I 

It is shown in the Saint Venant theory of torsion (122) that 


IJ 


[QF. - yf + (Y, + xf-\ dxdy = J 


(q) 


(r) 


* An example treated in (122) shows that the last term in Eq. (i) introduces only a 
minor effect in the case of a column of circular cross section. 
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where GJis the torsional stiffness of the bar.* Three section constants of 
Kappus are defined as follows: 


r = 


'jw^dxdy, R,=jjyYdxdy 




yaiT dx dy 
Consequently, the coefficients in Eq. (1) are 


(s) 


^11 ^yy 


ALh 
^2 ’ 


^22 "" 


AL\ 


^33 “ r* 4" 


JJ} 

2(1 + y)7r^ 



(t) 


^12 — ^91 — T 


21 


^13 — — -R' 


31 


^23 — 


32 


where lyy, are the moments and product of inertia with respect to 
the X- and ^-axes. It is to be noted that flfig = 0 if the section is symmetrical 
about the a;-axis and = 0 if it is symmetrical about the y-axis. 

The buckling criterion is 


^11 

^12 

^13 

^21 

^22 

^^23 

^31 

^32 

^33 


(u) 


With the coefficients given by Eq. (t), Eq. (u) is identical to the result of 
Kappus. To apply Eqs. (t) and (u), we must have a practical way to 
compute the warping function T for a thin-walled column so that the 
constants F, Ry may be calculated. This question has been discussed 
by Goodier(113, 111, 122). 

If the coordinate axes are oriented so that l^y = 0 and the cross section 
is symmetrical about the x- and 2 /-axes, Eq. (u) reduces to ^ 711 ^ 722^33 ~ 
The conditions = 0 and <222 = ^ Euler formulas for flexural 

buckling in the x- or i/-directions. The condition 0 yields 


- ir_Z_ 

1 X 20 .+ y)^ I?- 


(V) 


This is Wagner’s formula for pure torsional buckling (149). 

The preceding results may be applied to a column with clamped ends 
if the effective length is taken to be half the actual length. 


* For a thin-walled column, J is approximated by / = bt^l3, where t is the thickness 
of the wall and b is the developed length of the cross section. 
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PROBLEMS 

1. The frictionless pin bears on the rigid semicircular body which is supported 
by perfect rollers (Fig. P6-1). If the body moves horizontally a distance s, 
the restoring force of the two springs is ks, where ^ is a constant. Compute 
the load at which the body slips from under the pin. 



2. Solve Prob. 1 for the case in which the profile of the body is the curve 

- 1 - 2 /^ = and the springs provide the nonlinear restoring force ks^. 

3. The bar is rigid and the hinge is frictionless (Fig. P6-3). The hinge contains a 
spring such that the moment resisting an angular deflection 6 is kO. Compute 
the buckling load supposing that the force P remains vertical when the 
bar rotates. Compute P^j., supposing that the force P rotates only one third 
as much as the bar. 



Fig. P6-3 


Fig. P6-4 
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4. The rectangular frame consists of rigid members joined by frictionless hinges. 
The hinges contain springs such that the moment resisting a relative angular 
displacement 6 of two connected bars is kd. Calculate the critical load 
supposing that the forces remain directed along the diagonals of the parallelo¬ 
gram when the frame buckles. Calculate Fcr, supposing that the forces 
retain their original directions when the frame buckles and the bottom bar is 
fixed (Fig. P6-4). 

5. The regular hexagonal frame consists of rigid bars that are hinged at the ends. 
The hinges contain springs, such that the moment resisting a relative angular 
displacement 6 of two connected bars is kd. Assuming that the frame 
remains symmetrical about the horizontal and vertical center lines, calculate 
the buckling load for the following cases: (a) the forces remain directed 
along the diagonals; (b) the forces retain their original directions; (c) the 
forces remain directed along the bisectors of the angles (Fig. P6-5). 



6. A column of length L and constant flexural stiffness El is subjected to an 
axial load P. The ends of the column cannot move laterally. Rotational 
springs at each end of the column exert restoring moments kO, where 0 is the 
angle of rotation of the end. Approximate the deflection curve by 
y = ax{L x\ where a is a constant. Hence, derive Compare with 
Euler’s solution in the case /: = 0. 

7. For a uniform Euler column with clamped ends, assume y = — a;)^ 

and determine the critical load. Compare with Euler’s solution. 

8. A rigid hemispherical shell with center of mass at the mid-point of the radius 
rests on a fixed hemispherical dome of the same radius as the shell. Non¬ 
linear springs are installed so that the moment resisting an angular displace¬ 
ment 0 of the line connecting the centers of the hemispheres is k 0. 
Determine the critical weight of the shell at which it rolls over (see 
Fig. 1-7). 
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9. An Euler column is hinged at the end x = 0 and clamped at the end x = L, 
Let 

F= my'f ~Piyr]dx 

Set dy = rj and d'^V = Q. Determine r/(x) by the condition that Q satisfies 
Euler’s equation of the calculus of variations when F = F^j.. Hence 
determine F^.^. 

10. A rectangular elastic plate of length a and width b is subjected to a uniform 
axial compression of intensity N (see Fig. P6-10). Edges x = 0, x = a, and 
y = 0 are hinged. Edge y = b is free. Assume that the deflection due to 
buckling is vw = C^/ sin nx/a and compute A^r* 


y 



11. The potential energy of a system with two generalized coordinates (a;, y) is 
y = (2 — 6p)x^ —4(1— p)xy q- (9 ~ 2p)y^, where p is a load parameter. 
Determine the value of for which the configuration x = y = 0 ceases to be 
stable. 

12. A uniform upright elastic column of length L is clamped at the bottom and 

free at the top. A vertical compression load F acts at the top. Assuming 
that the deflection y of the buckled column is given by y = 4- bx^, derive 

a potential energy expression correct to second powers of (a, b). Hence, by 
investigating calculate the buckling load Compare with Euler’s 
solution. 

13. A flat uniform rectangular elastic plate is subjected to axial compression of 
intensity N in the ^’-direction. The edges = 0 and a? — a are simply 
supported. The edges y = ±b are clamped. Set w f{y) sin n-Trxja and 
derive the characteristic equation that determines by means of von 
Kdrman’s large-deflection equation (5-14). Hint. NjD > 

14. Study postbuckling behavior of a simple column by means of the assumption 
that the axis of the buckled column is a circular arc. Compute F/F^jr for a 
30° rotation of either end and compare with the result obtained in Sec. 6-2. 

15. A flanged rectangular plate is simply supported on the edges x — 0, x — a, 
and 2 / = 0. The flanged edge (y == b) is free. The flange is subjected to an 
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axial compression load P. Neglecting torsional stiffness of the flange, 
derive a formula for by means of the assumption w = Cy sin njcja, 

16. The weight of a uniform flagpole per unit length is y. If the flagpole 
buckles under its own weight, the deflection curve is approximated by 
y =z C(l - cos TTxjlL), where x is the height above the base. Derive a 
formula for the maximum length that the flagpole can have without buckling. 

17. In Eq. (e) of Sec. 6-5, set S^U — Q. Write the Euler equation for Q; thus 
derive the differential equation whose eigenvalues determine the buckling 
load of a compressed flat plate. 

18. A deep elastic beam without flanges has a rectangular cross section of depth 
h and thickness t. The ends of the beam are simply supported. Derive the 
bending moment Mcr which causes lateral buckling. 

19. For the linkage of Fig. 6-3^, prove that symmetrical buckling occurs if 
3ki < Ik^ and antisymmetric buckling occurs if 3/ci > Ik^,. 



7 Hamilton’s principle 
and the equations 
of Lagrange and Hamilton 

We must gather and group appearances, until the scientific imagination 
discerns their hidden laws, and unity arises from variety; and then from 
unity we must rededuce variety, and force the discovered law to utter its 
revelations of the future. 

W. R. HAMILTON 


7-1. KINETIC ENERGY OF A SYSTEM WITH FINITE DEGREES 
OF FREEDOM. Let (X, Y, Z) be rectangular coordinates attached to a 
Newtonian reference frame and let , x^) be generalized co¬ 

ordinates of a mechanical system with respect to the same reference frame. 
The ideas will be clarified if we consider that the mechanical system 
consists of a finite number of panicles—say p particles. Since no question 
of limits is involved, there is no logical difficulty in passing to the case of 
an infinite number of particles. The particles may be numbered 1, 2, • • •, 
p. The rectangular coordinates of particle v are denoted by Y^, Z^). 
Since the variables x^ determine the locations of all the particles, relations 
of the following type exist: 


K =/v(^l> *2> • ■ • > ^ K = *2. • • • . 


(a) 


Such equations exist for each particle; they are mathematical expressions 
of the constraints. 
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Using dots over letters to denote derivatives with respect to time, we 
obtain by differentiation of Eq. (a) 


^ ^ ax, . ^ . 

= Z ^ = Z 


r = l dx, 


= 1 dx^ 


ry ^ dZ, . 

= 2 — a-v 

r = l OX^ 


(b) 


The quantities (± 1 , acg, * • *, xj are called “components of generalized 
velocity.” 

The kinetic energy of the system is defined by 


T = 






+ J?'/ + 2,2) 


(c) 


where m, denotes the mass of particle v. Substitution of Eq. (b) into 
Eq. (c) yields a relationship of the form 

^ ~ 2 2 ( 7 - 1 ) 

2 = 1^=1 

The coefficients are functions of the generalized coordinates x^. They 
are specified to be symmetrical; that is, bi^ = bji. Equation (7-1) signifies 
the following: 

The kinetic energy of a systerti with finite degrees of freedom is a 
quadratic form in the components of generalized velocity, provided 
that the generalized coordinates specify the configuration of the system 
with respect to the Newtonian reference frame for which the kinetic 
energy is computed. 

In general, a homogeneous quadratic relationship in the generalized 
velocity is not obtained if the generalized coordinates specify the con¬ 
figuration of the system relative to a reference frame that itself moves in a 
prescribed way with respect to the Newtonian reference frame for which the 
kinetic energy is computed. For example, if a block of mass m slides on 
the floor of a moving elevator, if the displacement of the block relative to 
the elevator is x, and if the speed of the elevator relative to the earth is r, 
the kinetic energy of the block relative to the earth is 7 = bn(v^ -f- x^). 
Although this is a quadratic expression in the generalized velocity x, it 
is not a homogeneous expression because of the additive term Imv^. 

It is to be emphasized that kinetic energy is a relative quantity. It is 
always computed with respect to some Newtonian reference frame, but its 
value depends on the choice of that reference frame. Likewise, work is a 
relative quantity (Sec. 1-3). 


7-2. HAMILTON’S PRINCIPLE- Newton’s laws of motion refer only 
to a single mass particle. The analysis of the motion of a mechanical 
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system by Newtonian methods is a process of synthesis, in which the 
motions of the individual particles of the system are subjected to Newton’s 
laws. For example, to analyze the motion of a rigid body, one integrates 
the inertial effects that Newton’s laws impose on the infinitesimal mass 
elements of the body. Lagrange performed this type of synthesis in a 
general case. He thus derived equations that determine the motion of any 
holonomic unchecked system with finite degrees of freedom. Adopting 
different premises than Lagrange, the Irish mathematician W. R. Hamilton 
(1805-1865) derived a generalization of the principle of virtual work that 
determines the motion of any finite unchecked system, even though the 
number of degrees of freedom is nonenumerable. 

Hamilton formulated the general problem of dynamics in an un¬ 
conventional way. In a practical dynamical problem the configuration and 
the generalized velocity are usually given for an initial instant Then the 
subsequent motion is to be determined. Instead of concentrating on this 
problem, which is poorly formulated for a variational treatment, Hamilton 
inquired, “What is the motion if the configurations at two given instants, 
tQ and ?!, are known ? ” The significance of this problem is clarified if we 
solve Hamilton’s problem for a simple special case—a particle that moves 
in a plane without the action of any force. Let the particle lie at a given 
point (xq, 2 /o) ^ given instant /q, and let it lie at another given point 

Vi) 2 .t another given instant Newton’s equations reduce to 
d^xjdt^ = 0 and dhjidfi = 0. Integration of these equations yields 
X at + b, y ct + d, in which b, c, d are constants that are deter¬ 
mined by the given initial and final conditions: 

= at^ + b, 2 /o = ct^ + d\ x^ = at^ + b, 2/1 = ^ 

Since /q ^ these equations fix the constants. Accordingly, in this 
example, Hamilton’s problem has a unique solution. 

Hamilton adduced the principle of D’Alembert, which asserts that any 
law of statics becomes transformed into a law of kinetics if the driving forces 
are augmented by inertial forces. Using this principle, he extended the 
principle of virtual work to kinetics. An illustrative application of 
D’Alembert’s principle has been presented in Sec. 3-5, where the differ¬ 
ential equation of a freely vibrating beam is derived from the differential 
equation for the deflection of a statically loaded beam. 

Pursuing Hamilton’s general reasoning, without following the many 
discursive investigations in his two essays, “On a General Method in 
Dynamics” (115), we consider an unchecked moving mechanical system 
that is referred to a Newtonian reference frame. We imagine that the 
system receives a virtual displacement that does not necessarily coincide 
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with the true course of the motion. To avoid confusing the virtual dis¬ 
placement with the actual motion, we suppose that the performance of the 
virtual displacement consumes no time. In other words, the time variable 
t is conceived to remain constant while the virtual displacement is executed. 
An equivalent point of view is that the real motion of the system is stopped 
while the virtual displacement is performed. However, we must suppose 
that the inertial forces corresponding to the real motion persist during the 
virtual displacement, since we wish to calculate the virtual work of these 
forces. 

When the system experiences the virtual displacement, the rectangular 
coordinates {x, y, z) of any given particle receive infinitesimal increments 
(f, To first-degree terms in (f, y\, 0, the work that inertial forces 
perform when a particle of mass m is displaced from point (x, y, z) to the 
point {x + y + rj, z + 1) is —m(x^ + yrj + zQ. Since this is a linear 
expression in the infinitesimal virtual displacement (f, r], ^), it is the first 
variation of the virtual work of the inertial force of the particle. Con¬ 
sequently, the first variation of the virtual work of all the inertial forces 
of the system is 

—2 + yv + ^0 

where the sum extends over all particles. As in Sec. 1-6, the first variation 
of the virtual work of the noninertial forces is denoted by dW, Extending 
the principle of virtual work to kinetics by augmenting d )V with the virtual 
work of the inertial forces, we obtain 


dW — 2 + yv + = 0 (a) 

This is the variational equation on which Hamilton founded the general 
theory of dynamics. It is valid for all virtual displacements that are 
consistent with the constraints. Equation (a) must be restricted to 
unchecked systems, since otherwise the variational form of the principle of 
virtual work is inapplicable (see Sec. 1-6). However, if the driving forces 
are discontinuous only at isolated points in configuration space, Eq. (a) 
is valid except at those points. 

One of Hamilton’s greatest achievements in dynamics was a mathe¬ 
matical transformation of Eq. (a) which renders the equation more useful 
for analytical purposes. He supposed that at the time the system has a 
given configuration and that at the time (where it has a given 

configuration Xi. The real motion during the time interval (/(,, is 
denoted by X = F(/). The symbol F signifies that a single configuration 
X corresponds to each value of t in the range (/(,, ti). The set of con¬ 
figurations X corresponding to all values of t in the range tj) has been 
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called the “path” that the system describes. It is represented symbolically 
by a curve (Fig. 7-1). The problem is to find the function F(^). 

Hamilton considered a varied path that lies infinitesimally close to the 
path X = F(^). The varied path is denoted by X* = F*(0. Since the 


configurations are fixed at times tQ 
and ti, the two paths have the same 
end points; that is 

m = r*(g = Xo 

F(^i) = F*(0 = Xi 

The notation X* — X denotes the 
displacement from X to X* (see Sec. 
1-1). It is designated by 

S = X* - X (b) 


Real path 



Since X and X* are functions of S is a function of t. This function 
vanishes if ^ or / = The relations are depicted in Fig. 7-1. 

The virtual displacement S imposes the displacements (f, rj, Q on the 
particles of the system. Since S is a function of time, the variables 
(I, rj, 0 are now functions of time. This condition imposes no restrictions 
on the virtual displacements. Since (f, rj, Q are functions of time, the 
following differential identities exist: 


= — (x^) — a&l, etc. 
dt 


Therefore, Eq. (a) may be written as follows: 

2 + yn + ^t) + dW — m{x^ + 2 /?? + = 0 (c) 


The kinetic energy of the system is defined by 

T = -12 

Consequently, as the system describes the varied path, its kinetic energy 
at point X* is 

r-f- -t- if + ( 2 / + nf -f (z -1- 0^] 

The part of this expression that is linear in (#, C) is the first variation of 
T. Hence 

(3r = 2 + y'n + 
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Consequently, Eq. (c) may be written as follows; 

bT + dW — — m{xi + yrj + zQ = 0 (d) 

at 

Hamilton disposed of the last term in Eq. (d) by integrating the equation 
with respect to t between the limits and 4 . Since the last term in Eq. 
(d) is a time derivative, it may be integrated explicitly. Since S vanishes 
at the end points of the path, the functions (I, rj, 0 vanish at the times tg 
and tj. Consequently, integration of Eq. (d) yields 

\\dT + dW) dt = 0 (7-2) 

Ju 

Equation (7-2) is the desired formulation of Hamilton’s principle. 
It is important to note that 6IT is not the total virtual work; it is the 
virtual work of the noninertial forces. For example, if the system is a 
wheel that rotates freely on a fixed frictionless axle, bW = 0, since there 
are no noninertial forces that perform work. Then Eq. (7-2) states that 
the definite time integral of the kinetic energy is stationary. This integral 
is 



where 6 is the angle through which the wheel has turned and 7 is the moment 
of inertia of the wheel about its axis. The Euler equation for this integral is 
@ = 0. Consequently, 6 = constant; that is, the wheel rotates at constant 
angular velocity. 

Derivation of Newton’s Law from Hamilton’s Principle. Let a moving 
mass particle m be located by a position vector r. Let the particle be 
subjected to a variable force F. Then, dlF = F • dr. Also, the kinetic 
energy of the particle is T = \mi^; hence bT = mi ' df. Therefore, by 
Hamilton’s principle 

Ct 

{bT + bW) dt = {mi • 5r + F • (5r) dt = 0 

•Jto dfQ 

Integrating by parts and recalling that Hamilton supposed that dr vanishes 
at the terminal instants, and tu we obtain 

I (F — mr) • brdt = 0 

Since this relation is true for every virtual displacement br, 

F — mf = 0 
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This is Newton’s second law. Consequently, Hamilton’s equation is as 
general as Newton’s equation. 

Instead of basing Hamilton’s principle on Newton’s law, we may 
logically regard Hamilton’s principle as the fundamental law of dynamics 
and consider Newton’s law to be a special consequence of it. This point 
of view was adopted by Hertz (33). 

One important feature of Hamilton’s principle is that it is formulated 
without reference to any particular system of coordinates. Also, it may be 
applied to systems with nonenumerable degrees of freedom. In this respect 
it is broader than the Lagrangian equations that are derived in the following 
article. Applications of Hamilton’s principle to systems with infinitely 
many degrees of freedom are deferred to Chap. 8. 


7-3. LAGRANGE’S EQUATIONS FOR CONSERVATIVE SYS¬ 
TEMS. Hamilton’s principle is easily applied to conservative systems. 
In this case SJV = —dV, where V is the potential energy of the system. 
Consequently, Eq. (7-2) may be written in the following form: 

(3A = 0, A = I ^ L dt, L = T - F (7-3) 

The quantity L is known as the “Lagrangian function.” Hamilton referred 
to the integral A as the “principal function of dynamics”; nowadays, it 
is often called “action.” The variational equation, dA = 0, means the 
following: 

Among all motions that will carry a conservative system from a given 
initial configuration Xq to a given final configuration in a given time 
interval (z^, tf, that which actually occurs provides a stationary value 
to the integral A. 

If the system under consideration is nonholonomic, the variation 
S must be consistent with the nonholonomic constraints. Since non¬ 
holonomic constraints occur infrequently in practice, attention is restricted 
to holonomic systems. The variation S is then arbitrary. For a holonomic 
system, Hamilton’s principle yields the useful conclusion that the Euler 
equations for the integral A are the differential equations of motion. If 
the system has a finite number of generalized coordinates the differential 
equations of motion are accordingly 


dt dXi dx^ 


(7-4) 


Equation (7-4) is known as Lagrange’s equation of motion. Lagrange was 
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aware of the variational principle 3A = 0, but he seemingly did not 
recognize that it is broader than Eq. (7-4). 

Double Pendulum. As a simple application of Lagrange’s equations, 
we consider the so-called double-pendulum shown in Fig. 7-2. The 
pendulum oscillates in the (x, 2/)-plane under the action of gravity. The 
masses are concentrated in the two bobs. The hinges are frictionless. The 

generalized coordinates are (6, <^). 

The kinetic energy of the upper bob is 
To compute the kinetic energy of 
the lower bob, we first write the equations 
for its coordinates: 

X = /(sin 0 + sin </») 

y = /(cos 6 + cos (j>) (a) 

Hence 

X = /(6 cos Q + (f> cos <^) 
y = —10 smd + (i> sin (b) 
The kinetic energy of the lower bob is 
im(x^ + y^) = 

-f- -b 2d(^ cos (cf) — 6)] 
Consequently, the kinetic energy of the system is 

T = •+• ^(f>^ + 6cj> cos ((jt “ 0)] (c) 

Incidentally, this expression is a quadratic form in the components (), 
<j) of generalized velocity, as predicted in Sec. 7-1. 

The potential energy of the lower bob is —mgy. By Eq. (a), 

—mgy = — mg-/(cos 0 H- cos <^) 



The potential energy of the upper bob is —mgl cos 6. Accordingly, the 
potential energy of the system is 

V — '—mgl(2 cos 6 -b cos <[>) (d) 

With Eq. (7-3), Eqs. (c) and (d) yield 


L = ml^ 


cos (</> — 0) -b y (2 cos d + cos <l>) 


(e) 
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By Eq. (7-4), the Lagrangian equations are 

dt dd ae ” ’ dt d<p dj> “ 

Consequently, the differential equations of motion are 

20 + ^ cos ((/> — 0) — <j>^ sin (cj> -- 6) + ~ sin 6 

f + 6 cos (<^ — 0) H- 0^ sin (^ — 0) + ^ sin <l> 

Equations (f) are complicated nonlinear differential relationships. In 
the classical theory of vibrations certain linearizing approximations are 
introduced. In the present case these approximations are equivalent to 
setting cos (<^ —• 0) = 1, sin 0 = 0, sin </> = </>, and 0^ sin — 0) = 
(f)^ sin (^ — 0) = 0 in Eq. (f). 

7-4. TIME-DEPENDENT CONSTRAINTS. Occasionally, a mechani¬ 
cal system is subjected to constraints that vary with time in a prescribed 
way. For example, certain parts of a vibrating system may be subjected 
to given oscillations by means of external shaking devices. The pre¬ 
scribed movements of these parts are time-dependent constraints. 

Hamilton’s principle remains valid for systems with time-dependent 
constraints, provided that the terminal configurations (Xq, Xj) and the 
variations S are restricted in accordance with these constraints, since such 
constraints are not excluded in the derivation of Hamilton’s principle. 

Systems that are subjected to time-dependent constraints are generally 
nonconservative in the sense that the total mechanical energy varies with 
time, since the constraining forces perform work on the system. How¬ 
ever, if the instantaneous constraints are held constant, the work V that 
we perform against noninertial forces in giving the system any displacement 
may conceivably be independent of the path. Then dW = —dV, and V 
may be regarded as a time-dependent potential energy function. Since the 
potential energy V depends on the instantaneous constraints, it is not only 
a function of the coordinates of the system but also an explicit function of 
time. Also, the initial configuration X^ that serves as the zero configuration 
for potential energy is a function of time. Consequently, the potential 
energy contains an arbitrary additive function of time. This function is 
irrelevant, insofar as Hamilton’s principle is concerned, since it does not 
affect variations of V. However, it does preclude the use of the formula 
T + V — constant. 
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When time-dependent constraints exist, the generalized coordinates 
may specify the configuration of the system relative to a reference frame 
that moves in some prescribed way with respect to a so-called “fixed 
reference frame.” The fixed reference frame is Newtonian, and the kinetic 
and potential energies must be computed with respect to that reference 
frame. 

Example. Mechanism with Time-Dependent Constraint. A rigid rod 
rotates clockwise in a vertical plane with constant angular velocity a>. 
At the time t = 0, the rod is horizontal. Accordingly, its angular position 



at time t is cot (Fig. 7-3). A body of mass m slides without friction on the 
bar. The body is subjected to the force of gravity and to the action of a 
spring which attracts the body toward a point P on the bar with a force kx^ 
where x is the distance of the body from point P and k is a constant. The 
point P lies at distance a from the center of rotation O. The motion of the 
body is determined when x is expressed as a function of /, since the 
orientation of the bar is a known function of t. Accordingly, with respect 
to the rotating reference frame, the body has a single degree of freedom. 

The requirement that the body shall rotate with the bar is a time- 
dependent constraint. The potential energy of the body is calculated for a 
fixed configuration of the bar. If the bar is fixed in its position at time t, 
the potential energy of the body is 

V = —mgx sin cot H- \kx^ (a) 

The origin might be chosen equally well at the center of rotation. Then 
V — —mg(x 4- a) sin cot + \kx^ 

However, the additive term —mga sin cot contributes nothing to the 
equation of motion that is derived by Lagrange’s equation. 

The kinetic energy of the body with respect to the fixed reference frame 
is 

T = \m[{a + xfco^ + x^l (b) 
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Consequently, the Lagrange equation (7-4) yields 


i! + 



= g sin cot + aco^ 


(c) 


This is an elementary type of differential equation. With the initial 
conditions, it determines the motion. 


7-5. THE HAMILTONIAN FUNCTION. If x^) are rectangu¬ 

lar coordinates of a particle that moves in a conservative force field (fi, 
/'o, F 3 ), the Lagrangian function is 

L = {m(±^ + - 1 - ^ 3 ^) — V 


Consequently, dLjdxi^mXi and dLJdx.^ = —dVjdx^ [see Eq. 

(1-18)]. This means that dLjdxi^ is the ith momentum component of the 
particle and dLjdXf is the ith component of force that acts on the particle. 
Accordingly, for a single particle, Lagrange’s equation expresses Newton’s 
law, “force equals rate of change of momentum.” 

The following notation is conventional: 


dXi 


= A- 


(7-5) 


For any conservative system with enumerable degrees of freedom, the 
quantities pi are called “components of generalized momentum,” since 
they reduce to ordinary momentum components if the system is a single 
particle. Likewise, the quantities dL/dx^ are frequently called “com¬ 
ponents of generalized force,” but we avoid this terminology for general¬ 
ized force has already been defined differently (Sec. 1-7). With Eq. (7-5), 
Lagrange’s equation (7-4) becomes 


dx, 


= Pi 


(7-6) 


The Hamiltonian function is defined by 

W' = 2 Pi^i - L 

i-1 

Differentiation yields 


dt 


= 1pA + 2Pi^i 



^ dL .. 

— i - X: 

^dX: ‘ 


aL 

dt 


(7-7) 


Hence, by Eqs. (7-5) and (7-6), 

dH 


dt 


dt 


(7-8) 
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Ordinarily, L does not depend explicitly on t if there are no time-dependent 
constraints. Then Eq. (7-8) yields H = constant. 

To interpret this conclusion, we consider more specifically the form of 
the function L. The kinetic energy is a quadratic form in the variables 
Xi [see Eq. (7-1)]. Hence, since V does not depend on the quantities 


dL dT . 

OX^ OX^ 3 = 1 


Consequently, by Eqs. (7-1) and (7-7), L=r+K. According¬ 

ly, if L does not contain t explicitly, //is the total mechanical energy of the 
system (Sec. 1-9). The condition H = constant then expresses the law of 
conservation of mechanical energy. It is to be emphasized, however, that 
H is not generally the total mechanical energy if the coordinates x^ specify 
the configuration of the system with respect to a reference frame that itself 
has a prescribed motion with respect to a fixed reference frame for which 
T and V are computed. 


7-6. HAMILTON’S EQUATIONS. LetF(wi, Wa, • • •, w,„; iv’i, • • •, wj 
be a function of m + n variables and set Vi = (dF/dUi\„> The notation 
(dFjdUi)^ indicates that F is regarded as a function of the independent 
variables («,•, w,) and that the w’s are held constant when the partial 
differentiation is performed. Inversion of the foregoing equations yields 
= w/u, w), where the symbols v and w stand collectively for all the ii’s 
and w’s. Consequently, F may be regarded as a function of the Fs and 
w’s. Set 

w) = 2 >0 (a) 

Then, by the Legendre transformation (Sec. 4-6), 



It is to be observed that the w’s play no role in the Legendre transform¬ 
ation; they are merely passive parameters. 

Differentiation of Eq. (a) yields 

\dwj V k=i \dwj V \dwj V 

Also, if Fis regarded as a function of the w’s and ir’s, 
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Since {dFjdu^^ 
one yields 


Uj., substitution of the last relation into the preceding 



(c) 


In the following discussion we may drop the subscripts u, v, u', with 
the understanding that the Hamiltonian function H is regarded as a 
function of the variables (x, p, t) and the Lagrangian function L is regarded 
as a function of the variables (x, x, t). To derive Hamilton’s equations, we 


identify the variables in the preceding Legendre transformation in the 
following way: Ui = xp, Wi = Xi; F = L{x, x, t). 
Then = dLjdXf = pi = generalized momentum, 
and G = '^piXi - L = H{x, p, t) = Hamiltonian 
function. Consequently, by Eqs. (b) and (c), 

= ^ m = (d) 

dp, dx, dx, 

With Lagrange’s equation (7-6), Eq. (d) yields 

(7-9) 



dx, _ d^ dpi _ _ d^ 

dt dpi’ dt dx, 


Equations (7-9) are Hamilton’s equations. The 
Lagrange equations are n second-order differen¬ 
tial equations in the n unknown functions, 
a;i(r), x^Q), • • •, xj^t). The Hamilton equations are 2/j first-order differ¬ 
ential equations in the 2n unknown functions, x^(t), ^a(0> ’ ‘ > *n(0 > 
Piif),-• ■ ,pn{t). The first set of Hamilton equations {dxjdt = 
dlifdp,) is purely mathematical. It is the second set {dpjdt = —dHjdx,) 
that expresses a physical law, since it is this set that is derived from 
Lagrange’s equations. 

Hamilton’s equations are important in statistical mechanics and in some 
other branches of physics. Jacobi (48,90) developed an extensive theory 
for their integration. Because of their simplicity and symmetry, they are 
better suited for a general theory of integration than the Lagrange equations. 


Example. Spherical Pendulum. Figure 7-4 represents a mass m that is 
suspended by an inextensible weightless thread of length 1. The thread 
constrains the mass to a spherical surface with center O and radius /. 
The dihedral angle between the plane AOB and a fixed plane containing 
the vertical axis AO is The generalized coordinates of the pendulum 
are (6,^); these are ordinary spherical coordinates. For correlation 
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with Eq. (7-9), set = <j>. The kinetic energy of the pendulum is 

T = + <j>^ sin2 6) (e) 

The potential energy is 

V = —mgl cos 0 (f) 


Since L = T — K, Eq, (7-5) yields 

Pi = ml^O^ p2 = ml^cj) sin^ 6 (g) 


Since the reference frame is Newtonian, the Hamiltonian function is 
H = T + V, Consequently, if 0 and (f> are eliminated by means of Eq. 
(g), 


H = 


Pr 


+ 


P2 


2m2msin^ 0 


mgl cos 6 


(h) 


Accordingly, Hamilton’s equations (7-9) yield 


mP 


6 = P2 
mP sirP 0 




(i) 


These are four differential equations for the four unknowns, 0(0, </>(0» 
Pi0\ ^ 2 ( 0 * 

The equation P 2 = ^ yields p^ = constant. This result is easily inter¬ 
preted, since Eq. (g) shows that p^ is the moment of momentum of the 
pendulum about the vertical axis OA. By Eq. (g), the equation p.^ = 
constant yields 

<p sin^ 0 = constant (j) 


Since p^ = mM, Eq. (i) yields 

sin® 0 / 

This equation may be integrated by means of the substitution, 

Q — 0 — 

dt dO dt dO 
Hence, since p^ is constant, integration of Eq. (k) yields 

2,4 ^.^ 2 ^ + ^ COS 0 + constant 
m“r sin^ 6 I 


(k) 


( 1 ) 


This differential equation is separable, but it is not integrable in terms of 
elementary functions. Two particular solutions are apparent. One 
solution is 0 = 0 or 0 = constant. Then, by Eq. (j), (j> = constant. 
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Elimination of p 2 from Eq. (k) by means of Eq. (g) yields = 
(glO SQCd, 

Another solution is obtained if (j> = 0. Then the pendulum oscillates 
in a fixed vertical plane. In this case = 0. Consequently, Eq. (1) 
yields = (2^//)(cos 6 — cos 6q), where 6q is the amplitude of the swing. 


7-7. LAGRANGE’S EQUATIONS FOR NONCONSERVATIVE SYS¬ 
TEMS. If the coordinates of a mechanical system receive infinitesimal 
virtual increments the virtual work of all the forces that act on the 
system is represented by a linear differential expression [see Eq. (1-6)]: 

SW=2Q,dx, 

i = l 

The components Qi of generalized force may be functions of ^ 2 , • * ‘ , 
rr,,; t). If there are no nonholonomic constraints, the variations dx^ 
are arbitrary functions of t. 

Since the kinetic energy 7 is a function of 

- • ,x„; ij, ig, • • •, t) 


the theory of the first variation (Sec. 3-2) yields 




dt dxj 


dx^ dt 


Consequently, Hamilton’s principle [Eq. (7-2)] yields 


to i = l\dx^ 


dt dx^ 



dx^ dt — 0 


If the system is holonomic, this relation is true for all variations dx^ 
that vanish at the instants and ^i. Consequently, the integrand vanishes 
for arbitrary variations that is. 


dtdx^ dXi 


(7-10) 


Equation (7-10) is the general form of Lagrange’s equations. 

If the system is conservative, Qi = —dVjdXi [see Eq. (1-8)], and Eq. 
(7-10) reduces to Eq. (7-4). It frequently happens that some of the forces 
are conservative and others are not. For example, a vibrating system may 
contain springs and weights. The forces resulting from these parts are 
derivable from a potential energy function. However, frictional forces in 
the system are nonconservative. Consequently, it is occasionally advan¬ 
tageous to write Qi in the form. 


(7-11) 
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where V is the potential energy function for some of the forces and 
is the component of the remaining generalized force. Then, if L = 
r — K, Eq. (7-10) becomes 


dt dx^ dx^ 


(7-12) 


Utilizing Eq. (7-12) instead of Eq. (7-4), we may also augment Hamilton’s 
equations (7-9) by the term Thus we obtain 


dt dpi ’ dt dx^ 


(7-13) 


Time-Dependent External Forces. Frequently mechanical systems are 
subjected to external forces that are prescribed functions of time. For 
example, time-dependent external forces characterize forced vibrations. 
If a time-dependent force F{t) acts on a particle that moves through the 
distance y in the direction of the force, the contribution to dW from the 
force is F by. Consequently, d W may be calculated with the understanding 
that the potential energy of the force is —Fy. Although potential energy 
of time-dependent forces is a useful concept, we must observe that a system 
that is subjected to such forces is generally nonconservative, since the total 
mechanical energy varies with time. 


Newton’s Law. If Eq. (7-10) is applied to a free-mass particle that is 
located by rectangular coordinates (a;, y, z\ = F^., = F^, = F^, 

where (F^,, F^, FJ are the components of the force that acts on the particle. 
Also, T = -f 2/^ + Consequently, Eq. (7-10) yields Newton’s 
equations, F^ = mx, Fy = my, F^ = mz. Accordingly, Newton’s law 
may be regarded as a special consequence of Lagrange’s equations. 

Example. Pendulum with Moving Pivot. Figure 7-5 represents a simple 
pendulum that is suspended from a block which moves horizontally with 
a prescribed motion, z = /(/). The coordinates of the bob are 


X = z — I sin 6, 

Consequently, 

X z — l6 cos 0, 


y = 1 cos 6 

(a) 

2 / = —id sin 0 

(b) 


The kinetic energy of the pendulum is F = lni(x^ + jp). Hence 


T = \m{z^ — 2l6z cos 6 + 1^6^) (c) 

Suppose that the hinge contains a spring that exerts a restoring moment 
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Fig. 7-5 


kd and a damper that exerts a resisting moment cd. The potential energy 
due to the spring and the weight is 

V = —mg/ cos 0 + (d) 

If 6 receives an infinitesimal increment dd, the work of the damping 
moment is Rdd = —c6dd. Consequently, jR = —c0. Therefore, 
Lagrange’s equation (7-12) is 

^cO 

dt d6 dd ^ 

Setting L = T — 1^, we obtain 

0 + (9 + 0 + I sin e = ^ cos 0 (e) 

ml^ mr I I 

If the pivot moves with constant velocity (z = 0), Eq. (e) is the same as 
though the pivot were stationary. This conclusion exemplifies the fact that 
a uniform velocity of translation does not alter the behavior of a mechanical 
system. lfz = constant, Eq. (e) evidently admits a solution for which 6 
is constant. 

7-8. KINEMATICS OF A RIGID BODY. As a preliminary to the 
theory of dynamics of a rigid body, a few kinematical relations are 
derived. The motion of a rigid body may be resolved into a translation 
that imparts the proper motion to a specified particle of the body and a 
rotation about an axis through that particle. The theory of translation is 
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treated in elementary texts on mechanics. Consequently, attention will 
be confined to the rotary part of the motion. Accordingly, a rigid body 
with one fixed point is considered. The fixed point may be regarded as a 
ball-and-socket joint. 

Let (x, y, z) be right-handed rectangular coordinates attached to a 
Newtonian reference frame. These will be called “fixed coordinates.” 
Let the fixed point of the body lie at the origin O of the coordinates 
(x, y, z). Let (|, rj, 1) be right-handed orthogonal axes scribed in the body 
and let them also have origin O. The direction cosines of the (f, rj, Q 
axes with respect to the (x, y^ z) axes are represented by the rows in the 
following table: 

TABLE 7-1 



X 

y 

z 

1 

k 

mi 

ni 

V 

k 

m2 


( 

4 

m^ 

«3 


Each entry in this table is the cosine of the angle between the axes desig¬ 
nated at the top of its column and the left end of its row. 

Let (i, j, k) and (a, b, c) be unit vectors along the (x, y, z) and (<*, rj, Q 
axes, respectively. Since the projections of a unit vector on rectangular 
coordinate axes are the direction cosines of the vector, a = i/^ -f + 
k/ii, i = a/i -t- b/g + c/g, etc. Since a • a = 1, i • i = 1, etc., these equations 
yield -b -b =1, 4^ -f 4® + 4^ = 1, etc. Accordingly, the 
sum of the squares of the terms in any row or any column of Table 7-1 is 1. 
Also, since a • b = 0, i. j = 0; etc., 44 + + 

l^m^ +l ^m^ = 0, etc. Accordingly, the sum of the products of correspond¬ 
ing terms in any two rows or any two columns of Table 7-1 is 0. 

Since bXc = a, cX a = b, and a X b = c, we obtain 

4 = 

4 = — ^i4> — 4^«3 (^-H) 

4 = ^1^2 "■ '^2^1’ '^3 = ^i4 “ k^i 

Since b X c = a and a • a = 1, we obtain a • b X c = I. Accordingly, 
the determinant 04 Table 7-1 is 1. 

The foregoing relationships, which may be augmented by others, show 
that the nine quantities in Table 7-1 are not all independent. In fact, these 
quantities may all be expressed as functionsof three independent parameters 
( 6 , (f>, f), known as “Euler’s angles.” These angles are illustrated by Fig. 
7-6. The angle between the s and ^ axes is denoted by 0. The dihedral 
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angle between the planes xOz and is denoted by </». The dihedral angle 
between the planes zOi^ and ^0^ is denoted by ip. In Fig. 7-6 these angles 
are represented with the aid of arcs on a sphere with center at the origin. 
Arc A is the intersection of plane with the sphere. 

Since 6, (f> are ordinary spherical coordinates of the S-axis, 

4 = sin 6 cos </), m 3 = sin 6 sin <^, 773 = cos 6 (a) 


z 



Since the dihedral angle between the planes zOC and SOC is the same as 
the angle between the normals to these planes, ^ is the angle between the 
rj-axis and the normal to plane zO^. The direction cosines of the normal- 
to-plane zO^ are evidently sin </>, —cos <f>, 0. Hence, by the scalar-product 
relation for vectors, 


Also, 


cos ^ = 4 sin — 7772 cos <!> 


(b) 


and 


44 + 0 


(c) 


4 “ + +11^^ = I 


(d) 


The quantities (4, m 3 , 773 ) may be eliminated from Eq. (c) by means of 
Eq. (a). Then Eqs. (b), (c), and (d) may be solved for (4, mg, Thus the 
direction cosines (4, mg, n^) are expressed in terms of (0, yi). Then 
(4, mj, 77 i) are expressed in terms of (0, <^, yi) by Eq. (7-14). The results 
are assembled in Table 7-2. 
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TABLE 7-2 



X 

y 


s 

sm<l> siny} 

— cos 6 cos <l> cos V’ 

— cos <!> sin y} 

— cos Q sin cos v’ 

sin 6 cos ip 

n 

sin <l> cos yj 
+ cos 6 cos <!> sin yj 

— cos (f) cos tp 

4- cos 6 sin sin ip 

— sin 0 sin ip 

1 

sin 6 cos 

sin d sin 

cos 0 


It may be verified that the sum of the sc^uares of the terms in any row or 
any column of Table 7-2 is 1 and that the sum of the products of corre¬ 
sponding terms in any two rows or any two columns is 0. Also, the vector 
product of any two rows yields the other row, and the determinant of the 
matrix is 1. 

If 6 = 0, Table 7-2 reduces to 

TABLE 7-3 



0.7 

y 

- 

1 

- cos (<^ + ip) 

- sin (<^ + ip) 

0 

V 

sin (<l> -H yj) 

- cos (<f> + ip) 

0 

4 

0 

0 

1 


Table 7-3 shows that if 6 = 0 the coordinates <f> and ‘ip are not determined 
uniquely by the direction cosines given in Table 7-1. Also, Fig. 7-6 shows 
that, if 0 = 0, angle ^ is indeterminate. Hence, if the axes (f, rj, 0 are 
scribed in a rigid body that rotates about the origin, the Euler angles are 
not suitable coordinates if 6 takes the value zero. From a computational 
standpoint, equations involving the Euler angles are poorly conditioned 
if d is small. Therefore, the Euler angles are unsuitable for studying small 
oscillations in the neighborhood of the value 0 = 0. According to the 
definition given in Sec. 1-2, the Euler angles cease to be regular coordinates 
when 0 = 0, since there is no longer a one-to-one correspondence between 
values of (0, <j>, yi) and configurations of the body. 

Relation of Euler’s Angles to Angular Velocity. It is known that the 
motion of a rigid body with one fixed point is a vectorial angular velocity 
ti> about an axis through the fixed point. The vector w is conveniently 
represented by its projections (cui, co^, (o^) on the (f, /y, 0 axes. It is 
desirable to express (cui, coj, cuj) in terms of the time derivatives (0, <j>, y>). 

Let (a, b, c) be unit vectors along the (f, rj, 0 axes. It follows from the 
definition of the vector angular velocity (49) that 

a=cuxa, b = t»)Xb, c=o>xc 
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Consequently, since (o = aco^ + bcog + ccog, 

a = bcog — cfOg, b = ccoj^ — acog, c = acog (®) 

Since the {x, y, z) components of the vectors (a, b, c) are the respective 
rows in Table 7-1, we obtain from Eq. (e) 

= 0 ) 3/2 — 4 “ ^zK'> 4 ~ — ^i4 

rh-^ = co^m^ — rh^ = co^m^ — 0 ) 3 ^ 1 , m 3 = (o^m-^ — co^m^ (f) 

z= fOg/Zg — ^2 “ ^3 = <^ 2^1 "■ ^^ 1^2 

Also, comparing Tables 7-1 and 7-2, we obtain by differentiation 
z= 0 / 2 ^ cos cj> ~ mi = sin -h /i<^ + 

«i = 6 cos 6 cos y) -f 4 = 0/^2 ^^s </> — — liip (g) 

mg = sin 0 + 4<^ — = —6 cos 6 sin y — z/j sin 0 cos y) 

/g = 0 cos 0 cos (p — (j) sin 6 sin <^, m 3 = 6 cos 6 sin </> 4 - ^ sin 0 cos cp 
773 = —0 sin 6 

The quantities /i, mi» ^^.y be eliminated from Eqs. (g) by means of 
Eqs. (f). Also, the quantities /i, etc., may be eliminated by means of 
Table 7-2. Thus, nine equations are obtained that relate coi, a> 2 , cog to 
Naturally, some of them are redundant. Solving three of them 
for oil, 0 ) 2 , cog, we obtain 

0 )^ = —0 sinyj + (j> sin 0 cos yj 

CO 2 = —0 cos -- <;6 sin 0 sin ip (7-15) 

0 J 3 = (f> cos 0 - 1 - ip 

By substituting Eqs. (7-15) into Eqs. (f) and expressing the direction 
cosines by Table 7-2, we may verify that Eqs. (g) are all satisfied. A 
different derivation of Eqs. (7-15), based on elementary geometrical 
arguments, is also available (62). Equations (7-15) are known as “Euler’s 
kinematical equations.” 

7-9. EULER’S DYNAMICAL EQUATIONS. Let the axes (f, 0 , D be 
the principal axes of inertia of a rigid body that has a fixed point at the 
origin of these axes. Let the body be subjected to a variable external 

couple M with components (A^i, Mg, M 3 ) on the (f, rj, Cl ^.xes, respectively. 

If the Euler angles are given infinitesimal virtual increments (^0, dcp, dip), 
the virtual work of the couple M is 

6W = 66 + Q 2 6<f> + 23 dip (a) 
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The coefficients (Qi, Q 2 , Q 2 ) are the components of generalized force 
(Sec. 1-7). 

Any displacement of a rigid body with one fixed point can be effected 
by a rotation about an axis (90). Furthermore (67), an infinitesimal 
angular displacement is a vector 8 ^. The components of this vector on the 
axes (I, rj, 0 are denoted by 8 ^^, 8 ^ 2 ^ 8 ^^. If the angular displacement 
occurs in a time interval 8 t^ 5(3 = o>5/, or 5^^ = 8 t, 8 ^^ = etc., 

whereto is the angular velocity. Consequently, by Eqs. (7-15), 

8 ^^ = —sin %p 86 + sin 6 cos f 8 cf> 

8^2 = —cos y) 86 — sin 6 sin yj 8 ^ (b) 

5/^3 = cos 6 8 ( 1 ) + Syj 

Since the virtual work of the couple M may be expressed in the form, 
8 W = M • 8 ^ = Ml 8^1 + M 2 8^2 + M^ 5 /? 3 , we obtain from Eqs. (a) 
and (b) 

Qi— —Ml sin y} — M 2 cos y) 

Q 2 = Ml sin 6 cos y) — M 2 sin 6 sin ^ -f- M^ cos 6 (c) 

Qz^ M^ 

The principal moments of inertia of the body are denoted by (A, B, C), 
These are the respective moments of inertia about the (f, rj, t) axes. By 
the theory of dynamics of rigid bodies (49), the kinetic energy of the body is 

T = i(Aa)i^ + Ba)2^ + Cco^^) (7-16) 

By Eq. (7-10), the Lagrange equation corresponding to y) is 

dtdf dy> ^ ^ 

Equations (7-15) and (7-16) yield Tjdy) = CCO 3 and dTjdip = A«)i (02 — 
BCO 2 CO 1 . Hence Eqs. (c) and (d) yield 

Cd )3 — (A — B)coiO )2 = M 3 (e) 

Since the labeling of the principal axes of inertia is arbitrary, analogous 
relations hold for ( 0 ^ and Wg- The complete set of equations is 

AcOi -“ ^B *“ C)(W2^^3 8^1 

B(b2 - (C - A)( 03 ( 0 i = M 2 (7-17) 

CCO 3 — (A — B){OiO )2 = M 3 

Equations (7-17) are known as “Euler’s dynamical equations.” Instead 
of inferring two of these equations from symmetry conditions, we may 
derive them from the other two Lagrange equations, just as Eq. (e) was 
derived. However, the algebra is more complicated than in the derivation 
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of Eq. (e). Elimination of cb^ must be accomplished with the aid of Eq. 
(e). 

For a stationary body, ( 0 ^ = cog = 0)3 = 0. Accordingly, Eqs. (7-17) 
yield the equilibrium criterion M = 0 for a stationary body. 

7-10. MOTION OF AN IDEAL TOP. The motion of a top on a 
horizontal surface may be treated conveniently with the aid of Hamilton’s 
equations. The tip of the top is considered to remain at a fixed point. 
This condition requires the existence of a horizontal reactive force by the 
surface on which the top spins. The 
axes ( 1 ^, 7], 0 are fixed in the top with 
the origin at the tip O; the ^-axis is 
the axis of symmetry (Fig. 7-7). The 
moments of inertia of the top about the 
(f, rj, 0 axes are (A, B, C), respectively. 

Because of symmetry, A = B, The 
components of the angular velocity co 
on the (f, Tj, 0 axes are (coi, co^). 

Since A = B, Eq, (7-16) yields 

T = l(A(o,^ -1- Aco^^ + Cco^^) (a) 

The Euler angles (0, </>, yi) are adopted 
as generalized coordinates. The angle 
of the axis of the top (Fig. 7-7) with the 
vertical is 6. The angle of plane zO^ 
with a fixed vertical plane is </>. The 
angle of rotation of the top about the ^-axis is yj (Fig. 7-6). Eliminating 
fUi, cog, W 3 from Eq. (a) by means of Eqs. (7-15), we obtain 

T = iA{d^ -f 02 sin2 0) + |C(0 + 0 cos 6)^ (b) 

The potential energy of the top is 

V = mgh cos 0 (c) 

where h is the distance from the origin O to the center of mass (Fig. 7-7). 

The Lagrangian function is L = T — V. Since V does not depend on 
the time derivatives (0, 0 , 0 ), d LjdO = dTjd^, etc. Consequently, by 
Eq. (7-5), the components of generalized momentum are = dTjdO, 
P2 = 3T/90, P 2 , = 97/90. Hence 

Pi = ^<5 

/?2 = (^4 sin* 6 + C cos* 6)(j> + Cip cos 6 

Ps = Cif + cos 6) 



(d) 
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Since the reference frame is Newtonian, the Hamiltonian function is 
H=T + V. Consequently, if 0, (f>, w) are eliminated from Eq. (b) by 
means of Eqs. (d), 

fj — El. q. P 3 cos 6) £3_ q 

2A 2A sin® 6 2C 

Hamilton’s equations (7-9) are 

, dH ■ dH ._ dH 
dpi opi a Pi 

dH . dH . _ 3H 
36 d<l> oip 

The first three of these equations give relations that are equivalent to 
Eqs. (d). The last three yield 

A = -(Pa - Pa 6)(pi - Pi cos 6) ^ ^ 

A sin® 6 


A = 0. P3 = 0 


(g) 


Equations (g) yield = AM = constant and — CK — constant. 
Hence by Eq. (d) 

yj ^ cos d <= K 


<j> sin® 6 -h bK cos 6 = M, 



(h) 


By Eqs. (d), p^ = AS. To integrate Eq. (f), set 

>5 dv dv d6 dv 

0 = V, 6 = — =- = V — 

dt dO dt dO 


Introducing these relations into Eq. (f) and noting that p.^ — AM and 
Pi = CK, we obtain by integration 


^ -^M‘+b‘K‘-2bKMco,e) _ . ^ ,i, 

sin'e 


where a = 2mghlA. Writing the additive constant in Eq. (i) in the form 
N + b^K^ and introducing the substitution u = cos 0, we obtain from 
Eq. (i) 

= (1 - u^){N - au) -{M - hKuf (j) 


Also, Eqs. (h) yield 


f ■+ v<l> =K 
<^(l - «®) + bKu = M 


(k) 

( l ) 
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Equations (j), (k), and (1) are three first-order differential equations that 
determine 6, (f>, and y) as functions of t. Equation (k) merely asserts that 
the component of angular velocity on the axis of the top is constant, 
since, by Eqs. (7-15) and (k), co^ = K, 

Equation (j) is separable, but the integral cannot be evaluated in terms 
of elementary functions. However, the general nature of the solution is 
known (62). It may be shown that w is a periodic function of t; hence 
6(t) is a periodic function. After u(t) is determined, the function <^(0 is 
determined by Eq. (1). 




The motion may be visualized by means of the curve that the axis of the 
top traces on a fixed spherical surface with center at the tip of the top. 
The relations 6 = 6{t), <f> = <^(0 are parametric equations of this curve. 
There are three possible types of curves, depending on the initial conditions 
(Fig. 7-8). 

The motion may be studied with the aid of certain approximations if 
the fluctuations of 6 are small. It is then convenient to set d = Oq + cx., 
where Oq is the minimum value of 6. Accordingly, a is non-negative. 
Attention is confined to the case represented by Fig. (7-8Z?), in which a row 
of cusps appears. In this case ^ ^ = 0 when 0 = Oq. Then, by Eqs. 

(h), bK cos 00 = M, Hence Eqs. (h) yield 

0 sin^ 0 = bK(cos 6 q — cos 0) (m) 


Likewise, Eq. (i) reduces to 

6^ = (cos 00 — cos 0) 


— b^K\cos 00 — cos 0) 
sin^ 0 



(n) 


Because of the initial condition, 0 = 0 when 0 = 0o, there is no additive 
constant of integration in this equation. 

Since 0 > 6^, the bracketed expression in Eq. (n) must be positive. 
Consequently, if is large compared to a (i.e., if o)^ is large, as usually 
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happens), cos — cos 0 is small. Consequently, a is small. Therefore, 
since 

cos 00 — cos 0 = 2 sin \{d 4 * 0 o) sin J (0 — 

we obtain the approximation 

cos 00 — cos 0 = a sin 00 (o) 

Then, since a = 0, Eq. (n) yields, when the defining equations for a and b 
are introduced, 


^ _ C (imAgh sin 0o 

dt^ aI\ 


e 



This differential equation is separable and integrable. Integration yields 


Om A crh 


(p) 


The constant of integration has been eliminated by the condition a = 0 
when r == 0 . 


Equation (m) now yields 




Imgh 

KC 


sin“ 


CKt 

2A 


Integration of Eq. (q) yields 


(q) 


<f> 


mghl A . CKt\ 

= —^ 1 1 -sin 

KC\ CK A 1 


(r) 


In the (</>, 0) plane, Eqs. (p) and (r) are parametric equations of the curve 
shown in Fig. 7-9. This curve agrees with Fig. 7-80; it is a modified 
cycloid. 

The angle ^ is called the angle of precession, and ^ is called the speed of 
precession. Equation (q) shows that (j> fluctuates between 0 and ImghIKC, 
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The mean speed of precession is O = lim as t becomes infinite 
Consequently, by Eq. (r), 

^ “ ~KC 

This equation shows that the mean speed of precession is inversely pro¬ 
portional to the rate of spin K. 

7-11. THE GYROSCOPE. A rigid body with one fixed point is called 
a “gyro” (18). The top discussed in Sec. 7-10 is an example of a gyro. 
In devices such as the gyrocompass and gyrostabilizer the gyro is usually 
mounted on a shaft with bearings on the innermost of two hinged rings, 
called “gimbals” (Fig. 7-10). Thus the center point of the shaft of the 
gyro is fixed. The ring that supports the shaft of the gyro is called the 
“inner gimbal,” and the other ring is called the “outer gimbal.” The 



Fig. 7-10 
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entire apparatus is commonly called a “gyroscope'’ or “gyrostat.” The 
gimbals are merely supports; their inertia and the friction of their bearings 
usually exert undesirable perturbations on the motion of the gyro. 

The configuration of a gyroscope is conveniently specified by the 
angular displacement of the gyro relative to the inner gimbal, the 
angular displacement ag of the inner gimbal relative to the outer gimbal, 
and the angular displacement ag of the outer gimbal relative to the fixed 
reference frame.* These angles are identical to the Euler angles (Sec. 
7-8), in fact, = yj, = 6, and ag = These relations are apparent 
from Fig. 7-10. The angle d has been defined as the angle between the 

and 2 :-axes; hence it is identical to the dihedral angle between the planes 
of the inner and outer gimbals. Accordingly, d = a^, provided that the 
zero reference line of ag is chosen properly. 

The plane of the and s-axes will be called plane P. The angle </> has 
been defined as the dihedral angle between plane P and a fixed plane that 
contains the 2 -axis. Since plane P is perpendicular to the plane of the outer 
gimbal, is accordingly equal to the angle ag, through which the outer 
gimbal rotates about the 2 -axis. 

The plane of the inner gimbal is perpendicular to plane P. The angle 
y) has been defined to be the dihedral angle between plane P and a rotating 
meridional plane of the gyro. Consequently, is likewise the dihedral 
angle between a rotating meridional plane of the gyro and the plane of the 
inner gimbal; that is, y) = aj. 

In an electrically operated gyroscope a motor mounted on the inner 
gimbal rotates the gyro at constant angular velocity relative to the inner 
gimbal; that is, y) = constant. It should be recalled, however, that f 
is different from the component of the angular velocity on the S-axis. 
By Eqs. (7-15), co^ cos 0 + ip. According to the theory of the friction- 
less top (Sec. 7-10), cug = constant. Consequently, for a friclionless gyro¬ 
scope with massless gimbals, rug = constant. The condition, ip =: constant, 
which is imposed by an electric motor, consequently does not conform to 
the motion of an ideal free gyro. 

The kinetic energy of any gyro is given by Eqs. (7-15) and (7-16). The 
kinetic energy of the outer gimbal is 

To - (a) 

where I is the moment of inertia of the outer gimbal about the axis of its 
fixed hinges. 

If the f-axis is the hinge line of the inner gimbal and the .^'-axis is the 
axis of symmetry of the gyro, the Euler angles of the inner gimbal are 

* These variables were used by Poritsky, who studied ctlcels of hu'tjucs applied to 
the gyro and the gimbals and effects of inertia of the gimbals i 132 ). 
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6, cj), rrjl (see Figs. 7-6 and 7-10). Consequently, by Eqs. (7-15), the 
components of angular velocity of the inner gimbal on the (|, 77 , 0 axes 
of that gimbal are co^ = — o)^ = —^ sin 0, cog = ^ cos 6, Ordinarily, 

the principal axes of inertia of the inner gimbal are the hinge line of the 
inner gimbal (^-axis), the axis of symmetry of the gyro (^-axis), and a line 
perpendicular to the plane of the inner gimbal ( 77 -axis). Letting the 
moments of inertia of the inner gimbal with respect to these (f, 77 , axes 
be {A\ B\ C ), respectively, we have the following formula for the kinetic 
energy of the inner gimbal: 

T, = + B'oV + C'cOgS) 

With the preceding expressions for a>i, cog, cog, this yields 

r. = ^ cos 2 6) (b) 

The gimbals are ordinarily balanced so that their centers of mass lie at 
the fixed point on the axis of the gyro. Then the potential energy of the 
gimbals is zero. Consequently, if the center of mass of the gyro lies at 
distance h from the fixed point on the axis of the gyro and the mass of the 
gyro is m, the potential energy of the entire apparatus due to the action of 

V=mgl,co,e (e> 

Accordingly, in view of Eq. (b) of Sec. 7-10, the Lagrangian function is 
L = IA{0^ -h < 5^2 sin 2 6) + ICUp + <p cos G)^ + 

-f \{A^(> + sin2 e -F cos^ 6) - mgh cos 0 (7-18) 

where (A, A, C) are the principal moments of inertia of the gyro. 

Frequently torques are applied to the gimbals at the hinges because of 
friction or extraneous effects. If these torques are and the virtual 
work that they perform when the coordinates ( 6 , receive variations 
(f)G, d<f>) is Ri) dQ 4 - R^ (50. Consequently, {R^, R^) are the components of 
generalized force that appear in Lagrange’s equation (7-12) and Hamilton’s 
equations (7-13). 

With the foregoing equations, it is easy to write the dynamical equations 
of the gyroscope by means of Lagrange’s equation or Hamilton’s equations. 
If the inertia of the gimbals and the torques (Ro, R^) are neglected, the 
theory is identical to that of the top (Sec. 7-10). 

PROBLEMS 

1. The lowest corner of the homogeneous cubical block moves along the 
•r-axis (Fig. P7-1). Adopt and 0 as generali 2 ted coordinates. Verify that 
the kinetic energy is a homogeneous quadratic function of the components 
of generalized velocity. 



262 


ENERGY METHODS IN APPLIED MECHANICS 


y 



2. A homogeneous solid ball of mass m and radius r rolls outward on an 
oscillating seesaw that forms an angle 6 with the horizontal. The distance 
from the hinge of the seesaw to the point where the ball touches the board is 
x. The moment of inertia of the board about its hinge is /. Determine the 
kinetic energy of the system and show that it is a quadratic form in x and 6. 

3. Show that, for a statical system, Hamilton’s principle reduces to the principle 
of virtual work. 

4. A simple pendulum has a damper in the hinge that causes a resisting moment 
proportional to the cube of the angular velocity. Derive the differential 
equation of free oscillations by means of Hamilton’s principle. 

5. Neglecting friction and taking the moment of inertia of the pulley to be /, 
determine x(t) for Atwood’s machine by means of Lagrange’s equation 
(see Fig. P7-5). 

6. For the compound Atwood machine, the two pulleys have the same moment 
of inertia/. Masses ofthe parts are indicated in Fig. P7-6. Let the generalized 
coordinates be the angles 6 and <f> through which the pulleys rotate. Neglecting 
friction, derive the differential equations for 0 and </> by means of Lagrange’s 
equations. 

7. A particle of mass m that moves in space is located by spherical coordinates 
(r, 6, <l>), where d is colatitude and <f> is longitude. The particle is attracted 
toward the origin by a force Fthat is a function of r alone. Write Lagrange’s 
equations for r, 6, Let <^ = 0 for / — 0 and simplify the differential 
equations accordingly. Show that the particle describes a plane curve. 
Show that a line drawn from the origin to the particle sweeps out equal 
areas in equal times. 

8. A horizontal platform of mass M is suspended by strings of length / (see 
Fig. P7-8). As the platform swings, a homogeneous ball of mass m and 
radius r rolls on it. Using x and 0 as generalized coordinates, derive the 



Fig. P7-8 


differential equations for large oscillations by means of Lagrange’s equations. 
Reduce the equation corresponding to x to the first order. Linearize the 
differential equations by supposing that 6 is small. 

9. The string of a simple pendulum is elastic. The spring constant for the 
string is k, and the mass of the bob is m. The free length of the string is /. 
Adopt polar coordinates (r, d) with origin at the point of suspension as 
generalized coordinates for the bob. Neglecting the mass of the string, write 
the differential equations of motion by means of Lagrange’s equations. 

10. Write Lagrange’s equation for an arbitrary conservative system with one 
degree of freedom that is located with respect to a Newtonian reference 
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frame. Show that this equation yields the conclusion that the total 
mechanical energy is constant. 

11. A simple pendulum of length / and mass m is suspended from the rim of a 
wheel of radius r which rotates with constant angular velocity co in a vertical 
plane. Adopting the angle 6 that the pendulum forms with the vertical as 
the generalized coordinate, derive the differential equation for 0(t) by 
means of Lagrange’s equation. 

12. A homogeneous solid ball of radius r oscillates on a horizontal platform 
that executes horizontal simple harmonic motion defined by the equation 
.s = 5-0 sin cot. Let os be the displacement of the center of the ball relative to 
the platform. Derive the function xQ) by means of Lagrange’s equation. 

13. A small body of mass m falls to earth from a great height while remaining at 
constant latitude a. The attraction of gravity is F ~ knijr^, where r is the 
distance from the center of the earth. Let the distance r and the longitude ^ 
relative to the earth be generalized coordinates. Taking into account the 
angular velocity co of the earth, write the differential equations of motion by 
means of Lagrange’s equations. Eliminate (/>. Transform the resulting 
differential equation by regarding r as a function of and integrate the 
equation with the aid of the substitution, r = 1/w. 

14. Solve Probs. 5, 6, 7, 8, and 9 by Hamilton’s equations. 


h 



Fig. P7-15 


15. Figure P7-15 represents two flywheels that are keyed to a uniform elastic 

shaft. The moments of inertia of the flywheels are /j and 7^. A time- 
dependent torque M(t) is applied at the end of the shaft. The angular 
displacements at sections 0, I, and 2 are and (l^(t). The torsional 

stiffness of the shaft is GJ. Regard 6 /q, 6^^ 0^ as generalized coordinates and 
set up the differential equations of motion by means of Lagrange’s equations. 
Eliminate 6 q from the equations. Hence show that the equations yield the 
conclusion that M is equal to the rate of change of moment of momentum 
of the system. Neglect inertia of the shaft. 

16. A particle of mass m moves in the ?y) plane under the action of a force 
with components (F^., Fy). The coordinate system (.r, y/) rotates in its plane 
with angular velocity o) relative to a Newtonian reference frame. Adopting 
(a?, y) as generalized coordinates, derive the differential equations of motion 
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by means of Lagrange's equations. Write the equations of motion in the 
form Pa; = f77x,Py = 7^?^ and interpret the several components of the apparent 
force (Pa., Py). 



17. The mass m slides on the rigid rod which rotates in a horizontal plane with 
constant angular acceleration a (Fig. P7-17). There is a constant frictional 
force F. By means of Lagrange's equation, derive the differential equation 
for G letting 6 = 0 for / — 0. 

18. Let (a, b, c) be unit vectors along the (f, r/, J) axes (see Table 7-1, Sec. 7-8): 
Prove that (a - i) • (b - j) x (c - k) = 0. Hence prove that the direction 
cosines in Table 7-1 satisfy the relation, 


/r-l 

777i 

fh 

4 

7772 — ^ 


4 

7773 

773 - 1 


19. Show that all two-rowed minors of the determinant in Prob. 18 cannot be 
zero unless all nine terms in the determinant are zero. Hence, by using 
the result of Prob. 18, show that there is a unique line L determined by 
.T = y ^ t] z = Show that a suitable rotation of the body about line 
L carries the axes (I, rj, J) into the respective axes Ot*, yy, z), 

20. A rigid body has one particle fixed at the origin. Initially, the Euler angles 
are 0 = 30° <^ = 0, ?/» = 0. After a displacement of the body, 0 = 90°, 

= 60°, ip = 120°. Using the result of Prob. 19, determine the fixed axis L 
about which the body could be rotated to effect this displacement. 

21. Determine the Euler angles corresponding to the following table of direction 
cosines: 



.V 

V 

2 


f 

2 

3 

1 

V 

0 

l/v'5 

-2/V5 


- Vs/s 

4V5/I5 

2V5/15 
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22. Derive Eqs. (g) and (7-15) of Sec. 7-8. 

23. Derive the first two of Eqs. (7-17) by means of Lagrange’s equations. 

24. A body is mounted on a rigid shaft with fixed bearings. The principal axes 
of inertia of the body through a point O on the axis of the shaft form angles 
(a, p, y) with the axis of the shaft. The angular speed is co. By Euler’s 
dynamical equations, determine the components (Mj, Afg, Mg) of the moment 
M that the shaft exerts on the body. 



25. Figure P7-25 represents a homogeneous cylindrical body that is mounted 
obliquely on a shaft that rotates with angular velocity 40 radians/sec. The 
body weighs 12 lb, and ^ = 386 in./sec^. Neglecting the dead load on the 
bearings, compute Ri and with the aid of Euler’s dynamical equations. 

26. Suppose that the body described in Prob. 25 is motionless and that a torque 
of 100 lb-in, is applied suddenly to the shaft. Compute the immediate 
reaction of either bearing, neglecting dead load on the bearings. 

27. Derive Eqs. (h) of Sec. 7-10 by means of Lagrange’s equations. 

28. Suppose that a motor is installed in a gyroscope to maintain constant. 
Neglecting friction and inertia of the gimbals, set V “ and derive the 
differential equations for 0 and <f> by means of Lagrange’s equations. Deter¬ 
mine for 0 = 90°. Use notations of Sec. 7-10. 

29. The center of mass of a gyro lies at the fixed point on the axis of the shaft. 
Suppose that the bearings are frictionless but that there are linear springs 
with constant k in the hinges of the gimbals that tend to restore them to the 
configuration for which 0 = 7r/2 and ^ = 0. Taking the inertia of the gimbals 
into account, derive the differential equations of motion by means of 
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Lagrange's equations. Show that cog = constant. Linearize the equations 
by supposing that does not differ much from 0 and 6 does not differ much 
from 7r/2. 

30. A sphere of radius a rolls on a plane. Let (.t% y) be rectangular coordinates 
of the point of contact between the sphere and the plane and let (0, <^, y)) be 
Euler angles of the sphere. Derive the differential relations that express the 
condition that any infinitesimal displacement (dx^ dy, dd, d<f>, dyj) is per¬ 
formed without slipping. 

31. If the lower joint of the double pendulum discussed in Sec. 7-3 is locked, 
0 = <l>. Equations (f) are not consistent with this condition. Explain why. 



8 Theory of vibrations 

Pythagoras discovered the importance of dealing with abstractions; and 
in particular directed attention to number as characterizing the perio¬ 
dicities of notes of music. 

A. N. WHITEHEAD 


8-1. SYSTEMS WITH TWO DEGREES OF FREEDOM. Although 
vibrating systems with single degrees of freedom are practically important, 
the application of energy principles to such systems requires no special 
consideration. Consequently, attention is directed to systems wuth several 
degrees of freedom. The main features of small free vibrations of elastic 
systems may be illustrated by a simple system with two degrees of free¬ 
dom. 

Consider a thin light cantilever beam with an olfscl rigid body of mass m 
attached to its end (Fig. 8-1). The body is fastened to the end of the beam 
by a rigid vertical bar. The body is considered to possess rotary inertia 
about its center of mass. Without adding complications to the problem, 
we may let the beam be tapered. The mass m is assumed to exceed the mass 
of the beam to such an extent that the beam mass may be neglected. The 
beam is considered to have much more flexibility for sidewise bending than 
for vertical bending, so that the vertical component of the motion is 
negligible. Then the horizontal displacement of the end of the beam and 
the rotation of the vertical bar serve as generalized coordinates (Fig. 
8-1). The system bears a crude likeness to the rear part of an airplane. 
The beam may be considered as the part of the fuselage behind the wing, 
and the rigid body may be considered as the tail assembly. 

The strain energy of the beam due to sidewise bending is where a 
is a constant. The strain energy due to twisting is JAr./, where h is a 

268 
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constant. Consequently, if effects of gravity are neglected, the potential 
energy of the system is 

W +W (a) 

The length r (Fig. 8-1) locates the center of mass of the rigid body. The 
velocity of the center of mass of the body is + rx^. Consequently, the 
kinetic energy of translation of the body is ^m(x + The kinetic 



energy of rotation is where p is the radius of gyration of the body 

with respect to its center of mass. Consequently, the kinetic energy of the 
vibrating system is 

T = im(x^ + rx^)^ + \mpH.^ (b) 

Accordingly, the Lagrangian function is 

L = ^777(^1 + (c) 

The Lagrangian equations of motion (7-4) now yield 

a*i + rx^ + Ax^ = 0 
rxi -f (r^ -[- p^)x^ + Bx^ — 0 
where A = a/m and B = b/m. 

Equations (d) are homogeneous linear differential equations with 
constant coefficients. Their general solution may be obtained readily by 
well-known methods. In the theory of vibrations especial importance 
attaches to particular solutions of the form 

x^ = sin (wt — y), == sin {cot — y) (e) 
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in which Zi, z^, co, and y are constants. Such a solution is known as a 
natural mode of vibration (also called an “eigenvibration”). When the 
system vibrates in a natural mode, all particles perform simple harmonic 
oscillations that are in phase with each other and that have the same period. 
Accordingly, all particles attain their maximum velocities simultaneously 
as they pass through their neutral positions, and they all reach their 
extreme displacements simultaneously. The constants and z^ are known 
as the amplitudes of the motion; the constant co is called the angular 
frequency (or “circular frequency”) of the motion, and the variable cot — y 
is called the phase of the motion. Consequently, the initial phase is —y. 
The number of oscillations per second (called the “frequency”) is (ojl-TT. 
Accordingly, the time interval in which an oscillation is performed 
(called the “period”) is lirlco. 

To determine the constants Zj, Zg, <w, we substitute Eq. (e) into Eqs. (d). 
Thus the following equations are obtained: 

(.4 — C()®)zi — rco% = 0 
r(o\ + [(r^ + /s®)ct>* — B]z^ = 0 


Equations (f) yield nonzero values of Zj and z^ if, and only if, the constant 
CO is a root of the determinantal equation. 


or 


A — ( 0 * —rof 
ref (r® + p^)of — B 


= 0 


p^co^ - [Air"^ + p^) + Blio^ A-AB = Q 


(g) 


Setting rjp = x and BI(Ap^) = y\ we may express the solution of Eq. (g) 
in the following dimensionless form: 


= 1 + ± V[x2 + (y - + (y + 1)*] (h) 

A 


Equation (h) provides two real positive values of co^; it is known as the 
“frequency equation.” 

If CO is determined by Eq. (h), one of the equations in (f) is redundant. 
Consequently, only the ratio z^jz^ is determinate. The first of equations in 

(f) yields . 

!h = ± I (i) 

z. co^ 


It should be noted that y is an arbitrary constant. Also, the values of co 
and are independent of y. 

Let co' and o" be the positive roots of Eq. (h). Let s/, y', y' be any 

real constants. Let Z 2 be determined by Eq. (i), with and co = co'. 
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Let be determined by Eq. (i), with and co = co". Then, since 

the sum of any two solutions of Eq. (d) is again a solution, we obtain 

Xi = Si' sin (co't — y') + 2 / sin (o/'t — y") 

X 2 = Zq sin (oj't — y') + z/ sin (co"t — }/') 

Since Eqs. (j) contain the four arbitrary constants, z/, z{, y\ y\ they are 
the general solution of Eqs. (d). In other words, the general solution of 
Eqs. (d) is a linear combination of two natural modes. 

Pendulum with a Flexible Suspension. A second example that exhibits 
features different from the preceding problem is illustrated by Fig. 8-2. 
The hinge of the simple pendulum may move 
up and down between the frictionless guides. 

The coordinate x is measured from the position 
of the block in which the system may remain 
motionless. The constant of the linear spring 
is k. The bob of the pendulum and the 
guided block each have mass m. 

The kinetic energy of the block is 
To compute the kinetic energy of the bob, we 
observe that the coordinates of the bob 
are f = / sin 0, rj ^ x + I cos 0. The kinetic 
energy of the bob is + rf). Hence the 
kinetic energy of the system is 

T = mx^ -f — mldx sin d 

In the theory of small vibrations the coeffici¬ 
ents of the generalized velocity components in 
the expression for the kinetic energy are 
approximated by their values in the statical 
equilibrium state. In the present case the 
equilibrium state is represented by 0 = 0 and a; = 0, so T is approximated 
by 

T = mx^ + 

The potential energy is 

y = ^mgx — mg't'} + \k{x -1- Kf 

where h is the extension of the spring for which the system can remain 
motionless. Since kh = 2mg, this reduces to 

V = \kx^ — mgl cos 6 -b constant 
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The expression for V is reduced to a quadratic form in (x, 6) by means of 
the approximation, cos 0 = 1 — Accordingly, if an irrelevant additive 
constant is discarded, 

V = + imglO^ 

Since L = T — K, the Lagrange equations yield 

x + JLx = 0, B + i.d = 0 (k) 

2m I 

The general solution of these equations is 

X = A cos (V k/2m t — a), 6 = B cos (Vg/l t — b) 

The corresponding angular frequencies for x and 0 are 

o)^=V kllm, cofl = Vgll 

For a natural mode, o)^= coq = co. Evidently this condition is impossible, 
unless kflm = gjL The special feature of this system that excludes natural 
modes is that the coordinates are decoupled; that is, the oscillation of .t 
does not affect the oscillation of 0. 

If the exact expressions for T and V are retained in this problem, the 
Lagrange equations are 

, k 

2x — Id sin 0 — cos 0 + “ a; = 0 

^ ( 1 ) 

/0 + (g — x) sin 0 = 0 

Equations (k) are obtained again if x is considered negligible in comparison 
to g, and all nonlinear terms are discarded from Eq. (1). Equation (1) shows 
that the system is not completely decoupled. The decoupling results from 
the linearizing approximations. 

«-2. VIBRATIONS OF UNDAMPED SYSTEMS WITH FINITE 
DEGREES OF FREEDOM. The phrase “linear vibrations” is used to 
signify vibrations whose governing differential equations are linear. The 
examples in Sec. 8-1 illustrate linear vibrations. Linear vibrations 
scarcely ever occur in nature, but they are approximated closely by many 
systems if the amplitudes are sufficiently small. The theory of linear 
vibrations of systems with finite degrees of freedom was developed in a 
general form by Lagrange. This theory provides one of the most important 
engineering applications of Lagrange’s equations. 

Vibrations of a system are said to be free if no energy enters or leaves 
the system. Vibrations are said to be damped if friction causes dissipation 
of energy. The terms “damping” and “friction” are used synonymously 
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in vibration theory. The present discussion is restricted to undamped 
systems. Accordingly, a potential energy function V exists. 

A conservative unchecked mechanical system that is referred to a 
Newtonian reference frame may execute small oscillations about any stable 
equilibrium configuration Xq. For simplicity, we choose generalized 
coordinates • • •, such that the origin represents the configura¬ 

tion Xq. Also, we choose the zero level of potential energy so that K = 0 
at the origin. Then, if AK represents the increment of V corresponding to 
a displacement from the origin, AF = K Furthermore, by the principle of 
virtual work, = 0, since the origin is an equilibrium configuration. 
Consequently, F = + • • •. If the oscillations are sufficiently small, 

only the first term in this series is important. Therefore, as a second-degree 
approximation [see Eq. (1-25)], 

= 4 2 2 (8-1) 

i-1 i = l 

in which the coefficients {a^.^ are a symmetric matrix of constants. Since 
the origin is a configuration of stable equilibrium, this quadratic form is 
positive definite (Appendix, Sec. A-1). 

The kinetic energy of the system is a quadratic form in the generalized 
velocity components [Eq. (7-1)]. In general, the coefficients are 
functions of the coordinates but, if the oscillations are small, these 
functions may be approximated by their values at the origin. In the theory 
of small oscillations the coefficients are considered to be constants. 
This condition, and Eq. (8-1) characterize the linear theory of vibrations. 

Since the Lagrangian function is L = T — F, we obtain, with Eqs. (7-1) 
and (8-1), 

L = o 2 2 (^“2) 

Hence the Lagrangian equations of motion (7-12) are 

= R,-; / = 1, 2, • • •, n (8-3) 

The quantities Ri may be specified periodic functions of time. They are 
then known as the generalized components of the exciting force. If = 0, 
the vibration is free. 

It is known from the theory of linear differential equations that the 
general solution of Eqs. (8-3) is the sum of a particular solution and the 
complementary solution which is the general solution of the homogeneous 
differential equations that remain when is set equal to zero. We first 
consider the complementary solution, or the free vibration of the system. 
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As in the example in Sec. 8-1, we determine the natural modes by the 
equation 

Xj = sin {cot — y) (8-4) 

in which co, and y are constants. Equations (8-3) and (8-4) yield 

2(% - = 0 (8-5) 

Equation (8-5) determines nonzero values of the s’s if, and only if, the 
determinant of the equations is zero; that is, 


det (Cij — ( 0 %^) = 0 (8-6) 

where the symbol *‘det” stands for “determinant.” Equation (8-6) is of 
72 th degree in co^; it consequently possesses n roots. The symmetry con¬ 
ditions, aij = a^i and combined with the conditions that the 

quadratic forms V and Tare positive definite, lead to the conclusion that 
the roots of Eq. (8-6) are positive (Appendix, Sec. A-4). Consequently, 
Eq. (8-6) determines n positive values of co, denoted by co^, cojj, • * •, 
These values are called the “natural frequencies” or the “eigenfrequencies” 
of the system. The natural frequencies are not necessarily distinct, but the 
case in which two roots are equal is exceptional. If this condition 
occurs in a physical system, it can be eliminated by slight changes of the 
mass distribution or the spring constants, so that the constants b^ or a,-; 
are altered slightly. Consequently, attention is confined to the case in 
which no two of the natural frequencies are equal. 

Corresponding to any natural frequency, there are certain amplitudes 
determined by Eq. (8-5). These amplitucles contain an arbitrary constant 
factor. Consequently, only the ratios zjzj are determinate. To each 
natural frequency, there corresponds a natural mode, determined by 
Eq. (8-4). Arbitrary phase angles y^ may be assigned to the respective 
modes. An arbitrary linear combination of the n natural modes contains 
In arbitrary constants; therefore, it is the general solution of Eq. (8-31 if 
i?, = 0. 

An exceptional case arises if the rank of the matrix — (o^rh^j) is less 
than 72 — 1 for one or more of the natural frequencies coj^ (see Appendix, 
Sec. A-1 for definition of rank of a matrix). If the rank is r, values of tz — r 
of the a’s may be assigned arbitrarily, and Eq. (8-5) may be solved for the 
remaining 2 ’s (5). If r < 72 — 1, there is a certain amount of decoupling; 
that is, some of the x's may oscillate independently of each other. Occasion¬ 
ally, all coordinates are decoupled. This case is illustrated by the second 
example in Sec. 8-1. 
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The main practical difficulty that is encountered when the foregoing 
theory is applied to a system with more than three degrees of freedom is 
the solution of Eq. (8-6). In matrix notation this equation may be written 
as det {A — co^B) = 0, where A and B denote the matrices (a^j) and (6^^). 
Since det ^ 0, the matrix B possesses an inverse B ~''^; that is, BB~^ = 
B~'^B = /, where I is the unit matrix. Accordingly, the roots co,. are 
identical to the roots of the equation det {B'^^A — coV) — 0. In this 
determinant the unknowns co^ occur only on the principal diagonal. 
Practical numerical methods for finding the roots o)^ of a determinantal 
equation of this type are discussed in the book by Faddeeva (23). 

Normal Coordinates. There is another way of attacking Eqs. (8-3) that is 
important in physics. Identifying as 2/i, we may employ the dual- 
transformation theory of two quadratic forms (Appendix, Sec. A-4). Let 
(tfj) be the matrix that reduces the two quadratic forms V and T to the 
canonical form. Then 

n n 

(tij) # 0 

i=l ^=1 

where and Vf are the new variables. Hence Vj = ily. The variables 
are called “normal coordinates” for the system. According to the theorem 
in Appendix A-4, the kinetic and potential energies assume the following 
forms when normal coordinates are used: 

T = |( V + WjS -b . • • -h 

V = + «2W + • • • + 


Hence Lagrange’s equations (7-12) yield 

Qi -b co/m; = Ri (8-8) 

If Ri is a known function of t, the variables are separated in Eq. (8-8). 
Integration yields 

Ui = Ai sin (a)it - y^) +/i(0 (^-9) 

where A.^ and are arbitrary constants and fi(t) is a particular solution of 
Eq. (8-8). For free vibrations, = 0 and fi(t) = 0. 

Resonance. Any periodic shaking force may be resolved by Fourier 
analysis into harmonic components. Consequently, a shaking force of the 
following type plays a fundamental role: 

R. = Q sin 


( 8 - 10 ) 
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If Cli does not coincide with one of the natural frequencies of the system, a 
particular solution of Eq. (8-8) is obtained with m, = /f, sin Q,/. Sub¬ 
stituting this relation into Eq. (8-8), we obtain 


H, 



( 8 - 11 ) 


If happens to lie near the natural frequency is very large; in fact, 
Bi approaches infinity if £)< approaches (o^. This condition is known as 
“resonance.” In practice, resonance is manifested by violent shaking. 
Damping prevents the infinite amplitude that is predicted by the preceding 
theory. 

Rayleigh’s Principle. When a conservative system vibrates freely, the 
total mechanical energy is constant; hence Tq + Vq = + Kj, where 

subscript 0 denotes the initial state and subscript 1 denotes any other 
configuration that the system attains. If the system vibrates in a natural 
mode, we may let state 0 be the equilibrium configuration about wliich the 
system vibrates; then, Fg = ^Iso, we may let state 1 be the configura¬ 
tion of maximum displacement and zero velocity; then, Ti = 0, hence 
To = Vv 

Since the particles execute simple harmonic motions, the mean values of 
the kinetic and potential energies (i.e., the averages over a long period of 
time) are T = V = |Ki. Consequently, the equation 7^, = Fj may 

be written alternatively as T = F. This conclusion is not necessarily 
restricted to vibrations in natural modes, for, if /,(/) — 0, Eqs. (8-7) and 
(8-9) yield quite generally 


f =F — + ^2^0./ -h • • • -h 


since the mean values of sin^ («>,t — y,) and cos® (fo,r — )>, ) are i. 

For a conservative system with one degree of freedom, the equation 
T= For Tg= Vi determines the natural frequency. A system with more 
than one degree of freedom may be reduced to one degree of freedom by 
means of an assumption about the mode form; that is, an a.ssumption 
about the ratios of amplitudes of the various parts. Then the equation 
p provides an approximation to the frequency of the mode under 
consideration. For example, it might be assumed that the vibration of a 
uniform cantilever beam is represented by y/ = .4(1 — cos n.rj2L) sin tot. 
Then, by Eq. (2-8), F = lAEIA^imU'. Also, 7= ]p/l®«®£(:! - 4/7r), 
where p is the mass per unit length. Accordingly, the equation T = P 
yields <o = 3.66V EljpL*. This is 4.2 per cent higher than the correct value. 
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Rayleigh observed that an assumption concerning the mode form is 
equivalent to the introduction of additional springs in the system. Con¬ 
sequently, it may be expected to raise the frequency of the system. More 
precisely, the frequency computed with an assumed mode form by means 
of the equation T = P is generally too high; it cannot be less than the 
lowest natural frequency of the system. In essence, this is Rayleigh’s 
principle. Instead of arbitrarily reducing the system to one degree of 
freedom, we may assume a form of the fundamental mode that contains 
several parameters. The parameters are then to be chosen to minimize 
the frequency determined by the equation T = P. A rigorous and general 
proof of Rayleigh’s principle is quite difficult. The matter has been 
treated thoroughly by Temple and Bickley (82). 

8-3. SYSTEMS WITH VISCOUS DAMPING. It is often assumed in 
the theory of vibrations that the particles experience resistances that are 
proportional to their velocities. By analogy to the internal frictional 
forces in fluids, which are proportional to velocity gradients, the damping 
forces are then said to be of the “viscous type.” If (X^, ZJ are the 
rectangular coordinates of particle a, the components of the drag force on 
this particle are ’-jli where fi is a constant friction coeffi¬ 

cient. If the system is given an infinitesimal virtual displacement (dX^, 
8 Y^, 8ZJ, the virtual work of all the drag forces is 

-jufUa SX, + Y, dY„ + Z. (5ZJ 

a = l 

where the sum extends over the p particles of the system. The quantities 
(dX^, 8 (5ZJ may be expressed in terms of increments of the generalized 
coordinates (^^i, ajg, * • rcj by differentiation of Eqs. (a) of Sec. 7-1. 
Also, the quantities Y^, 2^ are expressed in terms of the generalized 
velocity by Eqs. (b) of Sec. 7-1. Introducing these relations into the 
preceding expression for 8W, we obtain a relationship of the form 

dW= - ^ (a) 

i-1 

where is a symmetric square matrix. The coefficients are real 
functions of (a;,, icj. Also, 


n 


SW=J,R/ dx^ 

j=i 


(b) 


where R/ is the part of the generalized force that represents viscous friction. 



278 


ENERGY METHODS IN APPLIED MECHANICS 


Since dx^ is arbitrary for a holonomic system, Eqs. (a) and (b) yield 

= ( 8 - 12 ) 

3=1 

Equation (8-12) represents the generalized force that arises from viscous 
friction. Force components due to other causes may be superimposed to 
provide the total generalized force Ri that appears in the Lagrange 
equations (7-12). Conservative forces are accounted for by the potential 
energy function V. 

By a slight extension of the theory, it may be shown that Eq. (8-12) 
remains valid if the frictional forces are proportional to the relative 
velocities of the particles rather than to their absolute velocities, provided 
that the coefficients are modified suitably (71). For free vibrations of a 
system with viscous clamping, jR/ = Ri. Then, if the coefficients Ci^ are 
constants, Eqs. (8-3) are generalized as follows by means of Lagrange’s 
equations (7-12): 

-f CijX^ -f = 0 (8-13) 

3 = 1 

Although the coefficients are not generally constants, they may be 
approximated with sufficient accuracy by their values at the origin = 0 
if the vibrations are of small amplitude. For the same reason, the coeffi¬ 
cients Ui^ were assumed to be constants. 

Equation (8-13) possesses a solution of the type’*' 

Xj = Zj-e"* (c) 

in which and r are constants. Substitution of Eq. (c) into Eq. (8-13) 
yields 

+ rCij 4- = 0 (8-14) 

3 = 1 

These are homogeneous linear equations in They possess a nontrivial 
solution if, and only if, their determinant is zero; that is, 

det {r%^ + rCii + ^ (8-15) 

Since the left sideof Eq. (8-15)is a polynomial of degree 2n in r,the equation 
possesses 2n roots, although they are not necessarily all distinct. Again, 
we consider only the case in which the roots are distinct, since this con¬ 
dition may always be ensured by a minor modification of the physical 
constants of the system. Equation (c) shows that a real root r provides a 
motion that attenuates (or amplifies) without oscillation. Consequently, 

* No generality is gained by writing the exponent in Eq. (c) in the form rt — y, since 
the coefficients contain a common arbitrary constant factor. 
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the complex roots are of primary interest in vibration theory. It has been 
shown in Sec. (8-2) that the particles of an undamped system execute 
periodic motions. A damped system approaches this condition if the 
damping factors approach zero. Consequently, if damping is small, a 
decaying oscillation occurs. In this case, Eq. (c) shows that the roots are 
complex constants with negative real parts. Furthermore, since the coeffi¬ 
cients of Eq. (8-15) are real, the roots of this equation occur in pairs 
fj), where is the complex conjugate of 

Let r and r be complex conjugate roots of Eq. (8-15). To these roots 
there correspond conjugate solutions and z^ of Eq. (8-14), and not all 
the are zero. The general solutions of Eq. (8-14), corresponding to r and 
f, are and where a and /? are arbitrary complex constants. Con¬ 
sequently, Eq. (c) yields the two solutions 

(d) 

The real or imaginary part of either of these solutions represents a physically 
possible motion. Because of the arbitrary factors a and the two solutions 
given by (d) are equivalent. Consequently, attention will be confined to 
the first of these equations. 

Let us set a = '* = — c + w, where / = V— 1 and 

Pi^ ^ 2 ire real. Also, let c> 0 and co > 0. Then Eqs. (d) yield 

x^ = Apje~'^^[cos (cot + dj — y) + i sin {cot + .63 — y)] (e) 

Because of the arbitrary constant y, the real and imaginary parts of Eq. (e) 
represent the same motion. Consequently, the general real solution 
obtained from Eq. (e) is 

Xj = Ap^e^^ sin {cot + 6 ^ — y) (8-16) 

Equation (8-16) represents an attenuated oscillatory motion. If there is 
no damping, = 0, and Eq. (8-15) yields pure imaginary roots (r = ico), 
as shown in Sec. 8-2. Then, by Eq. (8-14), is real and 6^ = 0. The 
occurrence of the phase angles 6 ^ is accordingly a feature associated with 
damping. It indicates that the various parts of the vibrating system are not 
in phase with each other. 

To each root r of Eq. (8-15) with a positive imaginary part co there is a 
real solution of Eq. (8-13) of the type in Eq. (8-16). Each of these solutions 
contains two arbitrary constants, A and y. Consequently, the solutions 
corresponding to all n roots (ri, rg, • • *, r J contain 2 n arbitrary constants. 
An arbitrary linear combination of these n solutions—each given by 
Eq. (8-16)—^is then the general real solution of Eq. (8-13). 
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8-4. FREE VIBRATIONS OF A BEAM WITH CLAMPED ENDS. 

The preceding articles treat vibrations of systems with finite degrees of 
freedom. Motions of elastic beams provide one of the simplest examples of 
vibrations of systems with infinitely many degrees of freedom. 

The strain energy of bending of an elastic beam is given by Eq. (2-8) if 
the deflections are small and the energy due to shear is negligible. Con¬ 
sequently, the action integral is 

A = f {pVt^ - EiVxx) dx dt 

JtQ Jo 

where p denotes the mass per unit length. If El is a constant, the Euler 
equation for this double integral is 


Vxxxx “b r?r ^ 

El 


(8-17) 


Equation (8-17) is the fundamental differential equation in the theory of 
vibration of uniform beams. This equation was derived by a different 
method in Sec. 3-5. 

The natural modes are solutions of the form y since, for such 

solutions, the particles are in phase with each other. By Eq. (8-17), 


run 

El g 


£-i- = 0 


where primes denote derivatives. If p is constant, the first term is a 
function of x and the second term is a function of t. Consequently, 

rntf ft 

■V = /3^ = (8-18) 

/ El g 

where ^ is a constant. The second of these equations yields 

g = sin ^VeIIp t + Bi cos Eljp t (a) 

This equation shows that the oscillation of any particle is a simple harmonic 
motion. 

The first of the equations in (8-18) yields 


fix) = A sinh + B cosh fix + C sin fix + D cos fix (8-19) 

where A, B,C, D are constants of integration. 

Equation (8-19) is valid for all end conditions. The end conditions for a 
beam that is clamped at both ends are 

fix) = 0 at a: = 0 or x = L, fix) = 0 at :r = 0 or x — L 



THEORY OF VIBRATIONS 


281 . 


By virtue of the conditions at a; = 0, Eq. (8-19) is reduced to 

f{x) = ^(sinh [^x — sin ^x) + j5(cosh jix — cos px) (8-20) 
The conditions at a: = L now yield 

y4(sinh /?L — sin ^L) + J5(cosh /3L — cos /?L) = 0 
y4(cosh jSL — cos /SL) -i- jB(sinh /SL -f- sin /?L) = 0 

These equations possess a nonzero solution if, and only if, their deter¬ 
minant is zero. This condition reduces to 


cosh /3L cos /3L = 1 (8-22) 

Equation (8-22) is known as the “frequency equation/’ It possesses an 
infinite number of roots, denoted by These roots are 

/5oL = 0, iSiL = 4.7300408, /S^L = 7.8532046 

= 10.9956078, = 14.1371655, = 17.2787596 

If Az > 5, is equal to {n -f Dtt, with an accuracy of at least seven 
decimal places. It is to be noted that determines the frequency of the 
/th mode by means of Eq, (a). 

If Eq. (8-22) is satisfied, the second equation in (8-21) is proportional 
to the first. Then Eqs. (8-21) are satisfied by 


cosh PnL — cos PnL 
sinh p^^L — sin P^L 


The coefficients have the following values: 


(b) 


ai = 0.9825022158, ag = 1.000777311, ocg = 0.999664501 

a4 1.000001450, ag = 0.9999999373 


Ifn > 5, a„ = 1, with an accuracy of at least seven decimal places. 

Equation (8-20) now yields 

f^(x) = cosh P^x — cos pf,x — (sinh p^^x — sin P^pc) (8-23) 

The functions are known as the “mode forms” of the beam. These 
functions, and their derivatives, have been tabulated by Young and Felgar 
(151). Mode forms for other end conditions are also tabulated. 

The frequency equation (also called “characteristic equation”) (8-22) 
is analogous to the frequency equation for a system with finite degrees of 
freedom [Eq. (8-6)]. The roots of this equation are known as the “eigen¬ 
values” of the boundary-value problem. The mode forms, represented by 
Eq. (8-23), are called “eigenfunctions.” All problems of free vibrations of 
undamped linear systems are eigenvalue problems. 
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8-5. ORTHOGONALITY PROPERTIES OF MODE FORMS OF A 
BEAM, The functions fj^x) defined by Eq. (8-23) have the following 
property: 


j : 


/m(*)/n(*) dx = 0, n 


(8-24) 


This condition is expressed by the statement that the functions are 
orthogonal in the range (0, L), 

To verify Eq. (8-24), we observe that Eq. (8-18) yields 

fZ - = 0, r: - = 0, /n ^ A 2 (a) 

By multiplying the first of these equations by /„ and the second by/^^ and 
subtracting, we obtain 


/m/r -fJZ + = 0 


This equation may be written as follows: 


/ (/«/: - fJl + Snf^' - fjfr!') + 


- lin^)Un = 0 


Integration yields 

ifj’l -fnfZ +/n'/J -/«'/„") 


+ (^n 


■ 

Jo 


fmfn dz = 0 


Since/„(0) =/„(L) =/„(0) =/„(L) = 0 and/,;(0) =/„/(£) =/„'(0) = 
fn'(L) = 0, the preceding equation reduces to Eq. (8-24). 

The value of the integral in Eq. (8-24) for the case m = n can be deter¬ 
mined by direct integration, with the aid of Eqs. (8-22) and (8-23). The 
calculations are lengthy, but they reduce to the following simple result; 


fVda;=L (8-25) 

Jo 

Not only are the functions /„(») orthogonal in the range (0, L) but their 
second derivatives are orthogonal in this range. This may be shown as 
follows; 

Equation (a) yields 

/m/r - Pnfmfn = 0. W # /I 

Integrating this equation and noting Eq. (8-24), we obtain 



dx = 0 
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Integration by parts yields 

dx^f^fzf- f\'/: 

Jo 10 •/o 

Since /,^(0) = fmiL) = 0, the terms outside the integral signs vanish. 
Integrating by parts again and noting that /^'(O) = fmiQ = 0? we obtain 

= m#n (8-26) 

Jo 

This is the orthogonality condition for the second derivatives. 

The integral in Eq. (8-26) may be evaluated for the case m = nhy means 
of Eqs. (8-22) (8-23) and the defining equation for a^. The result is 

fVn'f = (8-27) 

Jo 

The following formulas are also useful: 

Pn " Pm 

rL ( 8 - 28 ) 

fj/ dx = a,/S,(2 - 
Jo 

These and many other formulas for the mode forms of beams with various 
end conditions are given in a bulletin by Felgar (104). 

Influence Function for a Clamped Beam. The mode forms for beams 
and various other simple vibrating systems are excellent functions for use 
with the Ritz procedure (Sec. 3-11), even though the problem under con¬ 
sideration is not concerned with vibrations. As a simple example, we 
consider the deflection of a clamped beam due to an off-center concentrated 
load (Fig. 8-3). The deflection may be represented by 

?/ = 2 (b) 

n = l 

where/„(aj) are the mode forms of the beam. The preceding series satisfies 
all the boundary conditions, irrespective of the values of the coefficients a„. 
This fact and the orthogonality property are the main reasons why the 
functions/„(:r) are advantageous in this problem. Equation (2-8) yields the 
following formula for the strain energy of the beam: 

U = iE[ \\laj:{x)fdx 
Jo 
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Since the functions f^' are orthogonal in the range (0, L), this equation 
yields 

Jo 

Hence, by Eq. (8-27), 

U = 

n = l 



The deflection at the point a; = c is 

ac 

yc=1 Onfnic) 

V -1 

Consequently, the potential energy of the external force is 


O = 


00 


-P 1 aJnic) 

W=1 


Therefore, the total potential energy is 

00 cc 

V=\ElL^^,Sn~-Pl<^uUc) 

w = 1 « = 1 

The condition of stationary potential energy yields 
dV 

^ = EIL^Ja„, - Pfjc) = 0 
oa„ 

This equation determines a„. Hence Eq. (b) yields 


,, ^ nl yfjMM 

El A 


(8-29) 


Equation (8-29) illustrates Maxwell’s law of reciprocity, since the equation 
is not changed if x and c are permuted (Sec. 4-11). 
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With the tabulated values of the functions Eq. (8-29) is easily 
applied. From the tables of Young and Felgar (151),/i(L/2) = 1.58815, 
fiiUl) = 0,/3(L/2) = —1.40600,/4(L/2) = 0. Hence, using the values of 
from Sec. 8-4, and letting a: = c = Z./2, we get y = 0.00517FL*/£/. 
This is an approximation for the deflection at the center due to a load at 
the center if only the first three terms of the series are used. The exact 
answer is known to be 

pr3 p;3 

y = = 0.005208 — 

192E/ El 

In his celebrated paper on variational methods of approximation (142), 
- Ritz used products of the functions /„(a:) for a clamped beam to represent 
deflections of a clamped plate. 

8-6. VIBRATIONS OF AN AIRPLANE WING. The gust loading of 
an airplane wing serves as an illustration of transient motion of an elastic 
system under the action of external loads. If the external loads are periodic, 
the motion is a forced oscillation. 


y 



Fig. 8-4 


For purposes of analysis, an airplane wing may sometimes be regarded 
as a beam with variable section properties and variable mass distribution. 
When the wing vibrates, the segment included between two neighboring 
cross-sectional planes is displaced in its plane as a rigid lamina. According 
to a theorem in kinematics (49), the displacement of the lamina may^ be 
resolved into a rotation 0 about an arbitrary point P and a translation 
(Fig. 8-4). The rotation 0 is independent of the location of point P. 

Besides the vertical oscillation, there is generally a fore-and-aft vibration. 
However, this component of the motion will be neglected, since the wing 
is relatively stiff when it is bent in a horizontal plane. Accordingly, the 
displacement y of point P (Fig. 8-4) is considered to be vertical. 

Besides the distributed mass, there may be concentrated masses attached 
to the wing; for example, engines and landing gear. If the wing is treated 
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as a continuous structure, these concentrated masses affect only the 
boundary conditions for finite segments of the wing that terminate at the 
concentrated masses. Consequently, concentrated masses are not con¬ 
sidered in this discussion. 

The point P (Fig. 8-4) is conveniently designated as the center of mass 
of the lamina. The following notations are introduced: 

X a spanwise coordinate (i.e., coordinate measured axially along the 
wing). 

y the vertical displacement of the center of mass of a lamina (i.e., the 
vertical displacement of point P). 

6 rotation of a lamina. 

p dx mass of a lamina of thickness dx, p is a function of x. 

dx mass moment of inertia of a lamina of thickness dx about point P. 
is a function of x. 

By the theory of dynamics of a rigid body the kinetic energy of a lamina 
of thickness dx is 

dT^i{py,^ + JJ,^)dx 

where the subscript t denotes the time derivative. Consequently, the kinetic 
energy of the vibrating wing is 

T=i\\py^+IJ^^)dx (a) 

where / is the length of the wing. 

The centroid of the cross section of the structural parts of the wing (skin, 
stringers, and wing beams) lies at point P\ Because of nonstructural 
components of the wing (fuel tanks, leading edge, trailing edge, etc.), the 
point P' does not ordinarily coincide with point P. In Fig. 8-4 point P' is 
indicated to lie at a distance ^7 forward of points. In general, a is a function 
of X, 

The vertical deflection of point P' is approximately y -F aO. Con¬ 
sequently, by elementary beam theory, the strain energy of bending of the 
wing is 

u,==i\ EI(y + ae)Jd.r. (b) 

where the subscript x denotes the partial derivative with respect to x and I 
denotes the moment of inertia of the cross section of the structural parts 
about the principal axis of inertia through point P'. Also, since the twist 
per unit length is 6 ^, the strain energy due to twisting is 
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where GJ is the torsional stiffness of the wing [Eq. (2-17)]. In general, I 
and J are functions of x. 

Suppose that the wing is subjected to a transient vertical load Q(x, t) and 
a transient twisting moment M(x^ t). These functions represent time- 
dependent distributed loads, since they are functions of x. In problems of 
wing flutter Q and M are periodic functions of t, but in other cases, such as 
gust loading, they are nonperiodic. An inherent difficulty in the so-called 
aeroelastic problems of aircraft is that the aerodynamic loads on a flexible 
wing depend on the elastic response of the wing to these loads. In the 
present example this complication need not be considered. 

The point at which the force Q dx is considered to act on a lamina is 
arbitrary, since this point may be changed by the introduction of a com¬ 
pensating change in the moment function M. For convenience, we let the 
force Q dx act at point P (Fig. 8-4). 

The potential energy of the external forces (see Sec. 7-7) is 



+ MO) dx 


Consequently, the potential energy of all the forces is 


K= U -UQy + Md)dx (d) 

Jo 

where U is the strain energy of the wing. 

The action integral A is the definite time integral of T — V. Hence by 
Eqs. (a), (b), (c), and (d) 


Jto Jo 

- + ad^J^ + {Qy + M0)] dx dt (e) 

By Hamilton’s principle the action integral is stationary. Accordingly, the 
integrand in Eq. (e) satisfies Euler’s equations (3-20). Consequently, 


+ i^f4^)xx = Q 

IJ,, + - {GjeX - 2{EIa,<i>X + {EIa<l>X = M 

where 

<i> = yXX + HU 


Even though the functions a, p, /, J are approximated by simple 
polynomials, Eqs. (f) are a pair of complicated differential equations. 
However, since they are linear, they may be solved by numerical methods 
with the aid of modern computing equipment. 
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If the points P and P' coincide {a = 0), the differential equations are 
greatly simplified. Then the differential equations for y and 6 are separated. 
Accordingly, the torsional vibration and the bending vibration become 
independent of each other. 

8-7, EFFECTS OF ROTARY INERTIA AND SHEAR DEFORMA¬ 
TION ON VIBRATIONS OF BEAMS. Inertial effects caused by rota¬ 
tions of the cross sections of a vibrating beam and effects caused by shear 
deformation were neglected in the discussion of vibrations of beams 
(Sec. 8-4). These conditions have a negligible effect on the first few modes 
of a slender bar, but they may affect the higher modes significantly. Also, 
they may cause appreciable perturbations of all modes when the theory of 
beams is employed as a basis for a study of vibrations of complicated 
structures, such as wings of airplanes and hulls of ships. The effect of shear 
deformation is introduced by means of a modification of the strain energy 
formula; the effect of rotary inertia is introduced by means of an addition 
to the kinetic energy. The strain energy formula, including the effect of 
shear, is Eq. (2-15). 

The rotation of a cross section equals the slope caused by bending, 
— /3. Accordingly, the angular velocity of the cross section is 
Therefore, the rotary kinetic energy, per unit length, is — /SJ^ where 

p is the mass per unit volume and I is the moment of inertia of the cross 
section about its centroidal axis. This is augmented by the kinetic energy 
of translation, \pAy^, where A is the area of the cross section. Therefore, 
the total kinetic energy is 

T = I f\pAy,^ + pl(y,, - dx (8-30) 

>lo 

By Eqs. (2-15) and (8-30), the action integral is 

i T' hpAy,^ -f pl{y,, - - EI{y,, - dx dt 

Because of Hamilton’s principle, the Euler equations for the action integral 
are the differential equations of free vibrations. These equations are 

^ [EKVm - Pxf] - ^ Ip^iyxH - + pAy„ = 0 (8-31) 

£ [EiiVxx - - pKyxtt - (^ti) + ^P = 0 (8-32) 

Differentiating Eq. (8-32) with respect to * and comparing the result with 
Eq. (8-31), we obtain 

£m=pAyu (8-33) 
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Equations (8-31) and (8-33) are the differential equations of free vibrations. 
They are applicable even though A and I vary gradually with x. 

If shear deformation and rotary inertia are both neglected, Eq. (8-31) 
reduces to 

£,(EIy,.) +pAyu=0 (8-34) 

If rotary inertia is retained, but shear deformation is neglected, we set 
/S = 0 in Eq. (8-31). 

If A and / are constants, /3 may be eliminated from Eq. (8-31) by means 
of Eq. (8-33). In this way, we obtain 

Ely^^ - pi (l + y) ^ Vuti + pAyu = 0 (8-35) 

This equation has been derived by Timoshenko by consideration of inertial 
forces (83). 

8-8. FREE VIBRATIONS OF A RECTANGULAR ELASTIC PLATE. 
The strain energy of bending of an isotropic elastic plate is given by Eq. 
.(5-19). If the deflections are small, contributions to the strain energy due 
to stretching of the middle surface are negligible. Consequently, the action 
integral for a vibrating plate is 

-|[f[i£>(Wa,« + Wyyf - r>(l - v){w^^Wyy - wj) - dx dy dt 

where p is the mass per unit area of the plate. If p and D are constants, the 
Euler equation for this triple integral [Eq. (3-22)] is 

V®W-f-^w„=0 (8-36) 

This is the fundamental differential equation in the classical theory of 
vibration of plates. It was derived by Lagrange.* 

* In commenting on Sophie Germain’s analysis of the vibrating plate, Lagrange 
wrote: “In adopting, like the author, 1/r + 1/r' for the measure of the curvature of the 
surface, which the elasticity tends to diminish, and to which one supposes it to be 
proportional, I find in the case of very small z an equation of the form 

d^z (d!^z d*z\ 

dt^ \dx^ dc^dy^ dy^J 


which is quite different from the preceding.” 
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The natural modes are solutions of the type, w = f(_x, y)g(jt). Sub¬ 
stituting this equation into Eq. (8-36), we obtain 








/ D g 

where ^8 is a constant. The second of these equations yields 


(a) 


^ = C sin d]p t — y) (b) 

in which C and y are constants. Accordingly, the particles of the plate 
execute simple harmonic motions. 

The first of the equations in (a) yields 

V2Vy-/3y=0 (8-37) 


This differential equation determines the mode forms of the plate. For a 
rectangular plate with simply supported edges on the lines a; = 0 and 
X = a, the boundary conditions on these edges are iv = ^ (Sec. 5-3). 

Consider mode forms of the following type: 


fix, sin— (c) 

a 

This equation satisfies the boundary conditions at the edges a; = 0 and 
X ^ a. Substitution of Eq. (c) into Eq. (8-37) yields 

(d) 

Set 

= V|3* -f- ?« = (e) 

With these notations, the general solution of Eq. (d) is 

= sinhp„y -|- B„ -f- C„ cosh/7„^ + D„ cos q^y (f) 

For example, let the edge t/ = 0 be simply supported and let the edge 
y = bhc free. By Sec. 5-3 and Eq. (5-28), the boundary conditions for the 
two edges are* 

f=fvy = 0 at y = 0 

fvy '^fxx ^9 fyyy d” (^ '^fxoiv ^ at y b 

* Although these boundary conditions were derived for statical loading, we may 
show, by taking the first variation of the action integral, that the same boundary 
conditions apply for the vibrating plate. 
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With Eq. (c), these conditions yield 




0 at 2/ = 0 

4>"' -(2-v)^<f>' = 0 at y = b 


(g) 


The constants in Eq. (f) are to be determined by Eqs. (g). The boundary 
conditions at the edge y = 0 yield 0^ = JO^ = 0. The boundary condi¬ 
tions at the edge y ^ b yield 

A„i^Pn - v sinh p„b - + v sinqj} = 0 (h) 

AnPn{9n + ■» cosh p„b - [p^ - v cos qj} = 0 (i) 


Equation (i) has been simplified by means of the following relations which 
result from Eqs. (e): 


a 


nV 

T 

nV 
—:r 


(j) 


Equations (h) and (i) determine values of and that are not both zero 
if, and only if, their determinant is zero. This condition yields 

<ln{pn - tanh p„b = p„ + v tan qj} (k) 

For each positive integer n, Eq. (k) yields an infinite sequence of roots 
w = 1, 2, 3, • • •. Thesearetheeigenvalues of the vibration problem. 
With Eq. (b), they determine the natural frequencies. Let the values of />„ 
and q^, corresponding to an eigenvalue be and q^n- If ^ 

Eq. (i) is equivalent to Eq. (h). Let the values of A „ and in Eq. (h), 
corresponding to be and B^„. Then, since C„ = Dn = 0, Eqs. (f) 
and (h) yield 

4> = <f>mn = 5„„(sin sinh/>,„„y) (1) 



where 
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Accordingly, by Eqs. (b) and (c), the natural mode, corresponding to the 
positive integers (m, n), is 

YITTX j - 

Wmn = sinh sin — sin Dip t - 

(m) 

This solution contains two arbitrary constants, and Equation (m) 
yields a double infinity of natural modes. Because of the linearity and 
homogeneity of Eq. (8-36), the sum of any number of natural modes is a 
possible free vibration. 

Instead of Eq. (c), we could write the more general relationship, 

Ax ,«/) = 2 ^n(y) sin — 

n = l a 

Such a series can represent any mode form. Nothing new results from this 
approach, however. Therefore, all natural modes are represented by 
Eq. (m). The foregoing theory is quite parallel to the corresponding theory 
for buckling of a plate with the preceding boundary conditions and a 
uniform axial load (84, Sec. 65). 

The mathematical nature of linear vibrations of undamped systems, 
with emphasis on the relationships to the theory of eigenvalues and 
eigenfunctions, is treated in the books by Courant and Hilbert (13) and 
Collatz(ll). 


8-9. SPHERICAL PRESSURE WAVES IN AN IDEAL GAS. In 
the following example linearizing approximations are deferred to the end. 
Consequently, the problem illustrates a case of nonlinear vibration, a field 
that has become important in recent years. 

In the theory of pressure waves in gases it is usually assumed that there 
is no heat transfer, since conduction of heat is a slow process compared to 
the rate of propagation of pressure waves. Accordingly, the adiabatic 
pressure-density relation is adopted: 



(a) 


Here, p is the pressure, p is the mass density, and y is a dimensionless 
characteristic constant of the gas. The subscript 0 refers to the initial state. 
For air and other diatomic gases, y is approximately 1.40. 

The volume of a mass m of the gas is 




P 


(b) 
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If the gas expands an infinitesimal amount, the work that it performs is 
p di\ Consequently, the potential energy of a mass m of the gas is 


F = 



By Eq. (b), dv = —mdplp^. Consequently, Eq. (c) yields 


(c) 


(d) 

y - 1 Po’^ 

Aside from an irrelevant additive constant of integration, V is the work 
that we perform in compressing the gas from density po to density p. Con¬ 
sequently, by the first law of thermodynamics, V is identical to the internal 
energy of the gas. 

When a spherical pressure wave passes through a gas, the particles 
oscillate in a direction normal to the wavefront. The radial displacement 
of a particle that lies initially at a distance r from the center of symmetry is 
denoted by u{r, t). The positive sense of u is the sense of increasing r. The 
description of the motion by the displacement function u(r, t) is a method 
that Lagrange applied to problems of fluid motion. For studies of oscilla¬ 
tions, Lagrange’s representation is sometimes preferable to the Eulerian 
description that is commonly used in fluid mechanics. 

Consider the fluid that lies initially in the shell bounded by the spherical 
surfaces with radii r and r + dr. As the pressure wavfe passes, this shell 
of fluid alternately expands and contracts. At the time t, the inner and 
outer radii of the shell are r -h w and r + u + {I + u^) dr, respectively. 
Consequently, the volume of the expanded shell is 47r(r -f u)\l -H u^) dr. 
Since the mass of fluid in the shell is the same as the initial mass, ^rrp^r^ dr, 
the density of fluid in the expanded shell is 


P == 




(r -t- u)\l + Uj) 

Therefore, by Eq. (d), the potential energy of the gas in the expanded shell 

y — 1 L\ r/ J 

Consequently, if the gas is enclosed in a spherical container of radius a, its 
potential energy at time t is 

y = V* dr (e) 

The forced boundary conditions are « = 0 for r = 0 or r = a. 
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The mass of gas in the expanded shell is ^TrpQr^ dr, and its radial velocity 
is u^. Consequently, the kinetic energy of the gas is 


•^0 


T = Ittpq dr 


(f) 


Equations (e) and (f) yield the following formula for the action: 

^ . iia (■■> ft A.- - ^(l + „ 

y — I Jto Jo L 2 Pq \ rJ J 


Vo 

The Euler equation for this double integral is 


2r{\ + a + = 


= ££_ 
Po 


(g) 


Since this is a complicated nonlinear partial differential equation, very few 
solutions of the problem of spherical blast waves are known. Departures 
from the perfect gas law, with consequent nonconservative forces, also 
complicate the problem of blast waves (12). 

Equation (g) is simplified greatly if linearizing approximations are 
introduced. Such approximations are legitimate in acoustical problems, 
since w/r and m, are small compared to unity. Linearization of Eq. (g) is 
accomplished by the binomial theorem. For example, 

+ ' = H.(l_2y)H+... 


Expanding the other terms in Eq. (g) similarly and discarding nonlinear 
terms that arise from the products, we obtain 


Wy- H— u„ -- M = 


2 


(h) 


where = ypolp^. 

The general solution of Eq. (h) is 


w = - U'(r - CoO + g'(r + Cot)] - { [f(r - c,t) + g(r + CoO] (i) 


where / and g are arbitrary functions of one variable and primes denote 
derivatives. The function g is usually discarded on the grounds that an 
excitation can only be propagated outward from a point source. When g 
is discarded, Eq. (i) represents the superposition of two spherical waves 
that travel outward with speed Cq, The attenuation factor for the first wave 
is 1/r and that for the second wave is l/r^. At a sufficiently large distance 
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from the source, the wave with attenuation factor 1/r^ has almost dis¬ 
appeared. The remaining wave motion would be obtained from Eq. (h) if 
the term were discarded from that equation. Then Eq. (h) would be 
the well-known wave equation for the spherically symmetric case. 


8-10. PLANE PROGRESSIVE GRAVITY WAVES IN A LIQUID. 
The following example illustrates another case of nonlinear vibrations. It 
also illustrates the use of the Lagrange multiplier for treating an auxiliary 
differential equation. 

Let the motion of an incompressible frictionless fluid be referred to 
rectangular coordinates (x, y, 2 ), with the positive y-axis directed upward. 
The displacement of a particle of fluid from its initial position is represented 
by a vector with components (w, u, w) on the (x, y, z) axes. The motion of 
the fluid is defined in the Lagrangian form if the variables (w, u, w) are 
expressed as functions of (x, y, 2 , t). 

Attention is restricted to plane motion, defined by the conditions 
u = u{x^ y, /), V = v{x, y, t)^ w = 0. Since the fluid is considered to be 
incompressible, the functions (w, v) are subjected to a constraint that is 
expressed by the differential equation, 

+ = 0 (8"38) 


Equation (8-38) is known as the “Lagrangian form of the continuity 
equation.” It signifies that the volume of any part of the fluid remains 
constant during the motion. 

Suppose that the free surface of the liquid is subjected to constant 
pressure. Then, if surface tension is neglected, the potential energy derives 
entirely from the weight of the liquid. The potential energy of a particle of 
mass dm is gv dm, where v is the vertical component of displacement and^ 
is the acceleration of gravity. Since the motion is two-dimensional, we may 
suppose that the liquid is bounded by the planes 2 = 0 and 2 = 1. Then 
dm = p dx dy, where p is the mass density. Consequently, the potential 
energy of all the liquid is 



pgv dx dy 


(a) 


where the double integral extends over the region initially occupied by the 
liquid. Likewise, the kinetic energy of the liquid is 

T = i jj /3(u/ + vf) dx dy (b) 

Consequently, the action is 



— pgv] dx dy dt 


(c) 
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The auxiliary differential equation (8-38) may be taken into account by 
the Lagrange-multiplier method (Sec. 3-8). The modified action integral is 

^ ~ JJJ — Piv+ pK^as + I’v + - UyVj] dxdy dt (d) 

The Lagrange multiplier A is a function of x, y, and t. 

Suppose that the fluid is contained in a tank with end planes a: = 0 and 
X = a and with bottom plane y = —b. The free surface of the undisturbed 
liquid is represented by the plane y = 0. It is convenient to imagine a space 
with rectangular coordinates (x, y, t). The region of integration in Eq. (d) 
is a rectangular parallelepiped in this space. The limits on the time integral 
are (to, fj). 

The Euler equations for the integral JT are the dynamical equations of 
motion. However, we must perform the variational process on the integral 
A to obtain the natural boundary conditions for the free surface. Let the 
functions (u, v) receive infinitesimal variations (f, rj) that are functions of 
(x, y, t). The forced boundary conditions are m = 0 for a: = 0 or a; = a 
and u = 0 for 2 / = —b. Also, in accordance with Hamilton’s viewpoint, 
the functions (w, v) are considered to be prescribed at the times and 
The first variation of the integral A is 


+ — vjy)] dx dy dt (e) 


This integral may be transformed by the integration-by-parts formula for 
multiple integrals [Eq. (4-62)]. Transforming the terms in Eq. (e) by 
integration by parts and observing the forced boundary conditions for f 
and rj, we obtain 


^ JJJ ^x- + (An*) dx dy dt 

+ JJJ i—Vu — g — ^y — i^UxX + (.^^y)x}il dx dy dt 

+Jj*[A(l + M*)>? — lAuJ dx dt + jjrjXuy dy dt 


35 = 0 


-jjijXuy dydt + jj iXvy, 


dx dt 


y— —b 
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The notations y = 0, x = a, etc. beneath the double integral signs denote 
the planes on which the integrations are to be performed. 

Since dA vanishes for all variations (I, r/) that conform to the forced 
boundary conditions, the integrands of the triple integrals and the double 
integrals vanish separately. Thus the triple integrals provide the Euler 


equations, 

^*(1 + Vy) — + K(( = 0 (8-39) 

—-t- A^(l + + g + Vft = 0 (8-40) 

The double integrals provide the natural boundary conditions: 

A(1 -1- uJ = 0 and = 0 for y = 0 (8-41) 

Am = 0 for a: = 0 or x = a; = 0 for y = -b 

(8-42) 


Equations (8-38), (8-39), and (8-40) are the Lagrangian equations of plane 
flow of a frictionless liquid that moves under the action of gravity alone. 
Equations (8-41) are the natural boundary conditions for the free surface, 
and Eqs. (8-42) are the natural boundary conditions for the walls of a 
rectangular tank that contains the liquid. Equations (8-38) to (8-41) apply 
also for an infinite expanse of liquid, but the boundary conditions per¬ 
taining to the walls of the tank have no significance in this case. 

There is only one known exact solution of the preceding equations that 
represents wave motion. It was discovered by E. Gerstner in 1802. Con¬ 
sidering an infinite expanse of liquid and seeking a progressive wave motion 
for which the orbits of the particles are circular, he was led to try the 
relations, 

u = r sin 277, v = e + r cos Itt ^ (8-43) 

where e and r are functions of y alone, and t and / are constants. These 
quantities may be interpreted physically; I is the wavelength, t is the time in 
which the waveform advances one wavelength (called the “wave period”), 
r is the radius of the orbit of a particle, and e is the height of the center of 
an orbit above the initial level of the particle that describes that orbit. 

It is necessary to adapt the parameters r, e, r, I to the equations of 
motion and the natural boundary conditions. Substituting Eq. (8-43) into 
Eq. (8-38) and setting 0 = 27r(l/T - xfl), we obtain 
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where primes denote derivatives with respect to y. Since t occurs only in 6, 
this equation requires that the following two equations be satisfied: 


Equation (f) yields 


e^_2z:Z: = o 


— (1 + e') = r' 



(f) 

(g) 

(h) 


The additive constant of integration is zero, since r and e both approach 
zero as y approaches negative infinity. 

Eliminating e' from Eq. (g) by means of Eq. (f) and integrating the 
resulting equation, we obtain 


log - + 
a 


_ Ivy 
\ ~ aV~~ 


(i) 


The constant of integration has been eliminated by the boundary condition, 
r = a at 1 / = 0, where a is half the wave height; that is, half the height 
from trough to crest. Equations (h) and (i) implicitly express r and e as 
functions of y. 

Substituting Eq. (8-43) into the dynamical equations, (8-39) and (8-40), 
we obtain 

XJl -1- e' -f r' cos 6) — \ sin 6 — sin 6 = 0 (j) 

I r 

—X^r' sin 6 + cos 0^ -f g — cos 6 = 0 (k) 


Equations (j) and (k) are linear algebraic equations in X^ and Xy. In view 
of Eqs. (f) and (g), the determinant of these equations is 1. Hence 


Integration of these equations yields 
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Introducing the half wave height a and absorbing a constant in f{t\ we 
may write this equation in the following form: 

I = r(^ _ gj cos 0 - log - - ^ (a^ - r^) + f{t) (1) 
\ / 2tt a 

Hence, by Eq. (i), 

^ ^ ~ cos 0 + ^ (r^ - a®)j - gy + f{t) (m) 

By Eq. (8-43), the quantities (1 + wj and v^, do not vanish identically on 
the free surface. Consequently, Eqs. (8-41) require that A = 0 for«/ = 0. 
Therefore, Eq. (m) yields f{t) = 0 and g = iTrljr^. Since the wavespeed 
is c = //r, the latter relation yields 

c = Vgip^ (8-44) 

Equation (8-44) is a well-known formula for the wavespeed in deep water. 

Gerstner’s wave motion accordingly satisfies all the kinematical and 
dynamical requirements, provided that the liquid is so deep that we may 
dispense with the boundary conditions at the bottom, 

8-11. WAVE MOTION IN SOLIDS. The theory of wave motion in 
elastic solids receives a very important application in seismology (8, 22). 
Also, it is increasing in technological importance in investigations of elastic 
mechanisms, chatter of machine tools, vibrations of piezoelectric crystals, 
and noise output of parts with intermittent contacts such as gear teeth and 
tappets. For these applications, the linear theory of vibrations is usually 
adequate. 

Let an isotropic elastic body be referred to rectangular coordinates 
(x, y, z). If the particles of the body perform small oscillations, the kinetic 
energy is 

T = I JJJ p(ut^ + + Wt^) dx dy dz 

where (w, y, w) is the displacement vector and p is the mass density. It will 
be assumed that p is constant. 

The strain energy is determined by Eqs. (4-14) and (4-50). Accordingly, 
when body forces and temperature effects are absent, the action is 

A = i JJJJ [piut^ + + w/) - A(u„ +v^ + w,)® - 2G(w** -f V + 

- G(Wy + — G(u^ + wj® — G{v^ + Uyf] dx dy dz dt 
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The Euler equations for this integral are 

(A + G)e^ + GV^u = ., (8-45) 

where e ^ + Vy + The dots indicate that there are similar equations 

for V and w. In Gibbs’s vector notation, Eq. (8-45) is written as follows: 

(A + G) grad e -1- CrV^q = e = div q (8-46) 

Equation (8-46) is homogeneous and linear; hence a sum of solutions is 
again a solution. In particular, the x-, y~, and ai-components of a wave 
motion may exist independently. There is a uniqueness theorem for the 
solutions of Eq. (8-46). It shows that there is not more than one vector 
field q(^a;, y, z, t) for which q{x, y, z, 0) and q^a;, y, z, 0) are given functions 
(51). 

Any continuous and differentiable vector field may be expressed as the 
sum of a gradient and a curl (55). Consequently, it is permissible to set 

q = grad ^ ■+• curl H (8-47) 

where y, z, t) and H(a;, y, z, t) are scalar and vector functions, 
respectively. Since e = div q, Eq. (8-47) yields 

e = VV (8-48) 

If </> = 0, Eq. (8-48) yields 6 = 0. Consequently, if (^ = 0, Eq. (4-13) 
shows that there is no volumetric strain (since linearized strain-displace¬ 
ment relations are used). The wave motion is then said to be “equivolu- 
minal.” If H = 0, Eq. (8-47) yields curl q = 0. It is shown in the small- 
deformation theory of continuous media (51) that the angular displacement 
of a particle is Jcurl q. Consequently, wave motion for which H = 0 is 
said to be “irrotational.” Equation (8-47) shows that the most general 
wave motion in a solid consists of the superposition of two time-dependent 
displacement-vector fields, one representing equivoluminal waves and the 
other representing irrotational waves. 

Substitution of Eqs. (8-47) and (8-48) into Eq. (8-46) yields 

p grad (l>it 4- p curl = (A + 2G) grad -t- G curl V^H 

This separates into the two equations, 

=% 

^ G 

curl (H« - (S'V^H) = -grad f, ^ = - 

P 

where y){x, y, z, t) is an arbitrary harmonic function. 
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Particular importance attaches to those solutions of (a) that represent 
progressive wave motion. To obtain such solutions, it is necessary to set 
^ = 0. Then the second of the equations in (a) yields 

H,,-^2V2H==grad;^, 

where 0 is an arbitrary function. To obtain progressive wave 

motion, we must set % = 0. Accordingly, wave motion in an isotropic 
elastic homogeneous medium is governed by the equations 

*2 = >^ + 20 ^ ^ G (8-49) 

9 ’ P 

Equations (8-49) are known as the “wave equation.” There is an extensive 
literature on it in treatises and articles on partial differential equations, 
electromagnetic theory, and acoustics. Equations (8-49) shows that 
irrotational waves (H = 0) propagate with speed oc and equivoluminal 
waves (<^ = 0) propagate with speed Evidently, irrotational waves- 
travel faster than equivoluminal waves. This conclusion finds an appli¬ 
cation in seismology, since the difference in the times of arrival of the two 
types of waves indicates the distance of the receiving station from the focus 
of the earthquake. However, there are many complications caused by 
inhomogeneity and anisotropy of the rocks and by effects of the free surface 
of the earth (8). 

Flux of Energy in Wave Motion. Let *5* be a closed surface within a 
vibrating medium, and let R be the region contained within 5. By Eq. 
(4-16), the stress exerted by the material outside S upon the contiguous 
material within 5 is p = /a^, -|- mOy + wor^, where (/, /w, n) is the outward- 
directed unit normal to S, and o^., a^, are the stress vectors on plane 
elements normal to the a;-, s-axes, respectively. If body forces are absent, 
the rate at which external forces perform work on the material in R is 

where q is the displacement vector. 

Propagation of waves is usually assumed to be an adiabatic process. 
Consequently, by the first law of thermodynamics, W equals the rate of 
increase of the sum of the kinetic energy and the internal energy of material 
in R, Accordingly, W is interpreted as the rate at which energy flows 
inward through the surface S. Therefore, if dS is any surface element with 
unit normal n and if the material on the positive side of dS (the side toward 
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which n is directed) exerts a stress p on the material on the negative 
side of dS, the rate at which energy flows through dS in ihe sense of n is 
—p • dS. If the strain energy density is known, the vector p may be 
expressed in terms of the derivatives qg., qy, q^ by means of Eqs. (4-17) and 
(4-35). 

Natural Modes. A natural mode of a body is a vibration in which all 
particles execute simple harmonic motions with the same phase and the 
same frequency. Consequently, a natural mode is characterized by the 
equation 

q = a cos {o)t — y) (8-50) 

in which the angular frequency co and the initial phase —y are constants 
and 2 l{x, y, z) is a vector field that is independent of time. Substitution of 
Eq. (8-50) into Eqs. (8-46) yields 

(2 + G) grad div a + GVH -f pco^a = 0 (8-51) 

If the body vibrates freely, the stress p on the free surface is zero. Con¬ 
sequently, by Eq. (4-16), -t- mOy -f- no^ = 0 on the free surface S of the 

body, where (/, m, n) is the unit normal vector to S, By means of the stress- 
strain relations, this boundary condition may be expressed readily in terms 
of the vector function a(a5, y, z). The boundary condition is homogeneous; 
that is, if vector a satisfies the boundary condition, so does ca, where c is 
any constant. Equation (8-51), in conjunction with the boundary con¬ 
dition, possesses a solution other than a = 0 if, and only if, co belongs to 
one of an infinite sequence of values co^, cog, • • These are the natural 
frequencies of the body. To any natural frequency there corresponds a 
nonzero vector field a^ that satisfies Eq. (8-51) and the boundary conditions. 
This vector field contains an arbitrary constant factor; that is, ca^ is also 
a solution, where c is any constant. Consequently, the amplitudes of the 
oscillations of the particles are not determinate, but the ratio of the ampli¬ 
tudes for any two particles is fixed. Each particle executes a simple 
harmonic oscillation on the straight line in which the vector a^* lies. 

Since the differential equations and the boundary conditions of the 
vibration problem are linear and homogeneous, a very general solution is 

00 

q = 2 Ci^i cos (o)it - y,) (8-52) 

where and are arbitrary constants. A general demonstration that this 
type of series can represent any oscillatory motion of an arbitrary elastic 
body is lacking, although proofs that the natural modes form a complete 
set of functions are available in some particular cases (51). 
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Plane Waves. Usually one encounters insurmountable mathematical 
difficulties if he attempts to determine the wave motion that results from 
given initial conditions and given boundary conditions Consequently, in 
practical investigations of wave motion much importance attaches to 
particular solutions of the wave equation. Plane waves are seemingly the 
most important special class of waves. They are characterized by the 
condition, q = q(x, t). At any particular instant, the vector q is constant on 
any plane that is perpendicular to the a:-axis. Consequently, the planes 
X = constant are called “wavefronts.” Lines perpendicular to the wave- 
fronts are called “rays.” In the present case the rays are all straight lines 
parallel to the cc-axis. 

Since q = q(x, /), </> = (l>(x, i) and H = H(x, t). In this case the general 
solution of Eqs. (8-49) is (14) 

.g jg, 

H = F(a: - /Sf) + G(a: + /Sf) 

where / and g are arbitrary scalar functions and F and G are arbitrary 
vector functions. Consequently, by Eq. (8-47), 

u=f'(x — at) 4- g'ix + at) 

V = -F:(x - |30 - GJix 4- m (8-54) 

w = F^(x - ^t) -I- G^{x -1- 

where (F^, F„ F,) = F and {G„, G„, C,) = G. Primes denote derivatives. 
In view of the arbitrariness of f, g, F, and G, the functions/', g', F/, Gy, 
F/, GJ are all arbitrary. For the motion represented by Eqs. (8 54), the 
strain components are 

iy, =f" + g'\ Yxv ~ ~^z ~ -1" , 

= «* = yvx = 0 

Consequently, for the irrotational plane waves, the shearing strains 
Vvz’ vanish, and for the equivoluminal plane waves the axial strains 

e‘’e e, vanish. Therefore, irrotational plane waves are called “com- 
pression waves” and equivoluminal plane waves are called shear waves. 

Consider, for example, the solution, u=f'{x — at), y = w = 0. For 
any fixed value of t, we may represent the waveform by a curve of u 
versus x. The curve for t is the same as the curve for t = 0, except 
that it has been translated a distance ati in the positive a:-direction. 
Consequently, we may visualize the solution u =f'(x - at), v = w = 0 
as a propagation of the waveform u = /'(*) without change of shape and 
with speed a in the positive ^-direction. Waves of this type are said 
to be “progressive.” Similarly, the solution u = g'{x -t- at). ^ = 0 
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represents a compression wave with waveform u = gX^) that is propagated 
with speed a in the negative a;-direction. The solution w = w = 0, 
V = — /3r) likewise represents a shear wave that is propagated 

without change of form and with speed fi in the positive a;-direction. Corre¬ 
sponding interpretations apply to the other components of the solution 
given by Eqs. (8-54). 

Plane compressional progressive waves defined by the following 
equations are especially important: 


u = A cos ^ (ic — at), 


u = w = 0 


(8-56) 


This solution results from Eqs. (8-54) if F = G = g = 0 and /' is 
given the special form indicated by Eqs. (8-56). Equations (8-56) represent 
a sinusoidal waveform with wavelength L in the cc-coordinate and wave¬ 
length L/a in time. The ratio L/a is evidently the time interval in which 
the waveform advances the distance L; it is called the “period” of the 
motion. The quantity v = a/L is known as the “frequency” of the motion. 
The waveform is propagated with speed a in the positive ^-direction 
without change of shape. Equations (8-56) are also frequently written in 
the form 

u = A cos (cot •— kcc) (8-57) 

A comparison of Eqs. (8-56) and (8-57) shows that a = a)/k, k = 27r/L, 
andi^ = a/L = cojlir. The constant a> is known as the “angular frequency.” 
Equation (8-57) is also written as follows: 

1, i = (8-58) 


It is understood that the real and the imaginary parts of this complex 
function are both solutions of the wave equation. Consequently, they 
represent possible wave motions. 


PROBLEMS 

1. A mass m is suspended from a linear spring with constant k. The mass 
oscillates on a vertical line under the action of a time-dependent force F(t), 
The displacement of the mass from the statical position is x. Derive the 
differential equation of motion by means of Lagrange’s equation. Supposing 
that F Fq sin cot, show that x becomes infinite if = kini. 

2. A uniform simple beam of length / and stiffness El carries a mass ni at the 
center. Neglecting gravity and the mass of the beam, derive the differential 
equation for free vibrations of mass m by means of Lagrange’s equation. 

3. A heavy mass that is suspended by a slender elastic wire executes torsional 
oscillations. One principal axis of inertia of the body coincides with the 
wire. Supposing that the frictional torque is c6, where 0 is the angular 
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displacement of the body and c is a damping constant, derive the diflferential 
equation for free vibrations by means of Lagrange’s equation. 

4. The two equal masses oscillate freely on a vertical line (Fig. P8-4). The 
constant for either spring is k. Let the generalized coordinates be the 

displacements of the masses from their statical positions. Determine the 
natural frequencies and the corresponding ratios of amplitudes. 



5. The mass of the bob of the pendulum is 3^2 Ib-sec^in. (Fig. P8-5). The 
wheel has radius of gyration 4 in. and mass J Ib-sec^/in. The axle of the 
wheel contains a spring such that the restoring moment is 8000 lb-in., where 
0 is expressed in radians. There is no damping. Adopt 0 and <l> as generalized 
coordinates. Compute the natural frequencies and the corresponding ratios 
of amplitudes by setting 0 = u sin cot, — v sin cot. 

6 . The three equal masses oscillate freely on a vertical line (Fig. P 8 - 6 ). The 

constant for each spring is k. Let the generalized coordinates (jt\, .^ 3 ) 

be the displacements of the masses from their statical positions. By setting 

sin cot, determine the natural frequencies and the corresponding 
ratios of amplitudes. 

7. Solve Prob. 6 by introducing normal coordinates. 

8 . Solve the first example in Sec. 8-1 by means of normal coordinates. 

9. The deflection of a uniform freely vibrating simple beam with stiffness El 
and mass per unit length p is represented by 


mrx 


= 2 flnSin-j- 
n-l * 


where an is a function of t. Derive the differential equation for by means 
of Lagrange’s equations. Determine the angular frequency of the / 2 th mode. 

10. Three particles, each with mass m, move in the (.r, 2 /)-plane. There is a force 
of attraction between any two particles equal to kd, where d is the distance 
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Fig. P8-6 


between them, and /: is a constant. The coordinates of the masses are 
(^i>2/i), (^2»2/2)> Derive the Lagrange equations of motion. Set 

Xi = Ai sin CO/, 2 /j- = Bi sin cot, and determine the positive value of (o that 
satisfies these equations. Show that the constants Ai and Bi are such that the 
center of mass remains at the origin and the moment of momentum about 
the origin is zero. 

11. The lateral deflection of a uniform vibrating string with fixed ends is 
y(x, /). The length of the undefiected string is /. Express the extension e of 
the string due to lateral deflection in terms of y, using small-deflection 
approximations. Hence write the expression for the strain energy, assuming 
that the tension N is constant. Set up the action integral (neglecting gravity) 
and derive the differential equation for free vibrations by means of Hamilton’s 
principle. 

12 . The deflection of a uniform vibrating membrane is w{x, y, /). The tractions 
in the membrane are Nx = Ny = N = constant and N^cy = 0. The incre¬ 
ment of area of the membrane due to deflection is 

i JJ dx dy 

Write the expression for the strain energy. Hence write the expression for 
the action integral and obtain the differential equation of free vibrations by 
means of Hamilton’s principle. 

13. Derive the differential equation for free axially symmetric small vibrations 
of a circular elastic plate of variable thickness h{r) by means of Hamilton’s 
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principle. Set w and derive the differential equations for/(r) 

and^(0. 

14. A uniform circular elastic plate is subjected to a time-dependent axially 
symmetric load p(r, t). Using small-defiection approximations, derive the 
differential equation for the deflection w(r, t) by means of Hamilton’s 
principle. 

15. Supposing that the strain energy of a circular membrane of radius a is 
proportional to the increment of area due to deflection and using small- 
deflection approximations, derive the differential equation for free axially 
symmetric vibrations by means of Hamilton’s principle. Show that the 
natural modes are determined by Bessel’s differential equation of order zero. 
Determine the first few natural frequencies with the aid of a table of zeros of 
Jofjxi), 

16. Derive the frequency equation for a uniform elastic beam that is hinged at 
the end 'x = 0 and clamped at the end x = /. 

17- Derive the frequency equation for a uniform elastic cantilever beam. 
Determine the mode shapes and the lowest natural frequency. 

18- Determine the natural frequencies and the mode shapes of a uniform 
elastic rectangular plate that is simply supported on the edges x = 0, 
X ^ a,y =0, and y — b. 

19. By Hamilton’s principle, derive the differential equation for free torsional 
vibrations of a uniform elastic bar. Determine the natural frequencies and 
the mode forms for a bar that is clamped at the ends. 

20 . By Hamilton’s principle, derive the differential equation for plane longi¬ 
tudinal waves in a slightly tapered elastic bar. 

21. Write the action integral for a uniform elastic circular ring that vibrates 
freely in its plane. Obtain the differential equations for the mode forms. 
Neglect shear effects and rotary inertia. 

22. By Hamilton’s principle, derive the differential equation for plane com¬ 
pression waves in a gas, supposing the amplitude to be large. Show that the 
wave equation is obtained if nonlinear terms are neglected. 

23. For ocean waves, the length is 300 ft and the vertical distance from trough 
to crest is 20 ft. Supposing the Gerstner theory applies, determine the wave 
speed. Determine the depth at which the amplitude is only 1 per cent of 
that at the surface. 

24. By Hamilton’s principle, derive the differential equations of motion for free 
axially symmetric vibrations of a homogeneous isotropic elastic medium 
with reference to cylindrical coordinates. 



Appendix on 
quadratic forms 


A-l. TYPE OF A QUADRATIC FORM. A quadratic form in n vari¬ 
ables, Xj, • • •, a5„, is an expression of the type, 

2=2 (A-l) 

i=l3=1 

in which (a^^) is a symmetric matrix of constants. The separation of the 
coefficient of into the sum a^j + is arbitrary; there is consequently 
no loss of generality in the specification 
If the coefficients are real and the a;’s are restricted to real values, Q 
is real. Evidently, Q = 0 if the x^s are all zero. Let us consider the range of 
Q when the x's independently take all real values except the simultaneous 
values 0, 0, • • •, 0. The following conditions may occur: (a) Q maybe 
confined to the range Q > 0. Then the quadratic form is said to be positive 
definite, (b) Q may be confined to the range 6 > 0, there being infinitely 
many values of the x"s for which Q = 0. Then the quadratic form is said 
to be positive semidefinite, (c) Q may be confined to the range ^ < 0. 
Then the quadratic form is said to be negative definite, (d) Q may be 
confined to the range Q <0, there being infinitely many values of the x's 
for which Q = 0. Then the quadratic form is said to be negative semi¬ 
definite, (e) Q may cover the range — oo < g < oo. Then the quadratic 
form is said to be indefinite. Stability of a conservative mechanical system is 
usually characterized by positive definiteness of the second variation of the 
potential energy. At the critical load this quantity becomes positive semi¬ 
definite. At higher loads it is negative definite, negative semidefinite, or 
indefinite. 

A quadratic form is said to be “definite” if it is either positive definite or 
negative definite. It is said to be “semidefinite” if it is either positive semi¬ 
definite or negative semidefinite. If a quadratic form vanishes at the point 
(^ 1 , * * * ? it also vanishes at the point {kx^, kx^, • • •, kxj, where k 

is any constant. This observation explains why a semidefinite quadratic 
form has infinitely many zeros. The following examples illustrate the five 
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types of quadratic forms: 
Positive definite, 
Positive semidefinite. 
Negative definite, 
Negative semidefinite, 
Indefinite, 


+ Ix^x^ -h = {x^ + 

2 ■ /y* 2 

•^1 '^2 

— 0 ?!^ — 2.T1.T2 — X ^^ = —(^1 + ^2)^ 


The determination of the type of quadratic form involves the concept of 
rank of the matrix It may happen that the determinant of matrix 
(dij) is not zero; then the rank of the matrix is said to be n. If the deter¬ 
minant of matrix vanishes, we consider the determinants of submatrices, 

obtained by crossing out rows and columns of matrix The statement 
that the rank of matrix (a^^) is r means that (a^^) contains at least one 
r-rowed square submatrix with a nonzero determinant, whereas the 
determinants of all submatrices of (a^^) with more than r rows are zero. 
According to a theorem on matrices (5, Sec. 20, Theorem 3), there is at 
least one r-rowed principal minor of matrix that is not zero [that is, a 
minor whose principal diagonal coincides with the principal diagonal of 
matrix (%)]. This conclusion follows from the fact that Uij = There 
are several other theorems that facilitate the calculation of the rank of a 
symmetrical matrix (5), It is proved in algebra (5, Sec. 47) that the 
quadratic form Q can be factored into a product of two linear forms if, 
and only if, the rank of matrix (a^j) is not greater than 2. Of course, the 
factors may contain complex coefficients. If r < w, the quadratic form Q 
is said to be “singular.” 

Suppose that the x's are expressed in terms of other variables ( 2 /^, 2 / 2 ? ’ ’' - 
2 /J by the linear equations ^ 

*» = 2 UiVi (A-2) 

in which the coefficients are real constants with a nonzero determinant, 
det Then, conversely, the y's are determined uniquely by the a;’s. 
Equation (A-2) is said to define a nonsingular linear transformation of the 
variables. The term “nonsingular” signifies that det 7 ^ 0. 

If Eq. (A-2) is substituted into Eq. (A-1), Q becomes a real quadratic 
form in the y’s. It is shown in algebra (5) that the coefficients can be 
chosen so that Q is reduced to the following form: 

2 = 2 / 1 * + ya* H-+ y/* - y/+i- Vt (A-3) 

where r is the rank of matrix (<Zj-^). Equation (A-3) is called the canonical 
form of the quadratic form Q. The number of positive terms in Eq. (A-3) 
(denoted by I) is called the index of the quadratic form. It is determined 
uniquely by the matrix 
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The type of a quadratic form is determined by the rank r and the index 
/, as follows: 

(a) Q is positive definite if, and only if, 7 = «. 

(b) Q is positive semidefinite if, and only if, 7 = r < /7. 

(c) Q is negative definite if, and only if, 7 = 0 and r — n. 

(d) Q is negative semidefinite if, and only if, 7 = 0 and r <n. 

(e) Q is indefinite if, and only if, 0 < 7 < r. 

These conditions are immediate consequences of Eq. (A-3). In the first 
place, Q obviously takes no negative values if all the terms in Eq. (A-3) 
are positive. Conversely, Q takes no positive values if all the terms in 
Eq. (A-3) are negative. Accordingly, in either of these cases Q is definite 
or semidefinite. If Eq. (A-3) contains both positive and negative terms, Q 
takes both positive and negative values, and therefore Q is indefinite. 
Accordingly, statement (e) is verified. The cases that remain to be con¬ 
sidered are those in which all terms in Eq. (A-3) have the same sign.- If all 
terms in Eq. (A-3) are positive (or negative) and r = w, g is zero only if all 
the 2 /’s are zero. Then, since det (Z^-^) 0, all the x^s are zero. Conse¬ 

quently, Q is positive definite (or negative definite). If all the terms in 
Eq. (A-3) are positive (or negative) and r <n, Q is zero only if = 
^2 = • • • = = 0 . However, we may assign arbitrary values to 2 /^+ 1 , 

yr+ 2 > " ■ J 2 / 7 , without affecting the condition Q = 0 , since 
do not occur in Eq. (A-3). Then there are nonzero values of the x's for 
which 2 = 0. Hence Q is positive semidefinite (or negative semidefinite) 
Thus statements (a), (b), (c), (d), (e) are verified. 

Direct Determination of Index. The index 7 of the quadratic form Q 
may be derived from properties of the determinant D of matrix (a^^) without 
explicit consideration of a transformation that reduces Q to sums and 
differences of squares. Consider the sequence of numbers ( 1 , M 2 , • * *, 

Mj) where r is the rank of matrix (a^-^), and the quantities are any 
principal minors of determinant D with, the following properties: (a) Mi 
is a first principal minor of that is, Mi is obtained by crossing out 

one row and the same column from Mi^^ ; / = 1 , 2 , • • •, r — 1 . (b) 717^ # 0 . 
(c) No two consecutive terms in the sequence of M's are zero. 

A sequence of minors with these properties is called an indicial sequence. 
If r = 0, an indicial sequence degenerates to the single number 1. 
Supposing that r > 0, we may construct an indicial sequence as follows: 
choose a nonzero number on the principal diagonal of matrix (c:,.,), if there 
is such a number. This number is M^, If all elements on the principal 
diagonal of matrix (a^,) are zero, set M-^ = 0 , and let M^ be any nonzero 
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two-rowed principal minor of Such a minor exists, for, if all one- 
rowed and two-rowed principal minors of are zero, all principal 
minors of (a^j) are zero. This conclusion follows from the following 
theorem (5, Sec. 20, Theorem 2): 

If all the (k + Ifrowed and {k + 7)-rowed principal minors of a 
symmetric matrix are zero, the rank of the matrix is k or less. 

If Ml ^ 0, augment by numbers from one row and the same column 

of matrix (a^^) to form Mg. If possible, choose the augmenting row and 
column so that ^ 0. Then augment Mg by numbers from one row and 
the same column of matrix (a^^) to form Mg, so that Mg ^ 0 , if possible. 
If r > 2 and Mg = 0, it is certainly possible to construct Mg # 0. This 
conclusion follows from the following theorem (5, Sec. 20, Theorem 1): 
If an r-rowed principal minor of a symmetric matrix (< 2 ^-^) is not zero, 
and if all the principal minors obtained by adding one row and the same 
column, and also all those obtained by adding two rows and the same 
two columns, to are zero, the rank of is r. 

Continuing with the preceding method, we obtain nested principal 
minors ( 1 , M^, Mg, • • •, such that no two consecutive minors are 

zero. If = 0, the preceding theorem shows that we can select 0. 
Also, if Af,._i ^ 0, we can select ^ 0, since all (r + l)-rowed minors of 
{a^j) are zero. Hence, if there were no nonzero principal minor con¬ 
taining as a first principal minor, the rank would be r — 1 by the 
preceding theorem. Thus in all cases an indicial sequence can be con¬ 
structed. 

Any zero in an indicial sequence lies between adjacent teims with 
opposite signs. This is obviously true for Mi, since, if Mi = 0, all nonzero 
two-rowed principal minors of (%) that contain Mi are negative. In 
general, the conclusion follows from the following theorem (37, Sec. 3, 
Lemma 1): 


If H is a real nonzero (k -f 1 yrowed symmetric determinant, if H" is the 
(k — \y rowed determinant in the upper left corner of H, and if Hi j de¬ 
notes the minor of H obtained by deleting the ith row and the jth column 
of H, then 


HH" = - HU,, 


(a) 


To apply this theorem, let Mj^ = 0,k < r. Then 9 ^ 0 and A^+i 9 ^ 0. 
Let the rows of be permuted, if necessary, and let the columns be 
permuted in the same way so that the elements forming will lie in 
the upper-left corner of the transposed determinant. This permutation 
does not alter the values of the principal minors. Denote the permuted 
determinants Affc+i and Af*_i by H and H'\ Since == 0, 7^ ^ = 0 
or = 0. Hence, by Eq. (a), HH" < 0, or < 0. 

Therefore, Mj^-i and have opposite signs. 
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Two consecutive terms in the sequence (I, * • ', are said to 

have a “permanence of sign” if they have the same sign. The number of 
permanences of sign in the sequence is not affected by signs attributed to 
the zeros, since a zero always lies between adjacent terms with opposite 
signs. The following theorem is proved in algebra (37, Theorem 4): 

The index I of the quadratic form Q equals the number of permanences 
of sign in any indicial sequence (1, Afg, • * •, Mf), wherein any zero 

Mi is given an arbitrary sign. 

In (37) this theorem is proved for the case in which the matrix (Cij) is 
arranged so that an indicial sequence is formed by the leading principal 
minors; that is, by the principal minors in the upper-left corner. Then 
the matrix is said to be “regular.” If the matrix is not regular, it may be 
permuted as explained before, so that the leading principal minors are 
numerically equal to the terms (A/j, Afg, * • •, A/^) in any preassigned 
indicial sequence; more specifically, the leading /-rowed principal minor 
may be obtained by subjecting Mi to a permutation of rows and the same 
permutation of columns. This transformation of the matrix effectively 
permutes the variables Xi in the quadratic form Q. Since a permutation of 
the variables does not change the range of values of Q, the foregoing 
theorem remains valid for any indicial sequence. 

The following theorem is occasionally useful: 

If the determinant D of matrix (%) contains any principal minor that is 
negative, Q is negative definite, negative semidefinite, or indefinite. 

For proof, a principal minor M of determinant D is postulated to be 
negative. A quadratic form R is formed with the coefficients that occur in. 
Af. An indicial sequence formed from determinant M is represented by 
(I, Afj, Mg, • • •, M), Since A/ < 0, the preceding theorem shows that the 
index of the quadratic form R is less than the number of rows in deter¬ 
minant M. Hence R is negative definite, negative semidefinite, or indefinite. 
The same conclusion holds for Q, since Q = R {{ those x's that do not 
occur in R are set equal to zero. 

A demonstration quite similar to the preceding argument shows that 
Q is not positive definite if the determinant D contains any principal 
minor that is zero. Consequently, Q is positive definite if, and only if, all 
principal minors of D are positive. However, the signs of all principal 
minors need not be determined. It suffices to show that r = /; and that all 
terms in an indicial sequence are positive. 

For example, consider the quadratic form 

^ ^ "I" H" 2xz 2 xh’ + j/a; + 5?/* + q- 3 ^m’ + 3zx 

+ 4z^ + 2z^ + 7zw - 2wx + + 7wz - IOh’® 



APPENDIX ON QUADRATIC FORMS 


313 


The coefficients possess the following sequence of subdeterminants: 

2 1 3 

I 5 4 

3 4 2 

-2 3 7 

Ma = ^ ^ = 9, Ml = 2 
1 5 

Since the fourth-order determinant is zero, but there is a nonzero third- 
order determinant, r = 3. An indicial sequence is (I, A/j, Mg, Mg) = 
(1, 2, 9, —35). There are two permanences of sign in this sequence; hence 
/ = 2. Since / = 2 and /* = 3, the quadratic form is indefinite. The mere 
fact that Mg is negative shows that Q is negative definite, negative semi- 
definite, or indefinite. 

A-2. PRINCIPAL-AXIS THEORY OF QUADRATIC FORMS. The 
class of linear transformations that has been discussed is more general than 
necessary for the reduction of a quadratic form to the canonical form. The 
reduction can be effected by a special type of linear transformation, known 
as an “orthogonal transformation.” For an orthogonal transformation, 
the sum of the products of corresponding numbers in any two rows or any 
two columns of matrix (/,j) is zero [see Eq. (A-2)]. Also, the matrix 
may be normalized; that is, the sum of the squares of the terms in any row 
or any column may be set equal to 1. 

For simplicity, we first consider a quadratic form in three variables 
(.r, V/,;:). We adopt a geometric approach to the theory by regarding 
(.r, ;//, z) as rectangular coordinates. A quadratic form in these variables 
is represented by the equation, 

Q = 

+ -F + a.;^^yz (A-4) 

-f- -F -F 

in which The coefficients fir,-; are real constants. To each point 

in space, there corresponds a value of Q\ that is, 0 is a point function. 

Let ((?, /y, 0 be another rectangular coordinate system with the same 
origin as the system (;r, jy, z). Let the two systems be both right-handed or 
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both left-handed. The cosine of the angle between any two axes of the two 
systems may be represented by the following matrix; 

TABLE A-1 



X 

y 

Z 

1 

h 

Wi 



h 

7772 



4 

7773 

"3 


There are numerous identities among the direction cosines in this table 
(see Sec. 7-8). The equations of transformation of the coordinates of any 
point are 

^ == /if + 4^ + 4^ 

2/ = Wif + m^rj + msf (A-5) 

2 = Wif + ^2^ + 

If Eqs. (A-5) are substituted into Eq. (A-4), the quadratic form adopts the 
following form; 

Q = + b,,H 

+ b^iTj^ + ^ 22 ^^ + hzVt (^“ 6 ) 

+ + ^ 33 ^^ 

The coefficients b^^ are symmetrical; that is, b^^ = It is to be shown 
that the direction cosines in the preceding matrix may be chosen so that 
Eq. (A-6) reduces to the form, 

Q = iaf' + (A-7) 

This theorem is proved most easily by indirect means. Let S denote the 
surface of the unit sphere, ^ = \. The values of Q on 5 attain 

an absolute maximum at a point Pj, since any function that is continuous 
in a closed finite region attains an absolute maximum in that region. This 
statement does not preclude the possibility that there are other points on 
S at which Q equals its value at P^. In fact, since the values of Q are equal 
at diametrically opposite points on there are at least two points on S 
that fulfill the requirement of point P^. 

The plane through the origin O that is perpendicular to the unit vector 
OPi intersects Sina. great circle C that is the equator on S with respect to 
the pole Pi- The values of 2 on C attain an absolute maximum at a point 
P 2 . A third point Pg on S is defined by the condition that the three vectors 
OPi, OP 2 , OP^ are mutually perpendicular. The sense of the vector OP^ is 
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defined as such that the three vectors OP^, OP^ form a right-handed 
or left-handed system, according as the coordinate axes y, z are right- 
handed or left-handed. 

Let the i-, , f-axes coincide respectively with the unit vectors OPj, OP^, 

OPz- In other words, the vectors OP^, OP^, OP3 are the unit vectors a, b, 
c of the rj, ^ coordinate system. With reference to the coordinates 
(f, 7], 0, Q assumes the form of Eq. (A- 6 ). It is to be shown that 633 = b^i 
= = 0, so that Eq. (A- 6 ) reduces to Eq. (A-7). The proof requires a 

digression for the establishment of a lemma. 

The point P^ has coordinates f = l ,?7 = 0, ^ = 0. Consequently, by 
Eq. (A- 6 ), 611 is the value of Q at point Therefore, by the definition of 
pointPi,^?!! is the absolute maximum of 2 on 5 . Accordingly, 2 — ^0 

in the region S. 

Consider the auxiliary function 

G = Q- + V^ + (a) 


where Q is represented by Eq. (A- 6 ). In view of the preceding remark, 
G < 0 in the region S. On any straight line through the origin Q is 
proportional to the square of the distance R from the origin, since the 
variables |, rj, i are proportional to R, Consequently, since G ^ 0 in the 
region S, G is not positive anywhere. Therefore, since G = 0 at point P^, 
G is a negative semidefinite quadratic form. 

Having established this lemma, let us set ^ = 1, ^7 = w, ^ = 0, where u 
is an independent variable. By Eq. (a), 

G(l, w, 0) = w[2Z7i2 + ^(622 “ ^ 11 )] (t)) 


If bii = 622, set u = 612- Then, by Eq. (b), G(l, w, 0) = 2Ai2^. 
since G is never positive, bi^ = 0. 

If b^i ^ ^22’ set u = ^12/1^22 ^11 1 * Then, by Eq. (b) 


C(l,n,0) = 


f^i2(2/?i2 bi^ 
1^22 “ ^lll 


Hence, 


(c) 


Since G is never positive, Eq. (c) shows again that bi^ = 0. Accordingly, 
in all cases, bi 2 = 0 . 

Now, to show that b^^i = 0, we introduce a function H. defined by 


H = Q- /? 22 (f" + 


(d) 


Then, reasoning as before, we see that H <0 on the equatorial plane, 
f = 0. Also, 

//(O, 1, w) = ^[2^23 + «(^33 — * 22 )] 

Since point (0, 1, u) lies on the equatorial plane, we proceed as in the 
preceding case to show that A 23 == 
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Since 633 = ^12 = ^5 (^) yieWs 


G(l, 0, w) = m[2Ai 3 + (Z>33 - Z)iO“] (e) 

If ^33 = set w = ^ 13 . Then, since G is never positive, Eq. (e) shows 
that ^13 = 0. If ^33 ^ ill, set u = ^ 13 / 1^33 = iii|- Then, again, Eq. (e) 
yields ijg = 0 . 

Thus the theorem is proved; that is, Q reduces to the canonical form 
[Eq. (A-7)] when it is expressed in terms of the coordinates (f, rj, 0- The 
axes I, rj, ^ are called the “principal axes” of the quadratic form. 

The foregoing existence proof provides a method for determining the 
principal axes of a quadratic form, but a more symmetric method may be 
used. Equation (A-7) shows that the principal axes coincide with the 
vector field grad Q. It also shows that if no two of the coefficients An, ^ 22 * 
A 33 are equal the principal axes are the only straight lines through the 
origin that coincide with grad Q. If two of the coefficients Z^n, ^33 are 
equal, Eq. (A-7) shows that the function Q is rotationally symmetric with 
respect to one of the principal axes. The other two principal axes may be 
chosen arbitrarily, provided only that the three axes are mutually perpen¬ 
dicular and concurrent at the origin. If all three coefficients Z>ii, ^>33 are 
equal, any three mutually perpendicular lines through the origin are 
principal axes. 

The problem thus reduces to the determination of the straight lines 
through the origin that coincide with grad Q. Any such line is a principal 
axis and vice versa. Consequently, the principal axes are characterized by 
the equation grad Q = 2AR, where R = ia; -[- + Ilz, and A is a scalar. 

Furthermore, Eq. (A-7) shows that 2 is a constant for a principal axis. 
Since grad (x^ + + z^) = 2R, the preceding equation is equivalent 

to grad Q = A grad (x^ + + z^). This, in turn, is equivalent to 

grad H = 0, where 

X{x^ -H y^ + z^) (A- 8 ) 

In other words, for any principal axis, there exists a constant A, such that 
the equation grad if = 0 is satisfied at all points on that axis. Conversely, 
any straight line through the origin on which grad if = 0 is a principal 
axis, since, on that line, grad 2 = A grad (x^ + 2 /^ + z^) = 2AR. 

The equation grad if = 0 is equivalent to the three scalar equations 
dHldx = dHldy = dHldz = 0, With Eqs. (A-4) and (A- 8 ), these 
equations yield 

(an - X)x q- -h a^s = 0 

a 2 ix - 1 - (a 22 — X)y + = 0 (A-9) 

^31^ + < 3322 / + (a33 — A)s = 0 
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By the theory of linear equations, a necessary and sufficient condition that 
Eqs. (A-9) possess a solution other than a; = ^ = 2 : = 0is 

Gii — A a 12 ai3 

^21 ^22 ^ ^23 ” ® (A-10) 

^31 ^32 ^33 — ^ 

Equation (A-10) is a cubic equation in A. Consequently, it has three 
roots Ai, ^ 2 , A 3 , although they are not necessarily distinct. By the theory of 
linear equations (5), Eqs. (A-9) possess a solution x = a, y = b, ^ = c, 
such that = I, provided that A is a root of Eq. (A-10), 

Supposing that A is a root of Eq. (A-10), let us substitute the solution 
(a, b, c) into Eqs. (A-9). Then, if we multiply the first, second, and third 
of these equations by a, fc, and c, respectively, and add the resulting 
equations, we obtain 

Q(a, b, c) •— A(a^ - 1 - - 4 - c^) = 0 

Since -t- -f- = 1, this equation yields Q(a^ i?, c) = A; that is, A is 

the value of Q at a point on the unit sphere. This conclusion shows that 
the roots Aj, Ag, A 3 are all real. This property is attributable to symmetry of 
the matrix (< 2 ^-^), since may be any real constants, such that 
It may easily be shown by a specific numerical example that some of the 
roots of Eq. (A-10) can be complex if the condition ai^ = a,ji is waived. 

If any root of Eq. (A-10) is substituted into Eqs. (A-9), then the latter 
equations determine a principal axis, since all solutions of Eqs. (A-9) 
satisfy the condition grad Q = 2AR. Since Aj, Ag, A 3 are the values of Q at 
the intercepts of the principal axes with the unit sphere, they do not 
depend on the choice of the coordinate system (x, y, s); in other words, 
they are invariants. Consequently, we may study the nature of the solution 
by letting (:r, 2 /, 3 ) be principal axes, Thenogs == ^31 = = 0- Accordingly, 

we may easily verify the following conditions, which remain valid when 
X, y, s are arbitrary orthogonal axes: if Eq. (A-10) has no multiple roots, 
then the principal axes of the quadratic form Q are unique and are deter¬ 
mined completely by Eqs. (A-9) and (A-10). If Eq. (A-10) possesses a 
double root, then the function Q is axially symmetrical. The root that is 
not doubled determines the axis of symmetry, which is a principal axis. 
The other two principal axes may be any two perpendicular lines that are 
also perpendicular to the axis of symmetry at the origin. If the three roots 
of Eq. (A-10) are all equal, then the function Q is spherically symmetrical. 
The principal axes may be designated as any three mutually perpendicular 
lines through the origin. 
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Since Ag, Ag) are the values of Q at the intercepts of the principal 
axes with the unit sphere and since Q assumes the form of Eq. (A-7) with 
respect to these axes, we obtain 

Q = + (A-11) 

Equation (A-10) may be expressed in the form 

A3 - + JgA - /g = 0 (A-12) 

where 

A ~ ^11 "b ^22 "b ^ 33 > *^3 “ 

jr ^ — ^22 ^23 ^11 ^13 _|_ ^11 ^12 

^32 ^33 ^31 ^33 ^21 ^22 

If the rank of matrix (a,y) is 2, Jg = 0. Then one root of Eq. (A-12) is 
A = 0. If the rank of matrix is 1, /g = •^ = 0* Then A = 0 is a double 
root of Eq. (A-12). In general, if the rank of matrix (a^^) is r, zero is a root 
of Eq. (A-12) with multiplicity 3 — r. Hence only r nonzero terms appear 
in Eq.(A-ll). 

Extension to n Dimensions. By means of the idea of an /z-dimensional 
euclidean space, the principal-axis theory may be extended to quadratic 
forms in n variables (13). The principal axes are n mutually perpendicular 
lines through the origin of the n-dimensional rectangular cartesian co¬ 
ordinate system , a: J. If (y^, z/g, • • •, are rectangular 

coordinates that coincide with the principal axes, then the quadratic form 
reduces to the canonical form, 

Q = W + + • * • + Kvr^ (A-14) 

where r is the rank of matrix None of the coefficients in Eq. (A-14) is 
zero. The coefficients A^ are the roots of the determinantal equation 

^11 “ ^ ^12 ^13 ’ * * ^In 

^21 <^22 ^ ^23 ■ * ‘ ^ 2n 

= 0 (A-15) 

^nl ^n2 * * * ^nn 

Only r terms appear in Eq. (A-14) because « — r of the roots of Eq. (A-15) 
are zero. Some of the A’s in Eq. (A-14) may be positive and the others 
negative. The number of positive terms in Eq. (A-14) is the index of the 
quadratic form Q. 


(A-13) 
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A-3. THEORY OF PRINCIPAL AXES OF STRAIN. The theory of 
principal axes of quadratic forms presented in Sec. A-2 has important 
applications in the theories of stress, strain, and moments of inertia. The 
applications in these fields are quite similar. A brief discussion of the 
theory of principal axes of strain will suffice as an illustration. 

The strain e of a line element that passes through the point (x ,«/, z) in 
the direction (/, m, n) is given by Eq. (^2). It is convenient to consider the 
quantity </> = e + ^ 6 ^. Equation (4-2) shows that when the point (x, y, z) 
is held fixed </> is a quadratic form in the variables l,m,n. To apply the 
principal-axis theory of quadratic forms, we regard /, m, n as rectangular 
cartesian coordinates in space. Only points on the units sphere, 
/^ + 772^ + = 1 , have physical significance, but insofar as the theory of 

quadratic forms is concerned (/, m, n) may take any real values. The 
quantity ^ is a point function in (/, m, n) space. 

Following the theory of Sec. A-2, we consider the equation 

0 hyxy 

iyyx ^ 

\yzx \y zv 0 

Expansion of the determinant yields 

9^3 - 4 = 0 (A-16) 

where /i, 4 are defined by Eq. (4-7). The roots (f>i, <j>^, of Eq. (A-16) 

are real. The strains corresponding to < 5 ^ 1 , </> 2 , <l>z are called the “principal 
strains.” According to the principal-axis theory, one of these roots is the 
absolute maximum value of cj) for line elements through the point (x, y, z); 
another is the absolute minimum value of for line elements through that 
point. The third root is a stationary value of </> on the unit sphere, 
^ I, but it is not necessarily a maximum or a minimum 
value. The stationary character is seen from the fact that grad is normal 
to the unit sphere in (/, m, n) space at the points corresponding to </> 2 , 
<^ 3 ; hence the directional derivative of <f> in any direction tangent to the 
sphere is zero at each of these points. 

The principal axes of the quadratic form represented by Eq. (4-2) are 
called the “principal axes of strain” corresponding to point (x, y, z). 
According to Sec. A-2, these axes are determined by the equations 



(e^ - <I>)1 + = 0 

iVvJ + (e* - <l>)m + = 0 

iVzJ + + («* - = 0 


(A-17) 
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To any root of Eq. (A-16), there corresponds a solution of Eqs. (A-17), 
such that = 1. Furthermore, in all cases three solutions 

( 4 , / 2 j), ( 4 , Wg, Wg), ( 4 , mg, Wg), that represent mutually perpendicular 

directions may be deternained. Hence the three principal directions at point 
(x,y^z) are mutually perpendicular. The line elements through point 
(x, y, z) that experience maximum and minimum strains coincide with two 
of these directions. 

It is now shown that there is no shearing strain between line elements in 
the principal directions. The shearing strain between line elements in any 
two perpendicular directions (4, n-^ and (4, is given by Eq. (4-4). 

This equation may be written as follows: 

i(l + ei)(l + eg) cos 0 = (eJi + 

+ {\yvJi + + iyv«^i)^2 + {\yzxk + ^yzv^i + 

Hence, if (4, and ( 4 , are principal directions, Eqs. (A-17) 

yield 

+ ^l )(1 + ^ 2 ) cos 6 = (^i(44 + 

Since the vectors (4, rn^, «i) and ( 4 , Wg, Wg) are perpendicular, this yields 
cos 0 = 0. This conclusion means that if a body (e.g., a piece of putty) is 
subjected to any continuous and differentiable deformation there exist three 
mutually perpendicular hne elements through each point that remain 
perpendicular under the deformation. These line elements coincide with 
the principal axes of strain. We may speak accordingly of the principal 
axes of strain for the unstrained body or the strained body. For the 
unstrained body, these axes have the directions ( 4 , rn^, ( 4 , n^, 

(4, mg, Wg) determined by Eqs. (A-17) from the three roots </>i, </> 2 , </>3 of 
Eq. (A-16). Line elements in these directions pass into line elements in the 
principal directions ( 4 *, ^ 1 * 5 %*), ( 4 *»'” 2 **'^ 2 *)» ( 4 *> "^ 3 *? ^ 3 *) fcr the 
strained body. According to the preceding conclusion, the three starred 
unit vectors are mutually perpendicular, as are the unstarred ones. An 
infinitesimal rectangular parallelepiped with edges parallel to the principal 
directions consequently remains a rectangular parallelepiped under the 
deformation. 

A-4. SIMULTANEOUS TRANSFORMATION OF TWO QUADRA¬ 
TIC FORMS TO THE CANONICAL FORM. Let two real quadratic 
forms be defined* by 

i-1 i = \ i = X j = l 

* The factor ^ is introduced for correlation with the theory of vibrations (Sec. 8-2). 
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If A is a real parameter, jp(A) = det is an n\h degree poly¬ 

nomial in A; that is, 

F{X) = ^0 - + ^2^" - v43A3 + • • • + (-1)M,A- 

It may be shown that Aq = det (a^j) and v4„ = det (b^^). More generally, 
is the sum of all determinants that can be formed by replacing k columns 
of det by the corresponding columns of matrix {b^^. 

The equation F(A) = 0 is called the “characteristic equation” of the two 
quadratic forms T and K It possesses n roots (Aj, Ag, • * *, A„), provided 
that det (6^^) ^ 0, although the roots need not all be distinct. It is shown 
in algebra (5, Sec. 59) that the roots A^ are all real, provided that the 
quadratic form T is not indefinite nor singular. 

If the variables and are subjected to identical nonsingular linear 
transformations, 

n n 

= 2 % = 2 det (tii) ^ 0 (a) 

5=1 

the quadratic forms are transformed to 

n n n n 

^=i2 2V“i«^. T= if, '2bi/vtVj 

It is shown in algebra (5, Sec. 57) that the roots of the equation 
det {a^/ — Xbi/) = 0 are again (A^, Ag, • • % A J. In other words, the quan¬ 
tities Xi are invariant when the variables and 2/i are subjected to any 
transformation of the type of equations in (a). 

The following algebraic theorem (5, Sec. 59) is important in the theory 
of vibrations of systems with finite degrees of freedom: 

IflT is a positive definite quadratic form, and iflVis any real quadratic 
form, the two quadratic forms can be reduced by a transformation of the 
type of equations in (a) to the form:, 

V = + AgWg^ + »• • + X^u^) 

(A-18) 

where the Xs are the zeros of F(A). 

Insofar as this theorem is concerned, the roots A,^. need not all be distinct. 
The theorem shows that if V is positive definite, the roots A^ are all positive. 
Consequently, in this case, we may set A^- = co/, where co^ is a positive 
number. 

In vibration theory it is desirable to find the matrix {t^^ that effects the 
preceding transformation. Attention is restricted to the case in which the 
roots are distinct. In a vibration problem equal roots can be avoided 
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by an arbitrarily small change of the spring constants or other parameters 
of the system. 

The relation that determines the A’s is the vanishing of the determinant 
of the coefficients in the equation 

= 0 (b) 

1=1 

IfAisanyoneofthezerosAfcOffCAXEq. (b) yields a solution ( 4 , tg, • 
such that all the t’s are not zero. If no two A’s are equal, the rank of the 
matrix (% - is n - 1; this is apparent from Eqs. (A-18). Con¬ 
sequently, the solution ( 4 , 4 , • • •, O corresponding to any root is 
unique, except for an arbitrary constant factor. This factor is determined 
by the supplementary condition 

2 2 KUh = 1 (c) 

«=i 1=1 

Equation (c) still permits the choice of a sign, for if ( 4 , 4 , • • •, 4 ,) is a 
solution of Eqs. (b) and (c) so is (- 4 , - 4 , • ■ •, - 4 )- However, the sign 
is immaterial. The solution of Eqs. (b) and (c) for A = A,, may be written 
as the fcth column of a matrix ( 4 ^). It is shown in the theory of quadratic 
forms ( 5 ) that the matrix ( 4 ^), constructed in this way, effects the reduction 
of T and V to the forms of Eqs. (A-18). 

There is a geometric interpretation of the preceding theory based on the 
idea that the variables or are oblique cartesian coordinates in an 
n-dimensional euclidean space. This theory is developed clearly in the 
book by Lanczos (48). If n is large, the solution of the determinantal 
equation for the A’s presents a formidable computational problem. 
Numerical schemes for treating this problem are presented in the book by 
Faddeeva (23). (See also the last paragraph in Sec. 8-2). 

Example. As a simple illustration of the foregoing theory, we consider 
the two quadratic forms. 


2V = —Ix-^x^ -b x^, IT = y-^ — 2?/iy4 + 3;)4® 


The quadratic form 2ris positive definite. The matrices of the coefficients 
in the two quadratic forms are 


ip-i^ 

■ 0 

-f 

9 (Pid “■ 

■ 1 -f 


.-1 

1. 


_-l 3 . 
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The A-equation is accordingly 

—A — 1 + A I 
-1 + A 1-3A 
This ffeduces to 2A^ + A — 1 = 0. The roots are A^ = Ag = — 1. Hence 


= 0 


-Ai 

— 1 + 2i 



-f 

1 H- Ai 

1 - 3Ai. 


--i 

-i 


Therefore, by Eq. (b), the fs corresponding to Aj satisfy the equation, 
— = 0- Also, by Eq. (c), + 3^^ = 1. Consequently, 

= 1/a/6, ^2 = These values form the first column of matrix 

Likewise, 


1 

1 

1 

h-*- 

+ 


■ 1 

-^1 

.-1 + 4 1-322J 


1 

_1 

-1 


Therefore, the fs corresponding to Ag satisfy the equation 4 — 24 = 0. 
The second equation for the fs (namely, — 2?^ + = 0) is equivalent to 

the equation q — = 0. This fact results from the condition that the A’s 

are determined to ensure the vanishing of the determinant of coefficients 
in the equations for the fs; hence, in general, one of the equations for the 
^’s, corresponding to any root A^, is redundant. In addition to the equation 
q — 2^2 = 0, Eq. (c) yields again — 2tit2 + 3^2^ = L Consequently, 
q = 2 IV 3 , /g = ^ 1^- These values are the second column in matrix 
Therefore, 




■ 1/V6 2 /vr 
.-I/V 6 1/V3. 


By Eq. (a), the transformation that reduces T and V to the canonical 
form is accordingly 


Ml 2 U 2 


2/1 = 


Ji 4. iia 

V6 V3 


X 2 


V3’ 


V 6 V3 


Substituting these relations into the formulas for T and V, we obtain 


2V = ^Mi® — U^ = AiMi^ + 
IT = ui® + vi 


Thus the desired transformation of V and T is accomplished. 
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A-5. QUADRATIC FORMS AND BUCKLING THEORY.* The 
theorem stated in Sec. 6-3 is proved in this article. A conservative holo- 
nomic system with n degrees of freedom is considered. The potential energy 
F is a function of the generalized coordinates ‘a pa¬ 

rameter p that may represent load, temperature, or any other physical 
quantity that affects the equilibrium configuration or the stability. The 
path r of equilibrium states in configuration space is represented by 
By the principle of stationary potential energy, this path is 
determined by the equations dVIdx^ = 0. By Eqs. (1-27), the second 
variation of potential energy is a quadratic form, 

n n 

2 = 2 2%Mi, = 

z = l ^ = 1 OXi OXj. 

Since only equilibrium states are considered, the coefficients are 
functions of p alone. The buckling load p^^ is the greatest lower bound of 
the values of p for which equilibrium is not stable. Equilibrium is stable 
if Q is positive definite; it is unstable if Q is negative definite, negative 
semidefinite, or indefinite (see Sec. 1 - 11 ). Consequently, equilibrium is 
stable if all principal minors of the determinant, D = det are positive; 
it is unstable if any principal minor of D is negative. This type of stability 
problem arises also in electrical theory and other branches of physics. 

An investigation of the character of the quadratic form Q requires 
consideration of the rank r of the symmetric matrix {( 1 ^^. Since only points 
on path r are considered, r is a function of p. The function r{p) has the 
possible set of values ( 0 , 1 , 2 , • • •,«). 

Cases in which the function r{p) has a cluster point of discontinuities are 
excluded. Continuity of the functions ciij{p) does not ensure this condition. 
For example, if the determinant D is determined by Z) = /? sin 1 jp, the 
function r^p) has infinitely many discontinuities in any neighborhood of 
the point /? = 0. To exclude such conditions, the functions are 

postulated as analytic in an open interval tt that covers the physically 
significant range of p : that is, the functions a^j{p) shall admit power series 
expansions with nonzero intervals of convergence about any point in tt. 
Analytic functions have the following properties: (a) They are continuous 
in TT. (b) The sum or product of any two is again an analytic function, 
(c) An analytic function that is not identically zero vanishes at only a 
finite number of points in any closed subinterval of 77 . 

If the functions ci^j{p) are analytic, the rank r has only a finite set of 
discontinuities in any closed subinterval of tt. The proof follows from the 

* Presented at the Sixth Congress on Theoretical and Applied Mechanics, Indian 
Society of Theoretical and Applied Mechanics, Delhi, December, 1960. 
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observation that if r has infinitely many discontinuities some minor of D 
has infinitely many zeros, although it is not identically zero. This con¬ 
dition is impossible, since the minors of D are analytic functions. 

If the functions are analytic, the function r(p) cannot have a step 
type of discontinuity, since such a discontinuity requires that some minor 
M of D maintain the value M = 0 over a finite interval of the j:?-axis, 
although M is not identically zero. This condition is impossible, since the 
function M{p\ being analytic, has only a finite number of zeros in any 
closed subinterval of tt. Consequently, since r{p) has only a finite set of 
possible values, r(p) = K = constant in any closed subinterval of tt, 
except for a finite set of points (possibly an empty set) on which r(p) ^ K. 
Furthermore, the inequality r > Kis impossible, since this would require 
that some minor of D with more than K rows maintain the value zero, 
except at isolated points. Since the minors of D are analytic, this condition 
cannot occur. Accordingly, the following theorem is established: 

Lemma 1. If the functions are analytic in tt, r(p) = = constant 

in any closed subinterval of tt, except for a finite set of points on which 
r<K, 

A conclusion that follows from Lemma 1 is the following: 

Lemma 2. If r{p) is continuous at a point p’ in tt, the index I{p) is also 
continuous at p\ 

For proof, we observe that Lemma 1 signifies that an open interval tt', 
containing p', may be chosen so that r is constant in tt'. Also, since the 
coefficients aij(p) are analytic in tt, the interval tt' may be chosen so small 
that the principal minors of D which are not identically zero possess no 
zeros in tt', except possibly at p\ Then a sequence S of minors of D that is 
an indicial sequence for p = p' remains an indicial sequence for any 
value of p in tt' (see Sec. A-1). Since the signs of the zeros in an indicial 
sequence are irrelevant, the sequence maintains a constant number of 
permanences of sign in tt'. Therefore, by the theorem stated in Sec. A-1, 
I{p) is constant in tt'. 

The preceding lemmas yield a proof of the following theorem, which was 
stated in Sec. 6-3: 

If the functions ct^j{p) are analytic in tt, if stable equilibrium exists when 
p < X (where X is some constant in tt), if the equation D(p) = 0 
possesses a least root p^ in tt, and if D < 0 in an interval p^ <. p <. B, 
then Pq is the buckling load p^j.. 

To prove this theorem, it is necessary to show first that Q is positive 
definite at all points in the range p < p^. Since D is continuous, it maintains 
a constant sign in the range p < Pq. Therefore, Z) > 0 in the range p < p^^ 
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for, if D were negative in this range, equilibrium would be unstable in the 
range p < L Since Q is positive definite in the range p<2., r = I= n 
in that range. Also, since Z) > 0, r = « in the range p < pQ, Therefore, 
by Lemma 2, r = / = « in the range p < p^. Consequently, Q is positive 
definite in the range p < p^. 

On the other hand, Q is indefinite or negative definite throughout the 
interval pQ<p <B, since D is negative in this interval. Consequently, p^ 
is the greatest lower bound of the values of p for which equilibrium is not 
stable. In other words, the critical value of is /7o = Per 

The preceding theorem implies that the determinant D itself usually 
vanishes before any of its principal minors. This theorem consequently 
often eliminates the need for an investigation of a sequence of minors of Z). 
By a different type of reasoning, based on the bifurcation concept, Poincare 
(131) concluded that the equation Z) = 0 is a buckling criterion, but he did 
not derive conditions under which the equation Z) = 0 ensures buckling. 
An illustrative application of the theorem is given in Sec. 6-3. 

In applications of the energy method to problems of buckling, the 
following condition is usually assumed, but the literature on buckling 
seemingly has not provided an algebraic proof of it: 

If the functions are analytic, Q is positive semidefinite when 

P=Pcr 

For proof, we note that equilibrium is stable in the interval p < p^^. 
Therefore, Q is positive definite or positive semidefinite in the range 
P<P<^r 

Three cases must be considered. If r < when p < p^^, Q is positive 
semidefinite when p < /?cr- Then buckling may occur while Z and r remain 
constant (e.g., because of a change in the character of the fourth variation 
of potential energy). In this case, the theorem is obviously true. 

Another conceivable condition is that Z be continuous and r discon¬ 
tinuous 3 Xp = However, the following argument shows that this case 
cannot occur. If r is discontinuous at p^^, the discontinuity reduces r (by 
Lemma 1). Since / = r for j:? < p^^, this condition signifies that Z > r for 
p = p^^. However, by definition, I can never exceed r; therefore, the case 
under consideration is impossible. 

By Lemma 2, Z cannot be discontinuous at unless r is also discon¬ 
tinuous. Therefore, the case that remains to be considered is that in which 
Z and r are both discontinuous at p^^. Let Z = r = Z: for /? < p^^, where 

is a constant (see Lemma 1). Let Z = ^ and r = bfox p = p^^. Then, 
by Lemma l,a<Z<Zr<«. Since b <n, Q cannot be positive definite 
loxp = It may happen that 6 = 0; then Q vanishes identically for 
P ” Ar* This case is included under the definition of positive semi¬ 
definiteness. 
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Since I = r when p < D contains no negative principal minors 
when p < p^.^. Consequently, since the principal minors of D are con¬ 
tinuous functions of p, none can be negative when p = p^^. Hence, when 
p == p^^, no zero occurs in an indicial sequence, for a zero is enclosed 
between terms with opposite signs. Accordingly, when p = all terms 
in an indicial sequence are positive. Therefore, 7 = r. Consequently, since 
r == b < n, 2 is positive semidefinite when p = p^^,. 

Applications of the preceding theorem in buckling theory have been 
discussed in Sec. 6-4. 

PROBLEMS 

1. Determine to which of the five classes the following quadratic forms belong: 

(a) 3x^ —y^+ 4z^ + 6yz + gjza; -h 2xy 

(b) 5x^ -h 5y^ + — Sxy -h 2xz — 4yz 

(c) lOa:^ + -f 52)2 + 12h^ — xy 2xz — 3zw 

(d) 4- \c^ + — cd 

(e) + 4Z)2 + 12 c2 + 4ah + 6ac - 4ad 4-\lbc 4- Sbd - led 

2. Determine which of the following quadratic forms can be factored into 
products of two linear forms. Factor those that can be factored. 

(a) 2a^ 4" b^ — 3c^ + 4d^ — ab 4- ac 4- 3ad — Ibc — Sbd -1- led 

(b) la^ + 3b^ + 10c2 - 4d^ + llab - 31ac + 3ad - llbc - Wbd + 18ci 

(c) x^ + 2/2 

(d) a;2 + 2/2 — z2 

(e) 6a;2 — 52/^ — Ixy + 14rz + lyz 

3. Q = (2 - 6 x)A^ - 4(1 - x)AB + (9 - lx)S^, 

For what range of ^ is Q positive definite? Positive semidefinite? Negative 
definite? Negative semidefinite? Indefinite? 

4. Show that there are infinitely many different linear transformations of the 

variables that will reduce the quadratic form + la^^^x^ -H 0 : 22 ^ 2 ^ 

to the canonical form if none of the a’s is zero. 

5. Determine the matrix of direction cosines for the principal axes (f, ??, 0 of 
the quadratic form 

Q = a;2 + 2/2 — 2;2 + 2xy — 4a;z + yz 
Express Q in terms of (f, y, 0- 

6. The matrix of coefficients of a quadratic form Q is 

3 2 10” 

2-104 
10 5 6 

046 -2_ 

Reduce Q to the canonical form by an orthogonal transformation without 
determining the directions of the principal axes. 
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^^2 + 4^^^^ - 20:2^, P - 2/1" + 2/2'- Determine the matric (t,j) and 
reduce the two quadratic forms to the canonical form. 

8 , Q = — 2xj^x2 + 4x2^, P = 2/1^ + 22/12/2 + 22/2^. Determine the matrix 

and reduce the two quadratic forms to the canonical form. 

Q ss — 2 a 32 ^ ^3^ ■*“ ^^1^2 ~~ ^^1^3 " 1 “ ^^2^3 

p ^ 2y ^ + 4yi + lOy ^ + 22/12/2 + %i 2/3 ” 42/22/3 
Reduce the two quadratic forms to the canonical forms without determining 

the matrix ... 

10 . Develop the principal-axis theory of stress with the aid of the principal-axis 

theory of quadratic forms. 



Answers to problems 


CHAPTER 1 

2. 5 = D[\ei2\ + Isin 0/2|]. 

3. dsidt = 3K/2. 

6. TlW = rl2h. 

T. IV = -7084/:/15. 

11. WjP = 2/?/(i? -r). 

13. Pn = i Lbn. _ 

14. U = [Va;2 + J/* + ^(L - xf + 3/®]F. 

15. (drldtf = Aalimr) - 4/>/(9ffl r°) + co nstant, r® = bja. 

16. + 2 /®) - mgy + lk{^x^ +- Lo)* = constant. 

17 ^ ^ cos 0 = constant. 

18. CO = («V/Z,2)V^. 

19. 28° 19'. 

20. V = EILI2P? - MLjR, M = EljR. 

21. sin(0 + a) = (|) sin a. 

22. V = Cr-i-2 + 877*^2, r = (0.075CM)«»i». 

23. a: = « ± Vj/S - 1, r = au. 

25. F—-277p. _ 

26. F = 2 nkpalVx^ + a^, F = 2 nkpaxl(x^ + 

.r + JL + V’(a; + Vf + 2/* 

''--‘'‘°'rrrTvr=^Tp 

F„ = -2kpLI(,y^L^ + y^, F.y -> -2kply. 

28. hjr < Vi 
30. 26" 34', 45°. 

CHAPTER 2 

1 . k =(n-l)EriL, equal. 

2. K = (2aaL - la^L^A^ + (.6aoL^ - 3aiL^)AB + (6a^^ - 

- ai>oL^ - - ilboL* - lb^L^)B. 
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N h7]^v ^ 


hL 




Hn 


A 

4. 4.785. 

5 V = . ' X-;— Sin -r- ■ 

^ n^EIn^l rfi L 

6. 74.26%. 

1 1 1— 
R T^r ~ 9(9 - V) 25(25 - r) ^ 49(49 - r) 81(81 - r) 


7. -= 


V2 


1 


1 


1 


10. iV=P/v'3, M=Pa 


J^r ^ 9(9 -r)^ 25(25 - r) 

8. a„ = 0 if'n is a multiple of 4. Otherwise, a„ = FE^KlTr^EIn*). 

_3_ 

’[2MX+Z) V3. 

jcg Fa cos nd 

"• " = 2.F^(1 ® ’ 

/Fa \ . Fa ^ sin nd 

^ ~ ® " TeAZ^^ - If ’ 

where ai is an arbitrary constant. 

12. Z = - \ + IR^Ib^ - 2(F/6)VfV 6* - 1. where lb is the width of the cross 
section and R is the radius of the centroidal axis. 

N M 

i3-<^=1+T« 


1 + 


Ni = 0.2804F, 


(a + z)Zj 

14. « = 0.09018F^lk\ No = 0.3013F, 

Ni = 0.2130F, No=0. 

15. a; = vertical displacement of joint 2,y = horizontal displacement of pint 1 , 

2 = vertical displacement of joint 1 . * = (-|•)(aF/F/l), y = (5 V3/36) x 

(aF/EA), z = QoXaFlEA). 

16. 0.2625°. 

17. Left wire 237 lb, center wire 126 lb, right wire 537 lb. 

18. = 80.75 lb, Ni = -28.15 lb, JV 3 = -64.42 lb. 

19. Noa = 0.230F, Nac = 0.133F, Nab = -0.266F, 

Nob = 0.771F. 

20. iVj = 12,500 lb, Ni = 16,800 lb, N^ = 19,400 lb. 

21. Nad = -90.01b, Nbd = 46.8 lb, Nbb = -74.91b, 

Noe ~ 76.6 lb, “ 49.3 lb. 

22. No = 1611 lb. No = 1889 lb, N^o *= 1611 lb. 


23. Nab = = 


-F 


= 


2(1+V2)’ 2V2- 

24. N; = 14,1501b, No = 16,4201b, Nj = 17,6501b. 


Nio = 889 lb. 
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29. 4001 + 402 + 1004 + 0-02a:i - 0.20a;2 = 0. 

40^ + 1802 0.20314 — 0.203^2 “ 

502 + 1803 + 404 4' 0.203;4 — 0.203^2 “ 

1001 + 403 + 6004 + lOSo + 0 . 02 x 1 - 0 . 20 x^ = 0 . 

1004 + 3208 - 0-18:ei = 0. 

0.0201 + 0 . 200 , + 0.2003 + 0.0204 “ O.180e + 0.024133!i - 0.013333:a = 0 . 
- 0.2001 - 0.2002 - O. 2 O 63 - 0.2004 - 0.01333xi + 0.013333:2 = 100. 

30. 01 = 03 = 4Fa/l29K, 6^ = Fa!\29K. 

X = 26Fa^l3ilK. 

31. X = Pa^ll2El. 


32. 0.003737°, -0.0006228°. 

3V3Ar 


33. u = 


34. 00 = 03 = 


2£'^(1 + 9r^lL^) ‘ 

(1 + 3r)FalK^ 


V =0, r = VJIA. 

FalK^ 


6/" 4" A 4“ 2r A 
(I 4- 2r)Fa^lK^ 


01 — 02 — 


6/' 4- A 4 - 2r2 ’ 

32a(« 4- 2b)' 

36. Let r = KJK^. 


A = 


6r 4" A 4“ 2rA 
EAa^t^ 


K,(y • 


2(2 4- ^)0i 4- 02 4- r03 - i3la)x^ = {$>,)FblK^. 

01 4- 2(1 4- r)02 4- rQi 4- (?ia)x^ - Oia)x^ = pob^l^OK^- 
r0i + 2(2 + /•)03 4- 04 - (3/a)3;2 = -(.^,)FblK,. 
rO^ + 03 + 2(1 + r )04 + {3la)x^ - Ola)x^ = 

(3/fl)02 + (3/a)04 + (24/^2 4 . EAb^lK^L^)x^ - (12/a2)a;2 = FJK^, 
-Ola)Q^ - (3W02 - (3/a)03 - (3^04 - (12/(22K + (12/a>2 = Fg/iS:,. 


37. a’l and denote displacements of joints 1 and 2 normal to plane of frame; 
and .T 4 denote rotations of joints 1 and 2 about axis 12; and x^ denote 
rotations of joints 1 and 2 about axes 01 and 02. Let K^IK^ = r, 

2(\la^ + rlb^)x^ - 2(^rlb^)x, ~ (l/a^ ~ " (^/^K == 

-2(r/62);fi + 2(,lla^ + rlb^)x2 - (1/^K + {rlb)x^ + (r/6)ajg = 0. 

-(3/fl).ri + (2 + GJIbK^)x^ - (GJIbK^)x^ - 0. 

-(3/^z).r2 - {GJIbK^)x^ + (2 + GJIbK^)x^ = 0. 

—(3/'//)).ri + (3rlb)x2 + (2^ + GJIaK^)x^ + = 0. 

—(3rlb)x^ + Orlb)x 2 + raig + (2r + GJlaK^)x^ = 0. 


CHAPTER 3 

3. a; = sec |(0 — Z>). 

4. ;v = px{L — x)iL^ + La? — x^)l24EL 

5. y = /?o.^'2(L - a;)(2L2 - La? - a?2)/120L/L.^ 

6. y"" + y"la^ + yja^ = pl2k. 

At X ^ L, y'" — = 0 and y" + y'ja + yja^ = 0. 
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Fa 


V = 


8. « =^^(1 -COS0), y = 


Fa 

lEAZ 
M 


(6 cos 0 — sin 0), 


—Fz cos 0 
AZia H- z) 


EAZ 


[(1 + Z)0 - sin 0], 


M 


A{a + z) 


['•(■•a; 


1 TL^ _ ^ -(cos 0 — i cos 0 + 0 sin 0 

}.M-a +Z)-2\ 4/2 

rs . . . „ (1 + 2-^ ® 

jV = aw - cos 0 - 0 sin 0 - + z) - 2 


where w is weight per unit length. 

10. fife) = A [(sin kL - sinh feL)(sin kx - sinh kx) 

+ (cos kL + cosh A:L)(cos kx - cosh kx)]. 

11.3/= /(*) sin nt, fix) = A sin imxIL), v = integer. 

„ = iv^^lL^)^Eii^. 

12. K = 0.617, A = 0.617, C = 0. 

dF d dF 9 _?!. _?£. + + i! 

"" la dUx Sy duy dx^ du^x 9a By dii^y dy^ dUyj, 

S3 dF 3^ dF 9 S BF _ _9^ 3F ^ ^ 
“ Us liJ^ “ 9x2 sy 1 ;^ “ 9a 02/2 02/> 9w^-j,^ 


16. Wa;i|,aa + ^^xxn + ^VVVV — fl^-K. 

P 

y^xxxx “i" ^xxyy “i" ^yvvv 4“ 

r® , d Cxy' ^ 

n. \xydx= constant, Ipgxy + ho- — -j^== - 0. 

18. y = ^^AskiTTxlL + 24-5 sin TnrxjL + •••]. 

rrEl 

19. a = ZIPL^ItAEI. 

20. Wo = 0.0481paVD, Wq = Q.0629pci*ID, v = 0.30. 

21. Wo = 0.0306Pa2/i), Wq = 0.0433Pa^lD, v = 0.30. 

22. u = -iPajSEAZ)[2 sin 0 -f (377 + 27rZ - 4 - 4 / 77 ) cos 0 

+ ( 4 / 77)0 sin 0—20 cos 0—4]. 

ii = (Pa/8i;/4Z)[-4(l - 1 - Z)0 - 4 cos 0 + (377 + 277 Z - 4) sin 0 
— ( 4 / 77)0 cos 0 - 20 sin 0 + 4], 0 > 0. 


I6pa%^ 

“ 77«i)(a2 + 62y2’ 

24. w = iql2N)iLx - a2). 


Wxajica: "i" ^^xxvv “i" ^’yyyy q • 

iV = -^q^L^EAllA. 
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CHAPTER 4 

1. ej = €2 = 2, €3 = —I + Vl7, e = 35.11. 

= 1 /^/ 2 . 

The other two principal directions are any two that are perpendicular to each 
other and to the direction (/g, W 3 , W 3 ). 



X 

y 

Z 


1 

1 /V 2 

1/^2 

0 

-1 +3V2, 

2 

-l/Vz 

I/V2 

0 

-1 + 2V'2, e = 70.79. 

3 

0 

0 

1 

5 


3 . oTfc = cos^ d + c^y sin^ 0 4- 2Txy sin 6 cos 0. 

sin^ 0 + S cos^ 0 - sin 0 cos 0 . 
r= (o-y - o-jc) sin 0 cos 0 + (cos^ 6 - sin^ 0)Ta.y. 


4. 



X 

y 





1 

0.235 

-0.639 

0.733 

-9.28 



2 

0.281 

0.766 

0.578 

8.13 



3 

-0.931 

0.070 

0.359 

2.16 

5. 


1 

X 

y 

s 




1 

-i/vi 

1 /V 6 

2/^6 

-15,000 



2 

1 /V 2 

1/^2 

0 

5000 



3 

- 1 /V 3 

I/V 3 - 

If^ 

> 

1 

0 




*7 

■„,ax = 10.000. 


6. px -- 

= 3333, 

Pv 

= -2333, 

= 5667, 

= 2555, 

8. (1 - 

- lv)Vhi 

+ (ac/ato + [(1 

- 2v)/C]p/^* 

-2(1 + 

v)kO^ == 0, 


10. 0.634 in. 

11. Right-hand joint, 3.70 in. Center joint, 11.66 in. 

14. Top members, 125 and —216.5. Horizontal members, —49.6 and 58.7. 
Vertical members, 106.5 and —143.5. Diagonal members, —73.3 and 
-73.3. 

15. q = PL^IASEf -h OJOPL/GA. 

16. q = 343P^L^I2mb^KV. 

17. u = iPa^l2EI)(7r - 1). 

i + 3k(\ + 

^ - :h-6ki+w- 

where L is the length of a span, W is the total load, and r is the radius of 
gyration of the cross section. 
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19. 0.0354 in., 0.124 in., 1.425”. 

20. 5.4061b. 


21. 6 = PbL?l2>E + PaL*ll2E. 


22. Mo = -3/>fl/47r, No == 3P/47r. 

23. Pl-rr. 


PcP Pa^ 


25. No 
Mo 


Pi^yE /j.^) 

l(,tL - 4») • 

■“ hLjxy 4 “ Igty(^h “ 2 /)] 

Wl^) 


26. « = + ^). ^ + i)• 

27. Mo = PabVL\ My = -Pd^bjLK 

Ro = Pl>2(3a + b)/L® Pi = Pa®(36 + a)jL?. 




(m + anXM + aN) + 


mAdT 




29. (Ti = 2 t, CTg = cTg = -T, = 1 * 5 t, 

CHAPTER 5 


I ^ m ^ n ^ If Vs, 


1- Wica! + Kl + + Kl “ '^)^yv = (1 + 

^(1 "J" ^vv '1(1 = (1 -f- V^kdy, 

On edge x =: a, + vvy = (1 + v)kO and py = 0. 

2. /(2/) = A cosh 2/4-5^ sinh 2/ + PolD, 

^ + ^)/(l ■" ’') sinh b — b cosh 6] 

T>[(3 + 1 ^) sinh b cosh />—(!— v)b\ 
vpQ sinh 

i9[(3 + v) sinh Z> cosh 6 — (1 — v)6] ' 

3. Wyyy 4" (2 '^')^XXy l ^)^XXXX “t" ~ 

Wyy 4- VWs.:^ - (GJlD)W^^y = 0. 


4. w =22^’’ 


mTra; niry 

sin-sin ——. 

b 


I6p sin (mTrll) sin (nnll) sin (mncla) sin {mclb) 

TfiOmnin^la^ + n*/*^)* ’ 

5. 4- (l/^Mr “ (w/^^) - ^(1 4- 

At r — a, -f {vla)a = k(\ + v)d. 

6 . Urr 4- (l/r)«^ “ (Pjr^) + 4- [(1 — v)l2r'\w^ = 0. 

(1 4- v)u^w^ 4“ iWj.^ 4- ru^Wj,^ 4- ^tWr^Wrr 4- rUj^rW^ 4“ VUWj., 
+ [(1 - v^)lEh]pr = 0. 
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7. U =7 tD sin aj 

+ 12//z2^.x77aj^ + - (m + vv cot of' + IviiJiu 4- w cot d) 

8. rWrr + ^>Vrrr + ^rr ““ (l/0>^f =0 at r = a. 


dx. 


9. 


. niTTX , nrry 
w = 2.Z sm-sm 


b 


a^in =0 if m or n is even. 


\6kP{\ + v) 
Tr^nm{m^la^ + n^Jb^) 


if m and n are odd. 


12. A = 1, B = X sin a, n outward, — = 0. 

'•i 

Kn = X tan a, a = 1, ^ = x sina + z cos a. 

13. A = a, B = a sin <^, n outward, = rg = a, 
a = <2 + 3 , P = (a + z) sin 

14. /I = 1, j 5 = 0 + cos^ 0, l/rj = 0, 

1/ra = —ab/B^, n inward, a = 1, /S = J? - abzjB^ 

17. csc^ ^ cot ^ + F. 

a^No = + F. 

= -F^r; C SC <!> + F^j esc <j> co t <f>. 

18. y4 ~ B = cVeosh^a; — cos^y. 

= AFyy + A^F^ - 

A^Ny = .4Fa,a, - /i^Fa; + AyFy. 

21. 4- (^vwjci) = 0, vVajoia-a, + (Ehla^D)w = 0. 

At X — 0, ^XXX ~ Qol 


22. w 

23. )v 


/>(a« ->-«) / 5 + V 
640 \l + V 


P 


(a® — r^)^. 



CHAPTER 6 

1. Per = ka. 

2. Pot = ka^. 

3- Per = kja. Per = Zkjla. 

4. Per = 2/cc3/«'''62, Per = 2/CC/62 c^=a^ + b\ 

5. Per = I6kl5a, Per = 3^/a, P,,r = 8)t/3a. 

6. Per = 6(2P//£,2 + A/L). 

7. Per = 42EflL\ 

8. ^f^er = kjr, where r is the radius of the shell. 
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9. ri = A sin kx + B cos kx + Co: + £> 
kL = tan kL. Hence = l.O^EllL?. 

10. A^er = (.Dlb^mi - »') + (’^ i’V)]- 

11. 0.2938. 

12. For = 2A9EIIL\ 

13. a sinh a6 cos pb + ^ cosh ab sin pb = 0. 

„ V_1 'A 

- + V(A'/£»)(nV/a2)J . 

12£f _F ^ (P 

14. Fer = - 3(sin 6 — 0 cos 6) ' 


■«v 


+ V(NID)(n^i^la^) 




If 0=30°, F/Fcr = 1.03. 

^2 £:/ tt^AZ) 2 D(1 - v) 

15. For = -^ + - 3 ^ + 6 

16. L = Trl2-^^EIIy{i^ - 4) or = S.^Elly. 

17. + Nxixx "I" ^V^VV ~ 

18. «■„ - v'(l-.)P+-*‘‘/«Z8. 


CHAPTER 7 


3^2 - V2<J3c() sin (0 + 


•i) 


1. r = iw 

L \ 

2. T = 1^0 «'(^ + '■®)* + Kif + 

4. fi + + (gll) sin 6=0. 

gintj, - ma)/^ , ^ 

^•"=2(r«, + m,+'7n^ " 

5 ^ (/ + ^ ^ m^r^)0 + - f^h)^ 

+ gKmi — W72 - W 3 “ '” 4 ) = ^• 

r\ni^ - ^2)0 + (/ + +c^K'»2 - = 0- 


/7 

n I = 0 - ;.(52 + _ = 0, = constant. 

8. + [w /(«7 + M)Jr cos 0 + sin G = 0. 

^ .yfi cos 0 = constant. 

9, r - rf)^ + (klni){r - /) -^ cos 0 = 0. 
rS + 2r0 + ^ sin 0=0. 

11. 0 — (rcjo^jl) sin (cot — 0) + (glO sin 0=0. 

12. = Xq - sin o)t. 

13. r — K<^ + cos^ a + kjr^ = 0. 
r\(l> + co) = constant. 

Hence, F - C^lr^ + kjr^ =0, r = (CV^)/[1 “ cos - /<)]. 
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15. - (Gy/fl/i)(^2 “ ^i) = A^/4. 

02 + {GJlaUX% - ^i) = 0. 

Hence + 1^6^ = M, 

16. d? — co^x — (by — 2mj = FJm. 

y — (D^y + cbx + 2oJx = fy/m. 

17. r “ ra^t^ = —FIm. 

20. Equation of axis is y = z = V3x1(5 — 2^3). 

21. 0=72° 39^ (^ = 141° 20', = 69° 34'. 

24. Ml = A(b cos a — — C)oj^ cos cos y, * * •. 

25. i?i = 16.161b, >?2 = 26.921b. 

26. 2.55 lb, in a direction perpendicular to the plane of the figure. 

28. AO — (A — sin 0 cos 0 + Co)<f> sin 0 ~ mgh sin 0=0. 

^(A sin^ 0 + C cos^ 0) + Cco cos 0 = constant. If 0 = 90°, ^ = mghiCco, 

29. (A + A')S -f- (-^ + C + C' - B')<P sin 0 cos 0 + C<j>y) sin 0 
+ /c(0 - 7r/2) = 0. 

<^*[(/4 + 5') sin^ 0 + (C + C') cos^ 0 + /] + Cy> cos 0 
+ 0(^[2(y4 -f ^0 sin 0 cos 0 — 2(C + C') sin 0 cos 0] — OpO sin 0 + A'(^ = 0. 
'1/1+^ cos 0 = constant; hence, 0)3 = constant. 

If 0 ^/2 and <j6 0, (/I + /l')0 + A0 = A7r/2, 

(/( + jB' + /)(^’ + /:<^ — 0, ?/' = constant. 

30. dv — a cos — <2 sin 0 sin (p dtp = 0. 

dy — a sin <t>dQ + a sin 0 cos <p dtp = 0. 

CHAPTER 8 

1. mx + kx = F(t). 

2. mx + (4^EIIP)x = 0, 

3. lO 4- cO 4- A0 = 0. 

4 . («i = V[(3 + V'5)/2 ]A-//m, ojo = Vp - \'5)l2]kjm. 

=i/~2 =('/5 +l)/ 2 , -(V5-l)/2. 

5. (0i = 22.0, 6^2 = 5.5, lilv = “1.40, 0.116. 

6. mcfPjk = a, ai = 0.198, == 1.555, a>^ — 3.247. 

If a = zjzi = 1.802, zllzi = 2.247. 

If ^7 = zjzi = 0.445, z^jzi = —0.802. 

If a = «3, z.Jzi = “1.247, ^3/^1 = 0.555. 

9. a„, 4- o),ra„, = 0, ro,, = (ttV//-) V£//p. 

10. md’j + 2A.^■l “ kx.y — A.r3 = 0, • • 

myi + 2ky^ - kjb, “ ky^ = 0 , • • •. 

(0 = Vzkjm. 

11- Vxx = (pl^yUfo p — niass per unit length. 

12. V-w = iplN)wtt.; p = mass per unit area. 
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13. (d^ldr^)(r Dw„ + v Dw^ — {dldr)[{\lr) Dw^ + v Dw„'\ + prwu = 0, 

g" + = 0 . 

(cPIdr^Xr Dfrr + v Dfr) - (<//<*•)[( 1/r) Df^ + v /)/„] - pafirf = 0. 

14 . W^„r + Q-lr)Wrrr “ (l/^*)M'rr + (l/'^)H'r + iplD)Wtt =plD. 

15. HV, + Olr)Wr = (pIN)wu, h- ^f(r)g{t), f" + i/' + (pc«*/iV)/ = 0. 


®i = 2.405 Vjv^, coa = 5.520VNIpa\ co, = 8.654 Va^. 

16. tan pi = tanh pi, p* = 

17. cos (8/ cosh pi = -1, P^ = pa>^IEI, p^l = 1.875, 

sinh /?/ + sin pi 


(sinh Px — sin px) — 


(cosh Px — cos px) 


fix) - A - ... 

IS* ^mn = 'n^On^jc? -f n^jb^)^Djp^ p = mass per unit area. 

y) = A rnn sin (jmrxla) sin (rnrylb), 

19. e,, = GJIpI e =f{x)g{t), 

co^ = rirrcjl, f(x) = A smimrxjl), 

20. pUtt = dx)(EAuy,); p = mass per unit length. 

21 . uqooo + 2 m 00 + (1 + ll2)u + vqIZ + {a^plEZ)uti = 0 . 

Vdo + Uq — (pa^lE)vtt = 0 . 

u = <l>ie)f0), V = yj(d)f(t), f" + (O^f = 0. 

<!>"" + 2^" + (1 + 1/Z - a^p( 0 ^lEZ)<l> + w'lZ = 0. 

W" + (f>' + (a^(o^plE)y} = 0 . 


22 . 




r 2 

Cq — 


m 

Po 


( 1 + 

23. 39.2 ft/sec, 219 ft. 

24. (2 + 2G)(w^;. 4- (l/0«r - (l/r2)w + w^r) + - iv*;.) = pUtt^ 

(2 + - (G/r)(w, - - G(«^^ - Wrr) = 


APPENDIX 

1. (a) Indefinite, (b) Positive semidefinite. (c) Positive definite, (d) Positive 
semidefinite. (e) Indefinite. 

2. (a) Not factorable, (b) Q == (7a 4- 6 — 2c - Ad)(a + 36 - 5c + d), 

(c) Q = (x + iy){x — iy). (d) Not factorable. 

(e) Q = (2a: + y)Ox - Si/ + Iz), 

3. Set a = i(25 - V^, 6 - K25 + VsB). 

Q is positive definite if x < a, positive semidefinite if x — a, indefinite if 
a < X < b, negative semidefinite if a? = 6, and negative definite if a: > 6. 



X 

y 

2 

s 

-l/V^ 

4/^21 

2/V'2r 

n 

21 V 6 

l/V? 

-ijVe 

C 

-2/V14 

l/Vu 

-3/^14 


Q = |2 + _ 
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6. Q = 

7. (tij) = 

Q = 

8 . (/,;) = 

Q = 
9. e = 
p = 


-l.sny^ + 9.\5\y.^ + 3 . 4312 / 3 ®. 

" 2/^5 IIVT 

j/Vs -2/V5. ■ 

2I1® - 3 sV, P = Vl" + 

'l/Vs - 3 /^ 5 ' 

J/Vs 2/V5.' 

ii® + 111 .;®, 7 ’ = )/i" + '//• 

-0.664fi® + 0.09512^ + 7.92613®. 

■'/l^ + ’/ 2 * + 
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The following incomplete bibliography lists some books and articles 
that are commendable for their presentations of special topics or for 
general developments in mechanics. The well-known treatises by Whit¬ 
taker and Appell are classics in the mathematical aspects of the sub¬ 
ject. The works of Routh, Osgood, Goldstein, and-many others are 
also noteworthy. The introductory book by Planck provides an excellent 
physical insight into the foundations of mechanics. Lanczos’ work on 
variational principles of mechanics combines an advanced treatment with 
a lucid and penetrating philosophy. The treatise by Courant and Hilbert 
provides an excellent mathematical background for the variational theory 
of mechanics. Variational methods of approximation are treated in the 
works of Kantorovich and Krylov, Courant and Hilbert, Collatz, Biezeno, 
and Grammel, and Temple and Bickley. The recent historical work by 
Dugas gives a comprehensive survey of the development of ideas in 
mechanics. 

Among the engineering works on mechanics, the treatise by Biezeno and 
Grammel is noteworthy. It contains a good presentation of variational 
principles in elasticity theory. This topic is also treated admirably in the 
book by Sokolnikoff. General principles and engineering applications in 
the mechanics of rigid and elastic bodies are developed precisely and 
concisely in the recent work by Parkus. Applications of energy principles 
in analyses of engineering structures are emphasized in the works of 
Argyris, Hoff, Phillips, and Charlton. Variational principles play a sig¬ 
nificant part in modern plasticity theory; the work of Prager and Hodge 
treats this topic. 
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